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Abstract

In this paper we investigate the existence and uniqueness for Volterra-Fredholm type integral equa-
tions and extension of this type of integral equations. The result is obtained by using the coupled
fixed point theorems in the framework of Banach space X = C([a, b],R). Finally, we give an example
to illustrate the applications of our results.
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1. Introduction and Preliminaries

In this paper we intend to prove existence and uniqueness of the solutions of the following nonho-
mogeneous nonlinear Volterra-Fredholm integral equations.

u(x) = ϕ1

[∫ x

a

F (x, t, u(t))dt

]
+ ϕ2

[∫ b

a

G(x, t, u(t))dt

]
+ g(x) (1.1)

where −∞ < a < b <∞ and F and G are two continuous mappings on the domain D := {(x, t, u) :
x ∈ [a, b], t ∈ [a, x], u ∈ X} and g : [a, b]→ R is a continuous mapping.

Many authors use fixed point theorems to prove existence and uniqueness the solutions of in-
tegral equations(see [3],[5],[8]). We extend Volterra-Fredholm integral equation and discuss about
the solutions of this category of integral equations, but for this intention not used common fixed
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point theorems, instead we used coupled fixed point theorems for mappings having mixed monotone
property. First we recall some basic results which we will need in this paper.

Through this article, we consider the complete metric space (X, d) which X = C([a, b],R) and
d(f, g) = supx∈[a,b]|f(x)− g(x)| for all f, g ∈ X.

Definition 1.1. ([2]) A pair (x, y) ∈ X × X is called a coupled fixed point of the mapping F :
X ×X → X if

F (x, y) = x, F (y, x) = y.

The concept of a mixed monotone property has been introduced by Bhaskar and Lakshmikantham
in [2].

Definition 1.2. Let ( X,�) be a partially ordered set. We say that a mapping F : X × X →
X has the mixed monotone property if F (x, y) is monotone nondecreasing in x and is monotone
nonincreasing in y, that is, for any x, y ∈ X, we have:

x1, x2 ∈ X, x1 � x2 ⇒ F (x1, y) � F (x2, y)
y1, y2 ∈ X, y1 � y2 ⇒ F (x, y2) � F (x, y1).

In 2011, Berinde [1] established some generalized coupled fixed point results for the mixed mono-
tone mappings that introduce as follows.

Theorem 1.3. Let (X,�) be a partially ordered set and suppose there exists a metric d on X such
that (X, d) is a complete metric space. Let F : X × X → X be a mixed monotone mapping for
which there exists a constant k ∈ [0, 1) such that

d(F (x, y), F (u, v)) + d(F (y, x), F (v, u)) ≤ k [d(x, u) + d(y, v)], (1.2)

for all x, y, u, v ∈ X with x � u and y � v. If there exist x0, y0 ∈ X such that

x0 � F (x0, y0) and y0 � F (y0, x0),

or

x0 � F (x0, y0) and y0 � F (y0, x0),

then there exist x̄, ȳ ∈ X such that x̄ = F (x̄, ȳ) and ȳ = F (ȳ, x̄).

If every pair of elements in X ×X has either a lower bound or an upper bound, which is known,
(see Theorem 2 [9]); that is; for all (x, y), (u, v) ∈ X ×X, there exists (w, z) ∈ X ×X such that is
comparable to (x, y) and (u, v), then we have the following theorems [1].

Theorem 1.4. Adding above condition to the hypotheses of Theorem 1.3, we obtain the uniqueness
of the coupled fixed point of F .

Similarly to [2], by assuming the same condition as in Theorem 1.4 but with respect to the ordered
set X; that is; by assuming that every pair of elements of X have either an upper bound or a lower
bound in X , we can show that even the components of the coupled fixed points are equal.

Theorem 1.5. In addition to the hypothesis of Theorem 1.3, suppose that x0, y0 ∈ X are compa-
rable. Then for the coupled fixed point (x̄, ȳ) we have x̄ = ȳ, that is, F has a fixed point.

F (x̄, x̄) = x̄
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2. Main Results

In this section we use the previous theorems to show that the equation (1.1) has a unique solution.
Let Φ denoted the class of those functions ϕ : R→ R which satisfies the following conditions:
(a) ϕ is nondecreasing,
(b) ϕ is Lipschitz; that is; there exists L > 0 such that for every t, s ∈ R we have

|ϕ(t)− ϕ(s)| ≤ L|t− s|.

For example every linear function on R belong to Φ.
Now we consider the equation (1.1) under the following conditions:

(i) ϕ1, ϕ2 ∈ Φ with constants L1 and L2 respectively.

(ii) There exists two integrable functions p1, p2 : [a, b] × [a, b] → R such that for every u, v ∈ X
with v � u

0 � F (x, t, u)− F (x, t, v) � p1(x, t)|u− v| (2.1)

and
−p2(x, t)|u− v| � G(x, t, u)−G(x, t, v) � 0. (2.2)

(iii) There exist K1, K2 ∈ [0, 1) such that

supx∈[a,b]

∫ b

a

p1(x, t)dt ≤
K1

2L1

(2.3)

supx∈[a,b]

∫ b

a

p2(x, t)dt ≤
K2

2L2

. (2.4)

(iv) There exist α, β ∈ C([a, b],R) such that

α(x) ≤ ϕ1

[∫ b

a

F (x, t, α(t))dt

]
+ ϕ2

[∫ b

a

G(x, t, β(t))dt

]
+ g(x),

and

β(x) ≥ ϕ1

[∫ b

a

F (x, t, β(t))dt

]
+ ϕ2

[∫ b

a

G(x, t, α(t))dt

]
+ g(x),

for all x ∈ [a, b].

Theorem 2.1. Under the assumptions (i)− (iv) the integral equation (1.1) has a unique solution in
C([a, b],R).

Proof . Let X = C([a, b],R). We endow the set X with the following partial order � defined by
u � v ⇔ u(x) � v(x) for all x ∈ [a, b].

With the respect to the definition of partially ordered above, for every u, v ∈ X, max{u, v} and
min{u, v} are in X. Therefor, for every (u, v), (w, z) ∈ X×X there exist a (max{u,w},min{v, z}) ∈
X ×X that is comparable to (u, v) and (w, z).
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Also we consider the complete metric space (X, d) ,which

d(u, v) = supx∈[a,b]{|u(x)− v(x)|}

for all u, v ∈ X.

Now we define the operator T : X ×X → X as follows:

T (u, v)(x) = ϕ1

[∫ x

a

F (x, t, u(t))dt

]
+ ϕ2

[∫ b

a

G(x, t, v(t))dt

]
+ g(x).

At first we prove that T has the mixed monotone property. For this goal suppose that u1, u2, v ∈ X
such that u1 � u2. Then

T (u1, v)(x)− T (u2, v)(x) = ϕ1

[∫ x

a

F (x, t, u1(t))dt

]
+ ϕ2

[∫ b

a

G(x, t, v(t))dt

]
−ϕ1

[∫ x

a

F (x, t, u2(t))dt

]
− ϕ2

[∫ b

a

G(x, t, v(t))dt

]
= ϕ1

[∫ x

a

F (x, t, u1(t))dt

]
− ϕ1

[∫ x

a

F (x, t, u2(t))dt

]
. (2.5)

Taking into account that u1 � u2 and our assumption,

F (x, t, u1(t))− F (x, t, u2(t)) ≤ 0.

Since ϕ1 is nondecreasing and from (2.5) we obtain

T (u1, v)(x)− T (u2, v)(x) ≤ 0.

Hence T (u1, v)(x) ≤ T (u2, v)(x) for all x ∈ [a, b] and by definition of partially ordered relation
we have T (u1, v) � T (u2, v).

Similarly if v1, v2, u ∈ X such that v1 � v2 we get T (u, v2) � T (u, v1). Thus T (u, v) is monotone
nondecreasing in u and monotone nonincreasing in v.

Now we assume that u, v, z, w ∈ X such that u � w and v � z. Then for all x ∈ [a, b]

|T (u, v)(x)− T (w, z)(x)| =
∣∣∣ϕ1

[ ∫ x

a

F (x, t, u(t))dt
]

+ ϕ2

[ ∫ b

a

G(x, t, v(t))dt
]

+ g(x)

−ϕ1

[ ∫ x

a

F (x, t, w(t))dt
]
− ϕ2

[ ∫ b

a

G(x, t, z(t))dt
]
− g(x)

∣∣∣
=

∣∣∣ϕ1

[ ∫ x

a

F (x, t, u(t))dt
]
− ϕ1

[ ∫ x

a

F (x, t, w(t))dt
]

+ϕ2

[ ∫ b

a

G(x, t, v(t))dt
]
− ϕ2

[ ∫ b

a

G(x, t, z(t))dt
]∣∣∣
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and so

|T (u, v)(x)− T (w, z)(x)| (2.6)

≤
∣∣∣ϕ1

[ ∫ x

a

F (x, t, u(t))dt
]
− ϕ1

[ ∫ x

a

F (x, t, w(t))dt
]∣∣∣

+
∣∣∣ϕ2

[ ∫ b

a

G(x, t, v(t))dt
]
− ϕ2

[ ∫ b

a

G(x, t, z(t))dt
]∣∣∣

≤ L1

∣∣∣ ∫ x

a

(F (x, t, u(t))− F (x, t, w(t)))dt
∣∣∣+ L2

∣∣∣ ∫ b

a

(G(x, t, v(t))−G(x, t, z(t)))dt
∣∣∣

≤ L1

∫ x

a

∣∣∣F (x, t, u(t))− F (x, t, w(t))
∣∣∣dt+ L2

∫ b

a

|G(x, t, v(t))−G(x, t, z(t))|dt

≤ L1

∫ b

a

∣∣∣F (x, t, u(t))− F (x, t, w(t))
∣∣∣dt+ L2

∫ b

a

|G(x, t, v(t))−G(x, t, z(t))|dt

≤ L1

∫ b

a

p1(x, t)|u(t)− w(t)|dt+ L2

∫ b

a

p2(x, t)|v(t)− z(t)|dt

≤ L1d(u,w)

∫ b

a

p1(x, t)dt+ L2d(v, z)

∫ b

a

p2(x, t)dt

≤ L1d(u,w)
K1

2L1

+ L2d(v, z)
K2

2L2

=
1

2
(K1d(u,w) +K2d(v, z)). (2.7)

Therefore:

d(T (u, v), T (w, z)) = supx∈[a,b]|T (u, v)(x)− T (w, z)(x)| ≤ 1

2
(K1d(u,w) +K2d(v, z)). (2.8)

Similarly, we can show that

d(T (v, u), T (z, w)) = supx∈[a,b]|T (v, u)(x)− T (z, w)(x)| ≤ 1

2
(K1d(u,w) +K2d(v, z)). (2.9)

By summing up the two above inequalities for u � w and v � z, we get

d(T (u, v), T (w, z)) + d(T (v, u), T (z, w)) ≤ K(d(u,w) + d(v, z)), (2.10)

where K = max{K1, K2}. So the inequality (1.2) and all of the conditions of Theorem 1.3 are
satisfied. Thus there exist (x̄, ȳ) such that T (x̄, ȳ) = x̄ and T (ȳ, x̄) = ȳ.

Finally let α, β be two functions that appearing in assumption (iv) in Theorem 2.1. Then Theorem
1.5 and Theorem 1.4 give us, T has a unique fixed point and this complete the proof. �

Remark 2.2. By taking ϕ2 = 0 in Theorem 2.1, we can generalized the solution of Volterra integral
equation [3].

Remark 2.3. By taking ϕ1(x) = ϕ2(x) = x in Theorem 2.1 we can conclude the Tidke-Aage-Salunke
theorem [8].
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3. Example

In this section we give an example to illustrate the usefulness of our results.

Example 3.1. Consider the following integral equation:

u(x) =
1

2

∫ x

0

txu(t)dt+
1

3

∫ 1

0

t2xu(t)dt+
1

5
. (3.1)

Suppose that ϕ1(x) = 1
2
x and ϕ2(x) = 1

3
x. Obviously ϕ1, ϕ2 ∈ Φ with constants L1 = 1

2
and L2 = 1

3

respectively.
If v � u, then

txu(t)− txv(t) = tx(u(t)− v(t)) = tx|u(t)− v(t)|.

By putting p1(x, t) = tx we get

supx∈[0,1]

∫ 1

0

txdt =
1

2
≤ K1

2× 1
2

where K1 = 1
2
.

Also if v � u, then

−t2xu(t) + t2xv(t) = t2x(v(t)− u(t)) = t2x|u(t)− v(t)|

If we define p2(x, t) = t2x, then

supx∈[0,1]

∫ 1

0

t2xdt =
1

3
≤ K2

2× 1
3

where K2 = 2
9
.

By choosing α = 0 and β = 1, we have α, β ∈ C([0, 1],R) and

α(x) = 0 ≤ 0 +
1

3

∫ 1

0

t2xdt+
1

5
= ϕ1

[∫ x

a

F (x, t, α(t))dt

]
+ ϕ2

[∫ b

a

G(x, t, β(t))dt

]
+ g(x)

where F (x, t, u(t)) = txu(t) and G(x, t, u(t)) = t2xu(t), and

β(x) = 1 ≥ 1

2

∫ 1

0

txdt+ 0 +
1

5
= ϕ1

[∫ x

a

F (x, t, β(t))dt

]
+ ϕ2

[∫ b

a

G(x, t, α(t))dt

]
+ g(x).

Therefore all of the conditions of Theorem 2.1 are satisfied and hence the equation (3.1) has a unique
solution in C([0, 1],R).

References

[1] V. Berinde, Generalized coupled fixed point theorems for mixed monotone mappings in partially ordered metric
spaces, Nonlinear Anal.(TMA) 74 (2011) 7347–7355.

[2] T.G. Bhaskar and V. Lakshmikantham, Fixed point heorem in partially ordered metric spaces and applications ,
Nonlinear Anal.(TMA) 65 (2006) 1379–1393.

[3] M. Eshaghi Gordji, H. Baghani and O. Baghani, On existence and uniqueness o f solutions of a nonlinear integral
equation, J. Appl. Math. (2011), Article ID 743923,7 pages doi:10.1155/2011/743923.



68 Moradi, Mohammadi Anjedani, Analoei

[4] G.B. Folland, Real Analysis, John Wiley and Sons, New York, USA, 1984, Modern Techniques and Their
Applications.

[5] K. Maleknejad, K. Nouri and R. Mollapourasl, Existence of solutions f or some nonlinear integral equations,
Commun. Nonlinear Sci. Numer. Simul. 14 (2009) 2559–2564.

[6] R.K. Miller, T.A. Novel and J.S. Wong, A stability theorem for nonlinear mixed integral equations, J. Math.
Anal. Appl. 25 (1965) 446–449.

[7] J.J. Nieto and R. Rodriguez-Lopez, Contractive mapping theorems in partially ordered sets and applications to
ordinary differential equation, Order. 22 (2005) 223–239.

[8] H.L. Tidke, C.T. Aage and J.N. Salunke, Existence and uniqueness of continuous solution of mixed type integra
equations in cone metric space, Kathmandu Univ. J. of Sci., Engineering and Technology 7 (2011) 48–55.

[9] A.C. Ran and M.C.B. Reurings, A fixed point theorem in partially ordered sets and some applications to matrix
equations, Proc. Amer. Math. Soc. 132(2004) 1435–1443.

[10] N. Van Luong and N. Xuan Thuan, Coupled fixed point theorems in partially ordered G-metric spaces, Math.
Comput. Model. 55 (2012) 1601–1609.


	 Introduction and Preliminaries
	Main Results
	Example

