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Abstract

In this paper, we prove some coupled coincidence point theorems for mappings satisfying generalized
contractive conditions under a new invariant set in ordered cone metric spaces. In fact, we obtain
sufficient conditions for existence of coupled coincidence points in the setting of cone metric spaces.
Some examples are provided to verify the effectiveness and applicability of our results.
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1. Introduction

Since the concept of a cone metric was introduced by Huang and Zhang [5], many fixed point the-
orems have been proved by some authors. The existence of fixed points for certain mappings in
ordered metric spaces has been studied by Ran and Reurings [16]. Afterwards, Nieto and Lépez [11]
extended the result of Ran and Reurings [16] for nondecreasing mappings and applied their results
to obtain a unique solution for a first order differential equation. In 2006, Bhaskar and Laksmikan-
tham [3] first studied the existence of coupled fixed points in partially ordered metric spaces. So
far, many mathematicians have studied coupled fixed point results for mappings under various con-
tractive conditions in different metric spaces. Recently, Sintunavarat et.al.[19] established coupled
fixed points for weak contraction mappings by using the concept of F-invariant set. In this paper we
introduce the concept of strongly (F, g)-invariant set and obtain sufficient conditions for existence
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of coupled coincidence points for mappings satisfying generalized contractive conditions related to
Y and p-maps under strongly (F, g)-invariant set in ordered cone metric spaces. Finally, we supply
some examples to illustrate our obtained results.

2. Preliminaries

In this section we present some basic notations, definitions, and necessary results from existing
literature.

Definition 2.1. [3] Let (X,C) be a partially ordered set and F': X x X — X be a self-map. One
can say that F' has the mixed monotone property if F'(x,y) is monotone nondecreasing in = and is
monotone nonincreasing in y, that is, for all x1,zo € X, 1 C x5 implies F(z1,y) E F(x,y) for any
y € X, and for all y1,y, € X, y; 3 yo implies F(x,y;) E F(z,ys) for any z € X.

Definition 2.2. [4] Let (X,C) be a partially ordered set and F/': X x X - X and g : X — X
be two self-mappings. I’ has the mixed g-monotone property if I’ is monotone g-nondecreasing in
its first argument and is monotone g-nonincreasing in its second argument, that is, for all z1, 2o €
X, gr1 C gy implies F(z1,y) C F(xq,y) for any y € X, and for all y1,y2 € X, gy1 T gy, implies
F(z,y1) J F(x,y,) for any x € X

Definition 2.3. [3] An element (z,y) € X x X is called a coupled fixed point of the mapping
F:XxX—>Xife=F(z,y) and y = F(y, ).

Definition 2.4. [§] An element (z,y) € X x X is called

(i) a coupled coincidence point of the mappings F': X x X — X and ¢g: X — X if gz = F(z,y)
and gy = F(y, r),

(ii) a common coupled fixed point of the mappings F': X x X — X and g: X — X if x = gz =
F(z,y) and y = gy = F(y, ).

Definition 2.5. [4] Let X be a nonempty set. One can say that the mappings F' : X x X — X
and g : X — X are commutative if g(F(z,y)) = F(gz, gy), for all z,y € X.

Let E be a real Banach space and 6 denote the zero element in E. A cone P is a subset of F
such that

(i) P is closed, nonempty and P # {0};
(i) a,b € R, a,b6>0, z,y € P = ax+by € P;
(i) PN (=P) = {6}.

For any cone P C E, we can define a partial ordering < on F with respect to P by z < y if and only
if y — 2 € P. We shall write x < y (equivalently, y = x) if z <y and = # y, while x < y will stand
for y — x € int(P), where int(P) denotes the interior of P. The cone P is called normal if there is a
number £ > 0 such that for all z,y € F,

0 2z 2y implies ||z]| <k |yl

The least positive number satisfying the above inequality is called the normal constant of P. Rezapour
and Hamlbarani [I3] proved that there are no normal cones with normal constant k < 1.
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Definition 2.6. [2] Let P be a cone. A nondecreasing mapping ¢ : P — P is called a p-map if

(p1) p(0) =0 and 6 < p(w) < w for w e P\ {0},
(p2) w — p(w) € int(P) for every w € int(P),
(p3) nh_}ralo ©"(w) =0 for every w e P\ {0}.

Definition 2.7. [I7] Let P be a cone and let (w,) be a sequence in P. One says that w, — 6 if for
every € € P with 6 < € there exists ng € N such that w,, < € for all n > ny.
A nondecreasing mapping ¢ : P — P is called a ¥-map if

(1) (w) =0 if and only if w =0,
(o) for every w, € P, w, — 0 if and only if (w,) — 0,

(13) for every wi,ws € P, h(wy + wy) = (wy) + (ws).
Definition 2.8. [5] Let X be a nonempty set. Suppose the mapping d : X x X — F satisfies
(i) @ = d(x,y) for all z,y € X and d(z,y) = 0 if and only if z = y;
(i) d(z,y) = d(y,z) for all z,y € X;
(iii) d(z,y) < d(z,2) +d(z,y) for all z,y,z € X.
Then d is called a cone metric on X, and (X, d) is called a cone metric space.

Definition 2.9. [5] Let (X, d) be a cone metric space. Let (x,) be a sequence in X and x € X. If
for every ¢ € F with § < ¢ there is a natural number ny such that for all n > ny, d(z,,r) < ¢, then
(x,,) is said to be convergent and (z,) converges to z, and x is the limit of (z,,). We denote this by
Jingoxn:xorxn%x (n — 00).

Definition 2.10. [5] Let (X, d) be a cone metric space, (x,) be a sequence in X. If for any ¢ € E
with 6 < ¢, there is a natural number ny such that for all n,m > ng, d(z,,x,,) < ¢, then (x,) is
called a Cauchy sequence in X.

Definition 2.11. [5] Let (X, d) be a cone metric space, if every Cauchy sequence is convergent in
X, then X is called a complete cone metric space.

Lemma 2.12. [21] Every cone metric space (X, d) is a topological space. For ¢ >0, c€ E, x € X
let B(x,c) ={y € X :d(y,x) < ¢} and 8 = {B(z,¢) :x € X,c>> 0}. Then1.={U C X : Vz €
U,dB € B,z € B C U} is a topology on X.

Definition 2.13. [21I] Let (X, d) be a cone metric space. A map T : (X,d) — (X,d) is called
sequentially continuous if z,, € X, z,, — x implies Tz,, — Tx.

Lemma 2.14. [21] Let (X, d) be a cone metric space, and T : (X,d) — (X,d) be any map. Then,
T is continuous if and only if 7" is sequentially continuous.

Lemma 2.15. [I4] Let E be a real Banach space with a cone P. Then

(i) If a < b and b < ¢, then a < c.
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(ii) If a = b and b < ¢, then a < c.

Lemma 2.16. [5] Let E be a real Banach space with a cone P. Then one has the following.
(i) If 6 < ¢, then there exists § > 0 such that ||b|| < ¢ implies b < c.

(i) If ay, b, are sequences in £ such that a, — a, b, — b and a, < b, for all n > 1, then a < b.

Proposition 2.17. [6] If £ is a real Banach space with a cone P and if @ < Aa where a € P and
0< A< 1thena=20.

Definition 2.18. [20] Let (X, d) be a metric space and F': X x X — X be a given mapping. Let
M be a nonempty subset of X*. We say that M is an F-invariant subset of X* if and only if for all
x,y, 2z, w € X we have

(i) (z,y,z,w) € M < (w,z,y,x) € M and

(i) (z,y,z,w) € M = (F(x,y), F(y,z), F(z,w), F(w,z)) € M.

3. Main Results

In this section we always suppose that F is a real Banach space equipped with the partial ordering <
with respect to the cone P where int(P) # (). Also, we mean by ¢ the ¢-map and by ¢ the ¢-map,
unless otherwise stated.

Definition 3.1. Let (X, d) be a cone metric space and F' : X x X — X, ¢g: X — X be given
mappings. A nonempty subset M of X* is called strongly (F,g)-invariant if and only if for all
x,y, 2, w € X we have

(i) (z,y,z,w) € M & (w, z,y,x) € M and

(i) (gz, gy, gz, qw) € M = (F(z,y), F(y,z), F(z,w), F(w, z)) € M and
(F(x>y)aF(y,$),gz,gw) c M.

We observe that the set M = X* is trivially strongly (F, g)-invariant.
The following examples illustrate that a strongly (F, g)-invariant set need not be an F-invariant set.

Example 3.2. Let X =R,and F': X x X — X, g¢:X — X bedefined as F(z,y) =3—z, gz =
2. Also let M = {(a,b,c,d) : b = ¢ = 1;a,b,c,d € X}. Then M is not an F-invariant set as
(0,1,1,0) € M but (F(0,1), F(1,0), F(1,0), F(0,1)) = (3,2,2,3) ¢ M. We can easily verify that M
is a strongly (F, g)-invariant set.

Example 3.3. Let X =R and F : X x X — X be defined by F(z,y) =1— 22 Let g: X — X be
given by gz =1 +z. Then M = {(z,y, 2,w) € X*:y =z = 0} is not F-invariant as (1,0,0,1) € M
but (F(1,0), F(0,1), F(0,1), F(1,0)) = (0,1,1,0) ¢ M. It is easy to see that M is strongly (F, g)-

invariant.
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Theorem 3.4. Let (X,C) be a partially ordered set and (X,d) be a complete cone metric space.
Suppose F' : X x X — X and g : X — X be two continuous and commuting functions with
F(X x X) Cg(X). Let M be a strongly (F, g)-invariant subset of X* such that

P(d(F(z,y), Fu,v)) + d(F(y,x), F(v,u))) 2 o (d(gz, gu) + d(gy, gv))) (3.1)

for all x,y,u,v € X with (gz, gy, gu, gv) € M or (gu,gv,gzx,gy) € M. If there exist zo, yo € X
satisfying (F(xo,v0), F (Yo, o), 9T0, gyo) € M, then F and g have a coupled coincidence point.

Proof . Let zg, yo € X be such that (F(zo, o), F(Yo, o), 9o, gyo) € M. We choose x1,7, € X such
that gz, = F(zo,v0) and gy; = F(yo, o) which is possible since FI(X x X) C ¢(X). Continuing
this process one can construct sequences (z,) and (y,) in X that satisfy gx,.1 = F(x,,y,) and
9Yn+1 = F(yn, x,) for all n > 0. We shall show that

(9Tn+1, GYn+1, 9Tn, gYn) € M (3.2)

for all n > 0.

We shall use the mathematical induction. For n = 0, (3.2)) follows by the choice of xy and .
Suppose now ([3.2) holds for n = k, k > 0. Then (9xgi1, 9Yk+1, 9%k, gyx) € M. By using strongly
(F, g)-invariance of M, we have

(F($k+17yk+l)7F(ykJrlakarl)aF(xkayk)aF(yk7xk)) € M7

which implies that, (9xki2, 9Ykr2, 9Tkt1, gUks1) € M. Thus (3.2)) follows for k£ + 1. Hence, by the
mathematical induction we conclude that (3.2)) holds for n > 0.
Again, we shall show that

(911, GYri1, 9Tn,s GYn) € M (3.3)

for all r > n.
Obviously, (3.3) holds for r = n. Let us assume that (3.3) holds for some r = k, & > n. Then
(9Tk+1, QY15 9Tn, 9Yn) € M and so by strongly (F, g)-invariance of M, we have

(F(xk+1> yk+1), F(Z/kJrl; $k+1)7 9Ty, gyn) € M,

which implies that, (92k+2, 9Ykt2, 9Tn, gyn) € M. Thus (3.3)) follows for k£ + 1. Hence, by the math-
ematical induction we conclude that (3.3)) holds for r» > n.

Now for all n € N,

d(F<In—17 yn—1)7 F(‘xT“y”))
Y(d(92n: gTn+1) + A(GYns GYnt1)) = ¢
‘f‘d(F(yn—la xn—l)v F(yNVTn))

o(W(d(gTn-1,97n) + d(gYn-1,9Yn)))
902 (¢(d(gxn—27 gIn—l) + d(gyn—2; gyn—l)))

A TA

=< " (Y(d(gzo, gz1) + d(gyo, gy1)))-
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Let € € int(P), then by (¢2), €0 = € — ¢(€) € int(P). By (¢3),

lim " (¢ (d(gz0, g1) + d(gy0, gy1))) = 0.

n—o0

So, there exists ng € N such that for all m > ng,

V(d(9Zm, 9Zms1) + A(GYm, GYm+1)) <K € — @(€).
We show that
w(d<gxm7 gxn—i—l) + d(gym7 gyn+1)) < €, (34)

for a fixed m > ng and n > m.
Clearly, this holds for n = m. We now suppose that (3.4 holds for some n > m. Then by using

(13), conditions (3.3) and (3.1]), we obtain
d(.quu gmerl) + d<gxm+17 gxn+2)

<=

UV(d(9Tm, gTni2) + A(GYm, GYns2)) =
+d(9Ym, 9Ym+1) + A(GYm+1, GYni2)

= (d(gTm, gTmi1) + A(GYms GYm+1))
+U(d(9Tmi1, 9Tnt2) + A(GYmt1, GYn+2))
= Y(d(9Tm, 9Tms1) + A(GYms GYm+1))
+o(P(d(gTm, gZni1) + A(GYm: GYn+1)))
< e—p(e) +ole) =«

Therefore, by induction (3.4) holds.
Since 1) is nondecreasing, it follows from (3.4 that

¢<d(gxmagxn+1>> __< 77D(d<gxm7gxn—i—l) + d(gym7gyn+1)) <€

for a fixed m > ng and n > m.
Similarly,

V(A(GYms GYn+1)) <K €

for a fixed m > ng and n > m.

Therefore, by using (¢) we deduce that (gx,) and (gy,) are Cauchy sequences in X. Since X is
complete, there exist x*, y* € X such that gx,, — 2* and gy, — y* as n — oco. By continuity of g
we get nhj& ggxr, = gx* and 711220 99yn = gy*. Commutativity of F' and g now implies that

99%n, = 9(F(zp-1,Yn-1)) = F(92n-1,9Yn-1), for all n € N

and
99Yn = 9(F'(Yn-1,Tn-1) = F(9Yn-1, 9Tn-1), for all n € N.

Since F' is continuous,

gz* = lim ggzr, = lim F(9x,_1,9Yn_1)
n—oo n—oo
= F(lim gz, ,, lim gy, 1)
n—o00 n—oo

= F(z",y")
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and
gy* = lim ggy, = lim F(gy,—1,9Tn1)
n—oo n—ro0
= F(lim gy,_, lim gz, ;)
n—oo n—0o0
= F(y*,x").
Thus, F' and g have a coupled coincidence point. []

Taking ¢ = I, the identity map in Theorem we have the following Corollary.

Corollary 3.5. Let (X,C) be a partially ordered set and (X, d) be a complete cone metric space.
Suppose F' : X x X — X and ¢ : X — X be two continuous and commuting functions with
F(X x X) C g(X). Let M be a strongly (F, g)-invariant subset of X* such that

d(F(x,y), F(u,v)) +d(F(y, z), F(v,u)) = p(d(gz, gu) + d(gy, gv))

for all z,y,u,v € X with (gz, gy, gu,gv) € M or (gu,gv,gz,gy) € M. If there exist zg, yo € X
satisfying (F'(zo,yo), F'(yo, x0), 9To, gY0) € M, then F and g have a coupled coincidence point.

Corollary 3.6. Let (X,C) be a partially ordered set and (X,d) be a complete cone metric space.
Suppose F' : X x X — X and g : X — X be two continuous and commuting functions with
F(X x X) Cg(X). Let M be a strongly (F, g)-invariant subset of X* such that

d(F(z,y), F(u,v)) + d(F(y, ), F(v,u)) = k(d(gz, gu) + d(gy, gv))

for some k € [0,1) and all z,y,u,v € X with (gz,gy,gu,gv) € M or (gu,gv,gz,gy) € M. If
there exist xq, yo € X satisfying (F(xo,v0), F (vo0, T0), 9T0, gyo) € M, then F and g have a coupled
coincidence point.

Proof . The proof can be obtained from Theorem by taking v = I, the identity map and
¢(z) = kz, where k € [0,1) is a constant. [J

Corollary 3.7. Let (X,C) be a partially ordered set and (X,d) be a complete cone metric space.
Suppose F' : X x X — X and g : X — X be two continuous and commuting functions with
F(X x X) C g(X). Let M be a strongly (F, g)-invariant subset of X* such that

d(F(z,y), F(u,v)) = ad(gz, gu) + bd(gy, gv) (3.5)

for somea, b € [0,1) witha+b < 1 and all x,y,u,v € X with (gx, gy, gu, gv) € M or (gu, gv, gz, gy) €
M.

If there exist xq, yo € X satisfying (F(xo,yo), F (Y0, %0), 9To, gyo) € M, then F and g have a coupled
coincidence point.

Proof . Let z,y,u,v € X with (gz, gy, gu, gv) € M or (gu, gv, gz, gy) € M. Using (3.5)), we have
d(F(z,y), F(u,v)) < ad(gz, gu) + bd(gy, gv)
and
d(F(y,z), Fv,u)) 2 ad(gy, gv) + bd(gz, gu).
Therefore,
d(F(z,y), F(u,v)) +d(F(y,x), F(v,u)) < (a +b)(d(gz, gu) + d(gy, gv)),
where a + b < 1. The result follows from Corollary [3.6 O
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Theorem 3.8. Let (X,C) be a partially ordered set and (X,d) be a cone metric space. Suppose
F:XxX—=Xandg: X — X be two functions such that F(X x X) C g(X) and (¢(X),d) is a
complete subspace of X. Let M be a strongly (F,g)-invariant subset of X* such that

Pd(F(2,y), F(u,v)) + d(F(y, z), F (v, 1)) 2 p(d(gr, gu) + d(gy, gv)))

fOT’ all x,Yy,u,v eX with (gx,gy,gu,gv) € M or (gu,gv,gx,gy) € M. SUppOS@ (Inuynwrn—l?yn—l) €
M for allm € N and x,, — x, y, — y implies (z,y,Tn_1,Yn_1) € M for all n € N. If there exist
xo, Yo € X satisfying (F(xo,y0), F (Yo, o), 9T, gyo) € M, then F and g have a coupled coincidence
point.

Proof . Consider Cauchy sequences (gz,) and (gy,) as in the proof of Theorem . Since (g(X), d)
is complete, there exist z*,y* € X such that gz, — gx* and gy, — gy*. It is to be noted that
(9Tns1s GYna1, 9T, gyn) € M for all n > 0 and so by the given condition (gz*, gy*, gx,, gyn) € M for
all n > 0.

By (1), for § < ¢, one can choose a natural number ng such that
P(d(gen, g2*)) < § and P (d(gyn, gy)) < § for all n > ny.

Then,
d(F(z*,y*), gx*) d(F(z*,y"), 9Tns1) + d(gTni1, gz*)
(0 < v
+d(F(y*, z*), gy*) +d(F(y*, 2%), gyn+1) + d(gYn+1, 9Y*)
= Y(d(gzni1, 92") + d(gyni1,9Y"))

d(F (2", y"), F (T, yn))

+d(F(y*, 2%), F(Yn, 7))
Y(d(gznt1, 92%)) + L (d(gYn+1, 9Y7))
(Y (d(gTn, gz*) + d(gyn, 9y*)))
(d(gTn+1, 927)) + P (d(gYnt1, 9Y"))
d(gzn, gz*) + d(gyn, 9y"))
9ZTn+1,927)) + Y(d(gYni1, 9Y7))
Y(d(gan, gz*)) + Y(d(gyn, 9y"))

+1

A A Ik
< + € +
=2 =

=10
=10
W

y*)) € P, for all i > 1. Since § — ¢ as i — oo and P
y*)) € P. But PN (—P) = 0 gives that

d(F (2%, y"), g2") + d(F(y*, 2%), 9y")) = 0.

y (¢1), we get
d(F(z*,y"), gx") + d(F(y*, "), gy*) = 6.
This shows that d(F(x*,y*), gz*) = d(F(y*, %), 9y*) = 0 and so F(z*,y*) = gx*, F(y*,2*) = gy*.
Thus, F' and g have a coupled coincidence point. [

If we let ¢ be the identity map in Theorem [3.8] then we have the following Corollary.
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Corollary 3.9. Let (X,C) be a partially ordered set and (X, d) be a cone metric space.
Suppose F' : X x X — X and g : X — X be two functions such that F(X x X) C ¢g(X) and
(9(X),d) is a complete subspace of X. Let M be a strongly (F, g)-invariant subset of X* such that

d(F(x,y), F(u,v)) + d(F(y, ), F(v,u)) 2 ¢(d(gz, gu) + d(gy, gv))

for all x,y,u,v € X with (g, gy, gu, gv) € M or (gu, gv, gz, gy) € M. Suppose (Tn, Yn, Tn—1,Yn-1) €
M for all n € N and z,, — z, y, — y implies (z,y,zp_1,yn—1) € M for all n € N. If there exist
xo, Yo € X satisfying (F(zo,v0), F(yo, To), 9%0, gY0) € M, then F' and g have a coupled coincidence
point.

Corollary 3.10. Let (X,C) be a partially ordered set and (X,d) be a cone metric space. Suppose
F:XxX—= Xandg: X — X be two functions such that F(X x X) C g(X) and (g(X),d) is a
complete subspace of X. Let M be a strongly (F, g)-invariant subset of X* such that

d(F(z,y), F(u,v)) + d(F(y, x), F(v,u)) = k(d(gz, gu) + d(gy, gv))

for some k € [0,1) and all z,y,u,v € X with (gx, gy, gu, gv) € M or (gu, gv, gz, gy) € M. Suppose
(Try Yny Tn-1,Yn—1) € M for allm € N and z,, — z, y, — y implies (x,y,Tpn_1,Yn—1) € M for all
n € N. If there exist xo, yo € X satisfying (F(xo,yo), F' (Y0, %0), 9T0, gyo) € M, then F and g have a
coupled coincidence point.

Proof . The proof can be obtained from Theorem by taking @ = I, the identity map and
o(x) = kx, where k € [0,1) is a constant. OJ

Corollary 3.11. Let (X,C) be a partially ordered set and (X,d) be a cone metric space. Suppose
F:XxX—=Xandg: X — X be two functions such that F(X x X) C g(X) and (¢(X),d) is a
complete subspace of X. Let M be a strongly (F,g)-invariant subset of X* such that

d(F(z,y), F(u,v)) < ad(gz, gu) + bd(gy, gv)

for somea, b € [0,1) witha+b < 1 and all x,y,u,v € X with (gx, gy, gu, gv) € M or (gu, gv, gz, gy) €
M. Suppose (Tp, Yn, Tn-1,Yn-1) € M for alln € N and x,, — x, y, — y implies (x,y, Tpn_1,Yn_1) €
M for allm € N. If there exist xo, yo € X satisfying (F(xo,yo), F (Y0, o), 9%0, gyo) € M, then F and
g have a coupled coincidence point.

Proof . The proof follows from Theorem [3.8 by an argument similar to that used in Corollary [3.7]
U

Theorem 3.12. In addition to hypothesis of either Theorem [3.4] or Theorem [3.8] suppose that any
two elements x and y of X satisfy (gz, gy, gy, gx) € M or (gy, gz, gz, gy) € M and g is one-one.
Then F and g have a coupled coincidence point of the form (x*,x*) for some z* € X.

Proof . We first note that the set of coupled coincidence points of F' and ¢ is nonempty. We
will show that if (z*,y*) is a coupled coincidence point of F' and g, then z* = y*. Suppose that
d(gx*, gy*) # 6. Then, by using (¢;) we have
U(d(gz”, gy") +d(gy”, gz*)) = Y(d(F(z",y"), F(y*,2")) + d(F(y", 27), F(z",y7)))

= ((d(gz", gy*) + d(gy", gz*)))

< (d(gz", gy") + d(gy", g27)),
a contradiction. Therefore, d(gx*, gy*) = 6 which gives that gz* = gy*. Since g is one-one, it follows
that x* =y*. O

Now, we present some examples to support our results.
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Example 3.13. Let £ = R?, the Euclidean plane and P = {(z,2) € R? : > 0} a cone in E. Let
X = R with usual order and define d : X x X — E by

dz,y)=(r—yl,lz—-y])

for all x,y € X. Then (X,d) is a partially ordered complete cone metric space. Consider F(z,y) =
—5 forall 2,y € X and g = £ for all z € X. Then F(X x X) C g(X) = X. Further I and g are
continuous and commuting.

).

Let ¢, ¢ : P — P be defined by ¢(z,z) = (£,2) and ¢(z,z) = (%,

g

We show that for all (z,y,u,v) € X* = M,

P(d(F(x,y), F(u,v)) + d(F(y, ), F(v,u)) 2 o (d(gz, gu) + d(gy, gv)))-

Now, we have

w(d(F(w y), F(u,v)) +d(F(y,z), F(v,u)))
- o(a(F5) 1 (3F)
(<|w—U||x ) (|ygv|7|y;vl>>

(G
r—Uu — v r—U — v
_ (I | ly—vl ] L1y I)_

36 36 36 (3.6)
Again,
p(P(d(gz, gu) + d(gy, gv))) = ¢ (¥ (d(%,%) +d (4, %))
_ 9O(w((lfcgul7vagu\)Jr(!y;ﬂ,!y;vI)))
_ (!xz—OUIjL\y2—OU|’Iw2—OUI+|y2—0v\)_ (3.7)

It follows from conditions and . that

Y(d(F(z,y), F(u,v)) + d(F(y,x), F(v,u))) 2 o((d(gr, gu) + d(gy, gv)))

for all (z,y,u,v) € X* = M. Thus, we have all the conditions of Theorem [3.4 Moreover, F and g
have a coupled coincidence point at (0, 0).

Example 3.14. Let £ = R?, the Euclidean plane a and P = {(z,z) € R* : x > 0} a cone in E. Let
X = R with usual order and define d : X x X — E by

dz,y)=(r—yl|,lz—yl)

forall z,y € X. Then (X, d) is a partially ordered complete cone metric space. Define F': X x X — X

as follows:
=, if >y
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for all z,y € X and g: X — X with gv =1— 5 for all z € X. Then F(X x X) C g(X) = X.
Let 1, p : P — P be defined by ¢(z,z) = (£, %) and ¢(z,z) = (2, 22).

We show that for all (z,y,u,v) € X4 = M,
V(d(F(z,y), F(u,v)) + d(F(y,z), F(v,u))) 2 o (d(gz, gu) + d(gy, gv)))-

Now, we have
Case-I (y > 2z and v > u). Then

P(d(F(x,y), F(u,v)) + d(F(y,z), F(v,u)))

_ ¢<d(o,0)+d(ygx,“g“>)

_ ly—z—v+u| |ly—z—v+u|

N 6 ’ 6

B ly—z—v+u| |ly—x—v+u]

N 12 ' 12

|z —u| |y—v| |z—u| |y—v]

=< . .

- ( 12 + 12 7 12 + 12 (38)
Again,
e(p(d(gz, gu) + d(gy, gv))) =@ (P (d (1 -2, 1-%) +d(1-%,1-1%)))

_ |z —u| |z—ul ly—v| |y—v]

B lx—u|  Jly—v| Jz—ul _ly—v]

- (3 o P T3 ) (3.9)

It follows from conditions and . that
Y(d(F(z,y), F(w v)) + d(F(y,x), F(v,u))) 2 @(¥(d(gz, gu) + d(gy, gv))).

Case-II (y > x and u > v). Then

d(F (2,y), F(u,v)) + d(F(y, z), F(v,u)))
R ERC)
(5225) (5 55)

—v+y—=z u—v+y—w>

12 12
|z —u| |y—v| |z—u| |y—2v|
2 12 12 12
lz—u|  _Jy—v| Jz—u| _ly—v]|
3 3 3 3
= 6 216 0 16 0 16

A
S ——~—"™~—~ &

(¥(d(gx, gu) + d(gy, gv))).
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Case-III (x >y and u > v). Then

(d(F(z,y), F(u,v)) + d(F(y, z), F(v,u)))

_ ¢<d($gy,“gv> +d(0,0))

B (|x—y—u+v| |x—y—u+v]>

12 ’ 12
|z —ul| |y—v| [z—u| |y—v]
<
—< 2 12 12 12
le—u|  ly—v| Jz—ul _ly—v]
<
- (3 TR S TR SR TR T

= p((d(gr, gu) + d(gy, gv))).

The case x > y and v > u is similar to Case-II. It is easy to see that all other conditions of Theorem
are satisfied for M = X*. Thus, we have all the conditions of Theorem and (2,2) is a coupled
coincidence point of F' and g.

Remark 3.15. It is worth mentioning that in above two examples F' does not satisfy mixed g-
monotone property.
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