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Abstract

Strong differential subordination and superordination properties are determined for some families
analytic functions in the open unit disk which are associated with the Komatu operator by investi-
gating appropriate classes of admissible functions. New strong differential sandwich-type results are
also obtained.
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1. Introduction, Preliminaries and Definitions
Let H(U) denote the class of analytic functions in the open unit disk
U:={ze€C:|z| <1}.
Forn e N=1{1,2,3,...} and a € C, let
Hla,n] ={f: f€H(U) and f[(2)=a+ a,2"+ap 12"+ -},
with Hy = #H[0,1] and H = H][1,1]. Let A denote the class of all normalized analytic functions of

the form

f(2) :z—i-Zanz" (z € U). (1.1)
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Let f and F' be members of H(U). The function f is said to be subordinate to F', or (equivalently)
F' is said to be superordinate to f, if there exists a Schwarz function w analytic in U, with

w(0)=0 and |w(z)]<1 (z€0),
such that
f(z) = F(w(z)) (2 €U).
In such a case, we write
f<F or f(2)<F(z) (2€0).
If the function F is univalent in U, then we have
f(z) < F(z) (2€U) <= f(0)=F(0) and f(U)c F(U).

Let H(z,¢) be analytic in U x U and let f(z) be analytic and univalent in U. Then the function
H(z,() is said to be strongly subordinate to f(z), or f(z) is said to be strongly superordinate to
H(z,(), written as

H(z,() =< f(2) (2 €U;¢eD),
if, for ¢ € U, H(z,¢) as a function of z is subordinate to f(z). We note that
H(z,¢) =< f(2) (z € U;¢ € U) <= H(0,¢) = f(0) and H(U x U) C f(U).

For a function f given by (|1.1)) and ¢ given by

g(z) = Z—{—anz", (1.2)
n=2
we denote by (f % ¢g)(z) the Hadamard product (or convolution) of f and g, defined by
(fx9)(2) =24 > anbpz" =: (g% [)(2). (1.3)
n=2
For a function f in the class A given by (|1.1)), Komatu [4, [5] introduced the following operator:
+ 1)6 z - 2N\ 01
K f(z) = /t“(l 2 fwdt (0> 05> 1), 1.4
) =S [ (g 2) st 0> 0> <) (14)
For f € A, it can be easily verified that
K6f(z):z+i<c+1>6akzk (0 >0;¢>—1). (1.5)
¢ c~\c+k -

Also, it is easily verified from ((1.5)) that

2 (KIf) () = (e + DKI f(2) = oK f(2), (16)
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Definition 1.1. [10)] Let
$p:C*xUxU—C

and let h(z) be univalent in U. If p(z) is analytic in U and satisfies the following (second-order)
strong differential subordination:

d(p(2), zp'(2), 220" (2); 2,() << h(z) (2 €U;¢ ), (1.7)

then p(z) is called a solution of the strong differential subordination. The univalent function q(z) is
called a dominant of the solutions of the strong differential subordination or more simply a dominant

of
p(z) <q(z) (2 €0)

for all p(z) satisfying . A dominant §(z) that satisfies
(z) < q(z) (€U

for all dominants q(z) of is said to be the best dominant.

Recently, Oros [§] introduced the following notion of strong differential superordinations as the
dual concept of strong differential subordinations.

Definition 1.2. [7 [§] Let
:C*xUxU—=C
and let h(z) be analytic in U. If

p(z) and @(p(2),2p'(2), 2" (2); 2,C)

are univalent in U for ¢ € U and satisfy the following (second-order) strong differential superordina-
tion:

hz) <= @(p(2), 2p'(2), 2°p"(2); 2,¢) (2 € U;¢ € D), (1.8)

then p(z) is called a solution of the strong differential superordination. An analytic function q(z)
15 called a subordinant of the solution of the strong differential superordination or more simply a
subordinant if q(z) < p(z) for all p(2) satisfying (1.§). A univalent subordinant G(z) that satisfies

q(z) = 4(z) (2€0)
for all subordinants q(z) of @ 18 said to be the best subordinant.

We denote by Q the class of functions ¢ that are analytic and injective on U\ E(q), where

E(q) = {f €U : limg(z) = OO} 7

and are such that ¢/(§) # 0 for £ € OU \ E(q). Further, let the subclass of Q for which ¢(0) = a be
denoted by Q(a), Q(0) = Qg and Q(1) = Q.
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Definition 1.3. [10] Let Q2 be a set in C, ¢ € Q and n € N. The class of admissible functions
U,[Q, q] consists of those functions

P:CPxUxU—C
that satisfy the following admissibility condition:
U(r,s,t2,¢) € Q

whenever

a0 s=isd i w(5er) 2 {8 ),

(2€U; €€ U\ E(q); C€T; k>n).
We simply write W1[S2, q] as V[, q].

Definition 1.4. [§] Let Q2 be a set in C and q € Hla,n] with ¢'(z) # 0. The class of admissible
functions W' [Q), q] consists of those functions

Pp:C*xUxU—C
that satisfy the following admissibility condition:

whenever

(2€U; €€0U; CeU; m>n>1).
In particular, we write V[, q] as V'[Q,q].

For the above two classes of admissible functions, G.I. Oros and G. Oros [10] proved the following
result.

Lemma 1.5. [T0] Let ¢ € U,[Q, q] with q(0) = a. If p € H[a,n] satisfies
b(p(2), 20 (2), 2°p"(2); 2,¢) € Q,

then
p(z) <q(z) (z€T).

G.I. Oros [§], on the other hand proved Lemma
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Lemma 1.6. [§] Let ¢ € W/ [Q, q] with q(0) =a. If p € Q(a) and
D(p(2), 20/ (2), 2°p"(2); 2, C)

is univalent in U for ¢ € U, then

Q C {Y(p(z), 2p'(2), 2%"(2);2,() : 2 € U, ¢ € U}

implies the following subordination relationship:
q(z) <p(z) (2€0).

In this present investigation, by making use of the strong differential subordination results and the
strong superordination results of G. I. Oros and G. Oros [8], 0], we consider certain suitable classes
of admissible functions and investigate some strong differential subordination and strong differential
superordination properties of analytic functions associated with the Komatu operator K¢ defined by
(1.5). New strong differential sandwich-type results associated with the Komatu operator are also
obtained. In recent years, several authors obtained many interesting results in strong differential
subordination and superordination [1 2} 3], 8, O, 10} [11].

2. The main subordination results

We first define the following class of admissible functions that are required in our first result.

Definition 2.1. Let Q2 be a set in C and ¢ € Qo N'H. The class of admissible functions ®x[€2, q|
consists of those functions

p:C3*xUxU—C
that satisfy the admissibility condition:
o(u, v, w;2,¢) &

whenever

o — REd'(©) + ca(§)
(c+1)

u=q(§), (¢>—1),

and

{Gear e me{ G )

(2€U; E€OU\E(q); C€U; k>1).
Theorem 2.2. Let ¢ € Ox[Q, q]. If f € A satisfies

{6 (K3 (), K (), K2 (2)52,0) s 2 € U,C € T} € @ (2.1)
then

Kif(z) <q(z) (2€D).
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Proof . Define the function p in U by

p(z) =Kl f(2). (2.2)
A simple calculation yields
Ko f(z) = c+ 1) [ep(z) + 2p'(2)]- (2.3)

Further computations show that

2 + (2c+ 1)zp/(2) + 22" (2)
o2 _ ¢ P(z) . 2.4
c f(Z) (C + 1)2 ( )
We now define the transformations from C? to C by
2 2c+1 t
u=r, U:cr—i—s’ w:CT+(C+ )S+. (2.5)
c+1 (c+1)2
Let
t 2 1 2
Yl s,t2,0) = Blu,v,wiz, () = ¢ (r, el o fg” —z, c) . (2.6)
The proof will make use of Lemma [1.5] Using (2.2)), (2.3), and (2.4), from (2.6) we obtain
D(p(2), 20/ (2), 229" (2); 2, Q) = ¢ (K2f (2), KO f(2), K22 (2):2,€) - (2.7)

Hence ([2.1)) becomes

b(p(2), 2 (2), 2" (2); 2, ) € Q.
A computation using (2.5 yields
t ~ (e+1)’w - u

= 2c.
s (c+1)v—cu ¢

Thus the admissibility condition for ¢ € ®x[€2, ¢] in Deﬁnition is equivalent to the admissibility
condition for v as given in Definition . Hence ¢ € V[, ¢] and by Lemma

p(z) <q(2) (2€0)
or, equivalently,
Kf(z) <q(z) (z€U),

which evidently completes the proof of Theorem [2.2] [
If Q # C is a simply connected domain, then 2 = h(U) for some conformal mapping h of U onto

Q. In this case, the class ®x[h(U),q| is written as $lh,q]. The following result is an immediate
consequence of Theorem [2.2]

Theorem 2.3. Let ¢ € Bc|h,q]. If f € A satisfies

¢ (I f(2), I f(2), K22 f(2); 2,¢) << h(2), (2€U,(eD) (2.8)
then

K2 f(2) < a(z) (z€U),
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Our next result in an extension of Theorem to the case in which the behavior of ¢ on 0U is
not known.

Theorem 2.4. Let h and q be univalent in U with q(0) = 0, and set q,(z) = q(pz) and h,(z) = h(pz).
Let ¢ : C* x U x U — C satisfies one of the following conditions:

(i) 6 € Brhg,] for some p € (0,1), or
(ii) there exists po € (0,1) such that ¢ € ®x[h,, q,] for all p € (po,1).
If [ € A satisfies (2.8), then
K2 f(2) < a(z) (2 €U).

Proof . The proof of Theorem is similar to that of a known result [0, Theorem 2.3d, page 30]
and so it is omitted here. [J
Our next theorem yields the best dominant of the strong differential subordination (|2.8)).

Theorem 2.5. Let h be univalent in U, and ¢ : C* x U x U — C. Suppose that the following
differential equation

() beals) P0G+ et D) b ea) N
o (ate), S, P 2.¢) =) (29)

has a solution q with q¢(0) = 0 and satisfies one of the following conditions:

(i) ¢ € Qo and ¢ € k[h, g,
(ii) ¢ is univalent in U and ¢ € @lh,q,| for some p € (0,1), or
(ili) ¢ is undvalent in U and there exists py € (0,1) such that ¢ € ®lh,,q,] for all p € (po,1).

If [ € A satisfies (2.8), then
Kof(z) <a(z) (2€U),
and q 1s the best dominant.

Proof . Following the same arguments as in [6, Theorem 2.3e, page 31|, we deduce that ¢ is a
dominant from Theorem and Theorem . Since ¢ satisfies , it is also a solution of
and therefore ¢ will be dominated by all dominants. Hence ¢ is the best dominant. [

We will apply Theorem to a specific case for q(z) = Mz, M > 0.

In the particular case ¢(z) = Mz, M > 0, and in view of Definition [2.1] the class of admissible
functions @[, ¢], denoted by @[, M], is described below.

Definition 2.6. Let Q be a set in C and M > 0. The class of admissible functions ®x[2, M]
consists of those functions ¢ : C3 x U x U — C such that
5 (Mew c+ chew L+ [c(2k + 1) + k| Me"

Te+1 ’ (c+1)?

: z,g> ¢ Q, (2.10)

whenever z € U, § € R and R{Le™®} > (k — 1)kM for all 9, € U and k > 1.
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Corollary 2.7. Let ¢ € O[Q, M]. If f € A satisfies

6 (Kef(2), K (), K2 f(2);2,¢) € 2

(z€U; e,
then

(K3 f(2)] < M.

For the special case Q = ¢(U) = {w : |w| < M}, the class ®x[2, M] is simply denoted by Py [M].

Corollary 2.8. Let ¢ € [M]. If f € A satisfies

|0 (K2f(2), K2 f(2), K2 f(2): 2,¢) | < M,
then

|1Cgf(z)’ < M.

Definition 2.9. Let 2 be a set in C and ¢ € Qo NH. The class of admissible functions @S2, ¢
consists of those functions

$:C*xUxU—C
that satisfy the admissibility condition:
o(u, v, w;2,¢) &

whenever
1

u=q(§), V=

(k&q'(§) + (c+1)q(§))  (e> 1),

and

S L R |

(€U; £€ AU\ E(g); ¢€T; k>1).

Theorem 2.10. Let ¢ € Oic1[Q,q|. If f € A satisfies
{¢ <K§f(z)’ K@) Kﬁ_if(z);z,g) L 2eU,( € ﬁ} cQ, (2.11)

z z

then
Kof(2)

z

<q(z) (z€0).
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Proof . Define the analytic function p in U by

5
p(z) = %(2) (2.12)
By making use of in , we get
5—1
e o) (ol (2) e+ 100, (2.13)

Further computations show that

’Cg_if ) _ e +1 AL (2%p"(2) + (2¢ 4+ 3)2p/(2) + (¢ +1)*p(2)) . (2.14)

We now define the transformations from C? to C by

s+ (c+1)r t+ (2c+3)s+ (c+1)*r
prm— = - = . .1

e=no cr1 " (c+1)2 (2.15)

Let
' B ‘ B s+ (c+1)r t+ (2c+3)s+ (c+1)°r

¢(T757t7270 —gzﬁ(u,v,w,z,() _¢<T7 c+1 ) (C—|—1)2 7Z7< . (216)

The proof shall make use of Lemma [L.5] Using (2.12), ([2.13), ([2.14), from (2.16), we obtain
) " Kof(z) K31f(2) KS2f(z
B (). 2 21, 0) = o (LB D BB ) (2.17)

Hence (2.11]) becomes
D(p(2), 20 (2), 2°D" (2); 2, C) € Q.
A computation using ([2.15)) yields

2—1—1: [w—20+u](c+1)'
s v—u

Thus the admissibility condition for ¢ € @ 1[€2, ¢] in Definition is equivalent to the admissibility
condition for v as given in Definition . Hence ¢ € ¥[Q, ¢] and by Lemma

p(z) <q(z) (2€0)

or, equivalently,

IC(S
Kell2) L 42) (zew)
which evidently completes the proof of Theorem [2.10, [
If Q # C is a simply connected domain, then Q = h(U) for some conformal mapping h of U onto
2. In this case, the class @i 1[h(U), ¢] is written as ®x 1]k, ¢]. The following result is an immediate

consequence of Theorem [2.10]
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Theorem 2.11. Let ¢ € Oic1[2, q]. If f € A satisfies
¢(Kﬁ@)K§VQ)K§W@)

z z z

;Z,C) <= h(z), (2.18)

then

]Cd
%@ <q(z) (z€U).
We will apply Theorem to a specific case for ¢(z) = Mz, M > 0.

In the particular case q(z) = Mz, M > 0, and in view of Definition , the class of admissible
functions @ 1[€2, ¢], denoted by P 1[S2, M], is described below.

Definition 2.12. Let Q be a set in C and M > 0. The class of admissible functions @i 1[S2, M]
consists of those functions ¢ : C3> x U x U — C such that

5 Magk+c+1Mg9L+K%+3m+QH4Pth
e+l ’ (c+1)2

: Z,C) ZQ, (2.19)
whenever z € U, § € R and R{Le™®} > (k — 1)kM for all 9, € U and k > 1.

Corollary 2.13. Let ¢ € Oic1[Q2, M]. If f € A satisfies
¢(Kﬁ@)K§V@)K§7@)

z z z

;z7<>efz (€ U; ¢ D),
then

< M.
z

’%

For the special case Q = ¢(U) = {w : |w| < M}, the class ®x1[Q2, M] is simply denoted by
Py 1 [M].

Corollary 2.14. Let ¢ € O [M]. If f € A satisfies
o (K240 K2 KO, )

< M,
z

then
Kif(z)

z

< M.

Definition 2.15. Let Q be a set in C and g € Q1 NH. The class of admissible functions P 2[$2, ¢
consists of those functions

p:C¥*xUxU—C
that satisfy the admissibility condition:
o(u,v,w; 2,¢) & Q2
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whenever

uz(](&)? !

v =
c+1

((o 1))+

() ()

(€U; £€ AU\ E(g); € T; k>1).

Theorem 2.16. Let ¢ € Oi 5[, q]. If f € A satisfies

Ki1f() KB2(z) KIOfG) _
{¢ ( K37 () KL f(z) /CS‘Qf(Z)’Z’C) eebee U} <

then
K f(2)
Kif(z)
Proof . Define the analytic function p in U by

_K()
M=)
Using , we get
p(2) 2 (KI() 2 (K()
p(z) — KUf(2) Kaf(z)
By making use of in (2.22), we get

Ke2f(z) _ 1 (Zp/(z) +(c+ 1)1?(2)) :

Kf(z) e+ 1\ p(2)

Further computations show that

<q(z) (2 €0).

K3 f(2)
K22 f(z)
() | 2'(2) (2(2))
, (c+1)zp'(2) + P + — ( >
1 . o 2P (E) p(2) p(2) p(2)
= ot 1 ( +1)p( )+ p(z) + ZpI(Z)

We now define the transformations from C? to C by

((c—i— r + ;) :

t s 5\ 2
{(c+1)r+;+<c+1)8+;+;(;> }

S
1 2
(c+ )r—i—r

u=r, v=
c+1

c+1

Keshava Reddy

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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Let ¥(r, s,t; 2, () = ¢(u, v, w; z,()

:¢(r,c+%<(c—|—1)r+§>,

t s S\ 2
(c+Ds+-+2—(2)
T T T

(c+1)r+ . + :2,C |- (2.26)

c+1 (c+1)7"+f
r

The proof shall make use of Lemma [L.5] Using (2.21), (2.23), (2:24), from (2.26), we obtain

K f(2) KE2(E) KEAG) )
KEF() T KEfG) K2 f() 0

b(p(2), 20 (2), 2°p"(2);2,() = & ( (2.27)

Hence ([2.20]) becomes
(p(2), 20'(2), 2°p"(2); 2,¢) € Q.
A computation using ([2.25) yields

E_i_ - [vw — 3uv + 2u?](c + 1).

s v—u
Thus the admissibility condition for ¢ € O 5[S?, g] in Definition is equivalent to the admissibility
condition for 1) as given in Definition . Hence ¢ € ¥[Q, q] and by Lemma

p(z) < q(z) (z€0)
or, equivalently,

K f(2)
—S el
which evidently completes the proof of Theorem [2.16, [
If  # C is a simply connected domain, then ©Q = h(U) for some conformal mapping h of U onto
2. In this case, the class @i o[h(U), ¢] is written as Px o[k, ¢]. The following result is an immediate

consequence of Theorem [2.16]

Theorem 2.17. Let ¢ € Pi 5[, q]. If f € A satisfies

K f(z) Ki2f(2) Ki21(2), >
(b( K57 (2) " Kef () K2 p () ¢ ) <) (2.28)
then
K2 f(2)

— U).
We will apply Theorem to a specific case for q(z) =14+ Mz, M > 0.

In the particular case ¢(z) = 1+ Mz, M > 0, and in view of Definition [2.15| the class of admissible
functions @y 5[, g|, denoted by P 2[2, M], is described below.
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Definition 2.18. Let Q be a set in C and M > 0. The class of admissible functions D22, M|
consists of those functions ¢ : C3 x U x U — C such that
k+1+ Me® 0 k+1+ Me® 0

et D+ men) N T 5 e

¢(1 + Me® 1+ (2.29)

(M +e ) Le™® + kM(c+1)(1 + Me") + kM| — k*M?* 0
(c+ 1)(M + e ) {(c+ 1)[M?e? + 2M + e~ + kM } ) 7

whenever z € U, § € R and R{Le™"%} > (k — 1)kM for all 0, u >0, ¢ € U and k > 1.
Corollary 2.19. Let ¢ € O o[, M]. If f € A satisfies

o (S0, K20 K,
KIf() Ko G) KE2)

z,g> €N (€ U; ¢e),
then

’—’Cglf(z) —1| < M.

K2 (2)

For the special case Q@ = ¢(U) = {w : |w — 1| < M}, the class P 2[2, M] is simply denoted by
Py o[ M].

Corollary 2.20. Let ¢ € Oo[M]. If f € A satisfies

’¢ (/C‘S flz) K2f(2) K22F(2)
Kof(z) "Kf(2) K22 f (=)

(z€U; ¢ e,

;Z,C) —1‘ <M

then

’/Cé”f ()

Kofe)

<M (z€l).

3. Superordination and Sandwich-type Results

In this section, we investigate the dual problem of strong differential subordination (that is,
strong differential superordination). For this purpose, the class of admissible functions is given in
the following definition.

Definition 3.1. Let Q be a set in C, g € H. The class of admissible functions ®y[S2, q] consists of
those functions

p:C*xUxU—C
that satisfy the admissibility condition:
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whenever

u=qe), o= I (o)

and

e B ol

(2€U; €€0U; CeU; m>1).
Theorem 3.2. Let ¢ € ®,[Q,q]. If f € A, K3f(2) € Qy and
¢ (K2f(2), T F(2), K22 f(2): 2,€)

1s unwwalent in U, then

Qc{o(Kof(2), KT f(2), K2 f(2);2,€) 1 2,¢} (:€U; €T (3.1)
implies
q(z) < K2f(2) (z€U). (3.2)

Proof . With p(z) = K2f(z) and

s+er t+ (2c+1)s+cr
e+ 17 (c+1)2 ’

equation ([2.7) and yields
Q C {¥(p(2), 20 (), 2’0" (2); 2,¢) : 2 € U, € U}

Since

U(r, s, 2,0) =¢(T S,C) = ¢(u,v,w; &, ¢),

3—1—1: (c—l—l)zw—czu_%’
s (c+1)v—cu

the admissibility condition for ¢ € @[, ¢] in Definition is equivalent to the admissibility condi-
tion for ¢ as given in Definition Hence ¢ € W'[Q, ¢, and by Lemma

q9(z) <p(z) (2€U)
q(z) < Kif(2) (2 €U).

O
If Q # C is a simply connected domain, then 2 = h(U) for some conformal mapping h of U
onto Q with ®4-[h(U), q] as Pi-[h, q], Theorem [3.2 can be written in the following form.
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Theorem 3.3. Let ¢ € H, h be analytic in U and ¢ € ®[h,q]. If f € A, K3f(2) € Qo and

¢ (K2f(2), K21 F(2), K22 f(2);2,€)
is univalent in U, then

h(z) <= ¢ (KIf(2), K7 f(2), K22 f(2);2,€) (3.3)
implies

q9(2) <K f(z) (2 €).

Theorem [3.2] and Theorem [3.3] can only be used to obtain subordinants of differential superordi-
nation of the form (3.1)) or (3.3). The following theorem proves the existence of the best subordinant

of (3.3)) for an appropriate ¢.
Theorem 3.4. Let h be analytic in U and ¢ : C* xUxU — C. Suppose that the differential equation

2q'(2) +cq(2) 2°q"(2) + (2c + 1)2¢'(2) + Pq(2)
¢(Q(2)> e+ 1 3 (c+1)2

;z,() =h(z) (c>-1) (3.4)

has a solution q € Qu. If ¢ € ®lh,q], f € A, K2f(2) € Qy and
¢ (K2 f(2), K271 f(2), K22 f(2); 2, )

is univalent in U, then
h(z) << ¢ (K2 (2), K2 f(2), K22 £(2); 2,€)

implies
q(z) < Klf(2) (- €D)

and q is the best subordinant.

Proof . The proof is similar to that of Theorem [2.5 and so it is being omitted here. [J
By combining Theorem [2.3] and Theorem , we obtain the following sandwich-type theorem.

Corollary 3.5. Let hy and q; be analytic functions in U, he be univalent function in U, g3 € Qy
with ¢1(0) = q2(0) = 0 and ¢ € O [ha, 2] N Pk [h1, q1]. If f € A, K2f(2) € HN Qq and

¢ (Kof(2), I f(2), K22 f(2); 2, €)
is univalent in U, then

hi(z) <= & (KO (2), I f(2), K272 f(2)5 2,C) <= ha(2)
implies

G(z) < ICgf(z) < q(2) (2€0).
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Definition 3.6. Let Q be a set in C, ¢ € Qo N'H with q(z) # 0. The class of admissible functions
Dl 1[92, q] consists of those functions

p:C3*xUxU—C
that satisfy the admissibility condition:
o(u,v,w; &, ¢) € Q

whenever
2q(2) + mlc + Da(2)

u=gq(z), v= e+ 1) (c>—1),

and

§R{[w—2u+u](c+1)} Zi%{zq"(z)+1}7

V—Uu

3

(2€U; €€0U; CeU; m>1).

Theorem 3.7. Let ¢ € @i ,[Q,q]. If f € A, Kg];(z) € Qo and

6 (’C‘Zf(Z)’ /Cff’lf(Z)a ’Ci’Qf(Z); ,C>

z z z
18 univalent in U, then
5 5— 5—

QC {gb (ICCJ;(Z), Ke ;f(z)’ Ke Zﬂz);z,C) : z,(} (€ U; ¢el) (3.5)
implies

a(2) < ’Cgi G Lew. (3.6)

Proof . From (2.17)) and (3.5)), we have
Q C {¥(p(2), 20 (), 20" (2); 2,¢) : 2 € U, € U}

In view of (2.16)), the admissibility condition for ¢ € @[, q] in Definition is equivalent to the
admissibility condition for 1) as given in Definition Hence ¢ € W'[Q, ¢, and by Lemma

q(z) < p(z) (z€0)

K2f(2)

z

q(z) < (z € U).
OJ

If Q # C is a simply connected domain, the Q = h(U) for some conformal mapping h of U
onto Q with @ ,[h(U), q] as @i ,[h, g]. Proceeding similarly as in the previous section, the following
result is an immediate consequence of Theorem [3.7]
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Kef(2)

z

Theorem 3.8. Let ¢ € H, h be analytic in U and ¢ € @y, [h,q]. If f € A, € Qg and

z z

é 0—1 6—2
o (B K K, )

18 univalent in U, then

5 (s 5-1p(, 5-27(,
Kci(),Kc 1(z) Ke f”;z,ﬁ) (3.7)

z z

h(z) << qﬁ(
implies

K2f(2)

z

By combining Theorem and Theorem [3.§] we obtain the following sandwich-type theorem.

(z € U).

q(z) <

Corollary 3.9. Let hy and q1 be analytic functions in U, hy be univalent function in U, ¢ € Qy
- Kof(z
with ¢1(0) = q2(0) = 0 and ¢ € P 1[he, o] N Py [h, 1] If f € A, /() e HNQy and

é P 0—1 > 6—2 2
o (B XS K, )

z z z

18 univalent in U, then

Kof(z) K&'f(2) K%f(2)
~ Y )

z z

hi(z) << ¢ ( ;Z,C) <= hy(z)

implies

¢(z) < @ < q@(2) (z€l).

Definition 3.10. Let Q2 be a set in C, g € Q1 N'H with q(z) # 0. The class of admissible functions
Dl 5[82, q] consists of those functions

p:C*xUxU—C
that satisfy the admissibility condition:

whenever

u=q(2), V=

and

§R{[vw—3uv+2u2](c+1)} > %Sﬁ{zq”(z) +1}7

vV—Uu

(2€U; €€0U; CeU; m>1).
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K (2)

Kijz) © & o

Theorem 3.11. Let ¢ € ®,[Q,q]. If f € A,

) (K21f<z> K325 (2) KIFG) )
KifG) K () Kf)

1s unwalent in U, then

KB-f(2) KO-2f(z) K924 ()
e {¢ ( K37() " KiLf(z) K2 ()

#¢)iac} (eUiceD (3.5)
implies

q(z) < M (z € ). (3.9)

Kif(2)
Proof . From (2.27)) and (3.8)), we have
Q C{Y(p(2), 20 (2), 2°D"(2); 2, () : 2 € U, € U} .

In view of (2.26)), the admissibility condition for ¢ € ®%,[€2, ¢ in Definition is equivalent to the
admissibility condition for v as given in Definition Hence ¢ € W'[Q), q|, and by Lemma

q(2) <p(z) (2€U)

Ko f(2)
q(z) < K77 (2) (z €T)
O
If Q # C is a simply connected domain, the = h(U) for some conformal mapping h of U
onto Q with @ ,[h(U), g] as @i »[h, g|. Proceeding similarly as in the previous section, the following
result is an immediate consequence of Theorem [3.11}

5-1
Theorem 3.12. Let q € H, h be analytic in U and ¢ € @ ,[h,q]. If f € A, }CC—f(Z) € Qq and

K2f(2)

K515(2) KB-2() KS-3g(z)
¢ ( K3f(z)  Kiif(z) Ki2f(z) Q)

15 univalent in U, then

0—1 P 6—2 > 6—3 P
Ko f(z) K (z) K2F (). g)

Kif(z) K f(z) Ko 2f(z) " (3.10)

h(z) << gb(
implies

K ()
K2 (2)

By combining Theorem and Theorem [3.12] we obtain the following sandwich-type theorem.

q(z) < (z € U).
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Corollary 3.13. Let hy and ¢, be analytic functions in U, he be univalent function in U, ¢ € Q
. K1 f (2
with ¢1(0) = q2(0) = 1 and ¢ € P a[ha, g2] N Pl nlh1, 1] If f € A, IéTJ(Ci)) e HNQ and

) (lci-lf<z> K2 f(2) K2 A() )
k() K1) K2 ()

18 univalent in U, then

Ko f(z) K22f(2) KI>f(2).
Kof(z) "K&f(2) K22 f(2)

hi(z) << ¢ ( z, C) <= ha(2)

implies

6-1¢(,
q(z) < ICI&TJ(E)) < q(z) (2€0).
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