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A contribution to approximate analytical evaluation
of Fourier series via an Applied Analysis standpoint;
an application in turbulence spectrum of eddies
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Abstract

In the present paper, we shall attempt to make a contribution to approximate analytical evaluation
of the harmonic decomposition of an arbitrary continuous function. The basic assumption is that
the class of functions that we investigate here, except the verification of Dirichlet’s principles, is
concurrently able to be expanded in Taylor’s representation, over a particular interval of their domain
of definition. Thus, we shall take into account the simultaneous validity of these two properties over
this interval, in order to obtain an alternative equivalent representation of the corresponding harmonic
decomposition for this category of functions. In the sequel, we shall also implement this resultant
formula in the investigation of turbulence spectrum of eddies according to known from literature Von
Karman’s formulation, making the additional assumption that during the evolution of such stochastic
dynamic effects with respect to time, the occasional time-returning period can be actually supposed
to tend to infinity.
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1. Introduction and preliminaries

It is known from Stone-Weierstrass Theorem, that every continuous function is actually able to be

represented, as the pointwise or uniform convergence to a limit function of a functional sequence
[4, [14].
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On the other hand, Fejer Theorem asserts us that every 2m-periodic continuous function is able
to be approximated by linear combinations of the fundamental functions: sin xt, cos kt, k € N [§] [12].

Moreover, the closed-form solutions of several boundary value problems of Dirichlet’s or Neu-
mann’s forms, are mostly represented in the general pattern of the limit function, (pointwise or
uniform), of an iterated power series, which has mainly trigonometric form in the usual practical
problems [0} [7, [].

However, we have to denote here that the pointwise or uniform convergence of such series is indeed
very slow, from computational point of view and generally these forms are obviously not suitable in
current use, as approximate solutions of boundary value problems of Mathematical Physics, especially
for the necessary calculations in conceptual design process, by engineering standpoint.

Specifically, the algebraic rates of the three components of instantaneous velocity vector: V(m, Y, 2,t)
by means of Eulerian representation for turbulent flow fields, are actually able to be written out, via
the following cubic form [15]:

o — omik  2mil

Vi(z,y,z,t) = ZZZ(hj(y)EXP( T )~ijkl(t))
j=1 k=1 I=1 £ z
= e omik 2wl

Vy(w,y,zt) = > 3 Y (m(y)EXP 7 ) V() (1.1)
j=1 k=1 I=1 Y r
- — o2mik  2mil

V;(l‘,y,z,t) = ZZZ hl(y)EXP I +L_ "/ijl(t) )
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where
2mik 2wl 2k 2wl o 2k 2wl
EXP(Lw +Lz>—cos(Lm+Lz)+zsm<Lz—|—Lz). (1.2)

The above statement, actually represents a sequence of instantaneous images of velocity vector field
for turbulent flow patterns and is motivated indeed via a random partition of domain in spectral
elementary segments and concurrent implementation of periodic boundary conditions [3].

Since these functions are orthogonal, the three-dimensional original problem can actually be
decomposed in a superposition of a finite number of one-dimensional ones for each circumstantial
pair of the indicators (k,[) in an orthogonal functional space.

2. Alternative representation of Fourier series

The quantitative estimation of a trigonometric power series, could generally be actualized in Orthog-
onal Spaces, ensuing the following procedure:

Let us consider, the harmonic decomposition of a periodic continuous function: f : R — R being
defined on an interval: [0,2L]

f(x):%—i-i(an-cos(m%)—i—b,{-sin(/ﬁ-%)), (2.1)

k=1

2L
ag = %/0 f(x)dx
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a, = %/:Lf(x)cos(ﬂ;) dx
b, = %/:L f(x)sin(?)dm (2.2)

are the so-called Fourier coefficients. If we keep in mind some basic results of Orthogonal Functions
Theory, we can exhibit as follows, the general form of Fourier coefficients in an arbitrary Orthogonal
Space: {¢1,¢a, ..., dx}, whose cardinality is obviously: “aleph zero” [9).

1 2L
cﬂzmﬁﬂﬁ F(2) - dul) da (2.3)

where the norm ||¢,|| is defined as follows:

nmu=(4%¢ﬁmm)é. (2.4

From Real Analysis point of view, the definition of the norm: ||¢,|| can be actually evident as follows:
It is known that every functional space: C"[a,b], n € N which in fact consists in a linear space, can
be converted to a metric space, via the addition of a specific metric, such that to be induced by the
following norm:

1f, 9l =sup{|f(z) —gW)"},  peZ (2.5)

Then, at the aforementioned space: C"[a,b], we are able indeed to define afterwards the following
norms in the general pattern:

Hﬂb=<lﬂﬂ@ﬂm){ ez (26)

Next, let us consider, an arbitrary vector: a = (a1, az,...,a,) € (R",|-||)) where R" denotes an

arbitrary compact and connected ordered linear space. Then, the particular metric d onto space
1

R, such that: d(Z,7) = (ZZ:1 |z — y|p> ’ (which is induced by the aforementioned norm |[|¢,||),

defines indeed univocally any vector of the space R".

Thus, in the specific case we study, we can deduce proportionally that the norm: |¢| =
1

( fOQL qﬁi(x)dx)ginduceS in fact a metric onto linear space R* such that to be able to define uni-

vocally any element of the afore-mentioned orthogonal space: {¢1, @, ..., d.}.

Returning now to the initial problem of approximate estimation of Fourier series, we can actually
denote that the coefficients: ¢, for all k € N can arise, if we integrate over the interval [0, 2L] selecting
firstly an appropriate weight function w(x) and also taking into account the following property for
the inner product of two orthogonal functions:

Considering two functions: ¢,,, ¢, such that: {¢m,, dn} C {o1, da, ..., 0k} , it is valid that:

b
o -, 2%

where the constant: k,, depends on the circumstantial selection of the weight function w(x) and the
function ¢, e.g. for trigonometric functions we can conclude:

(2.7)

2L nwx mmx
w(z)cos (——) - cos (—— )dz =0 for w(z) = 1A (m,n) EN*: m#n
[ o (1) eos (F) ) )



232 Venetis, Sideridis

and:

2L nmx mmx
w(z)sin (——=) -sin (—— )dz = 0 for w(z) = 1 A (m,n) € N*: m #n,
| wtaysin (MF) -sin (M) (z) = 1A (m,n)

where we have expanded here the following countable functional space, since the amplitude of the
period is: 2L

{b1,¢9, ..., 0} = {1,COS (%) ,sin (%) , COS <27TTx> ,sin <27rTx) e
...,COS (%) ,sin (%)}

Obviously, each pair of two orthogonal functions ought to be linearly independent to one another,
since it is valid that:

ic,{gbn = 0. (2.8)
k=0

Thus, every function o, € {0,},x € N can emerge with respect to the above general basis from the
following recursion formula [10]:

Kk—1

(On(), 05(x))
0.(T) = Qe | Or() — — =~ g:(x)|. 2.
(1) =4 (cb 0= X ) >) (29)
The arbitrary coefficients gy, can be also selected such that (o;(z),0;(z)) = 1, which means that the
orthogonal space {0, } consists in an orthonormal one.

On the other hand, we can also relate these functions to singular Sturm-Liouville’s systems, (they
can constitute the eigen-functions of them), from which we are able to derive their qualitative prop-
erties. Nevertheless, in order one to follow such methods, using qualitative properties of orthogonal
functions, an advanced level of Real and Functional Analysis should be provided.

Besides, these evident expressions have rather qualitative character and are not directly useful
in conceptual design calculations. Thus, it is preferable firstly one to apply some classic techniques
from advanced Calculus.

From elementary Complex Analysis it is valid:

e 1 . T . T
cos (Ii . T) = 3 (exp (m . f) + exp (—m . f))

(2.10)
sin (/{ . M) = l <ex (i/{ . E) —ex (—2’/@' . 77_3:'))
L) =g\ L P L))
Hence, eq. (2.1)) can be performed equivalently:
- K .b.‘i Kk T K 'bh‘/ . . TT
fo) = 3 (B e B ) 24

k=1
Based on the latter equation, we can also obtain the following equivalent form by making the following
substitutions:

Qo
—
g 0
a,, — b,
— oy (2.12)
a,. + 1by
—
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Hence, it implies:

—+00
1 T

fl) =35> (ane™ %), (2.13)

—0o0

where the above infinite summation extends over all integers k € Z U {—o00, +-00}.
According to the statements about the inner product in orthogonal functional spaces mentioned
above, we can also deduce:

2L 0 ifw#0
/ e L dy = (2.14)
0 2L if Kk =0.

Besides, we can also pinpoint that «,, a_, are conjugate complex values.
Concurrently, if we suppose that the above series verifies Abel’s summability Criterion, then it
follows that:
]. ; T
fr(x) == Z (ro.e™ 1) s convergent Vr e (0,1) (2.15)

—0o0

where: f,(x) is a continuous function Vz € [0,2L].
Additionally, Poisson’s kernel is defined as follows [111, 12]:
1 1—7r?

ker P(x) = — - 1). 2.1
er P(z) 2 1—2rcosaz+1? vrelol) (2.16)

Obviously this quantity, is strictly positive Vr € [0, 1).
Besides, the following statement asserts us for the uniform convergence of f(z). Letting r — 17,
there exists 79(¢), such that

|f(z) — fr(x)| < e forall r € (rg,1) (2.17)

where: ¢ > ker P(x) for all r € [0, 1).

In order now to calculate the two inceptive Fourier coefficients a,, b, we can put into effect the
initial aforementioned assumption, that the circumstantial continuous function: f is also able to be
represented in Taylor’s formula over the interval [0, 2L], past the rate: xy = 0.

Thus we can write out:

M (0 @ (0
f(x):f(0)+f1|( )a:+f2‘( )x2+---. (2.18)
In the sequel, let us assume that there exists a unique polynomial: II(z) = >""_ g,2™ which belongs
to the functional space:

C"0,2L) ={f:[0,2L] - R : f is n-times differentiable function}
and having concurrently the following property:
(x) = f(x), Yz € [0,2L]. (2.19)

In accessory, it is also known from elementary Analysis that every arbitrary polynomial in the generic
representation: II(z) =Y "_, g,2" can be written out equivalently in the next alter-ego form:

1IG) 1?0
()x—l— ()x2+---. (2.20)

II(x) = I1(0) + T 5
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Hence, it infers that:
£(0) =T1(0) A £™(0) = TI™(0) Vn € N*. (2.21)

Yet, it is also known from single-valued Calculus, that for every real-valued polynomial in the
generic form: go + > ., g,x™ , the corresponding polynomial function of its p-order derivative, is
given by the following formula [13]:

. Al
PW(z) =p ) gr———at (2.22)
Z M3 = p)!

Afterwards, as for the linear space derived by the antiderivatives: [ cos(Az)I(z)dz, VA € R* the
following relationship comes along, via step by step integration:

/ cos(Az)1(z)da =

_ L (sin(A ~o)II(z) + il 1M (z) - sin (A cx+1- g) +

A A
+%.H(2)($).Sin<14.$+2.g>_|_...
---—l—%-H(")(x)sin<A~x+n-g>>+C’1,

since: I1"*V(z) = 0. Hence for the case we study, the following expression can be inferred equiva-
lently:

/ cos(Az)I1(z)da =

1 1 T
- . =T () g 2
I 81n(Aa:)H(x)+A2 1'% (x) - sin (Aa:+1 2)+
1 s
— .11@ . Qi 2
—I—A3 1 (z) - sin (Am—{—? 2) +
1 n ) T

Thus, the inceptive Fourier coefficient: a, = £ 02L f(x)cos (2 - x) dx can be evaluated after all for
k€ N*:

a, = %[(mr—l/[,) : sin(%m) II(x) + m W (z) - sin(%x +1- g)
1

2L
™ (p) s ("_” Z)} _
+ (i L) (x)sin 7% +n 51,
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=
a, = [K%T -sin(2km)I1(2L) + (Kfr)Q -IM(2L) - Sin<2mr +1- g)
+(5>3 (2L - sin(2mr Y g) T
-+ (/@:)ZH -TI™(2L) sin (2/% +n- g)}
_ % sin(0)I1(0) + (er>2 1M (0) - sin<1 . g)
+(,f;>3 11 (0) 5111(2 : —n) +
+ (mf)"“ 11 (0) Sin(n : g)}
=
4 = [ ;;)2 W (2L) - sin<1 : g) (;)3 @ (2L) - sin<2 : Z) +
+ (H:)T;H 1™ (2L) sin <n . —ﬂ
. [(;)2 M/(0) - sin(l - g) n (5)3 11 (0) -sin<2 : —) +
ot (H;T;H 1™ (0) sin (n : ZH
=
a, = (MO@2L)—1"(0) (/Wl . .Sm<1 . 5) X
+ (I™(2L) — TI™(0)) (mf)zﬂ : sin(n : g)
=

a, = Z (H(”)(QL) - H(")(O)) CA sin(n : E)

n=1 (/‘i'ﬂ_)n+1 2

235

(2.23)

Here we have indispensably to require, that the integer variables k and n must be functionally

independent.
Next, we can obtain a proportional representation for the coefficient:

b, = %/:L f(x) Siﬂ(ﬂLx) dzx.

As concerns the antiderivatives: [ sin(Az)II(x)dz, we can also infer:

1

/sin(Ax)H(a:) dx = %/sin(Aw)H(x) d(Az) = —— /H(x)d(cos(A:v)).

A
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/sin(Ax)H(m) dx = —% cos(Ax)II(x) + % / cos(Az)TIW (z) dz. (2.24)

The quantity: % [ cos(Az)IIV)(z) dz can be estimated, via the same formula that we have explicated
above for the integral: [ cos(Az)II(x)dz, if we substitute instead of the polynomial: II(z), its first
derivative: II'(z) = I (x), whose order is obviously: (n — 1)

Hence we can obtain:

/ cos(Az)II'(z) dz =

1 1 T
= = . |si . ! — 1D () - s . -
T [sm(A )l (z) + T II"Y(x) - sin (A r+1 2)
1 T
. /1) i . —1).=
+ I (x)sin <A r+(n—1) 2)] + C%, (2.25)

since: II'(n)(x) = 0. Thus, after the necessary algebraic manipulation we can eventually infer:

/ cos (%%) () dz =

1 1
= . sin (K_ﬂx> W (z) + 5 - 11 (z) - sin (H_Wm +1- Z)
(=) L (£1) L 2

L

1
(M) L 2
L
1
et =) -TI™ () sin (%T-a:jt(n— 1)- g) + Oy

T
1 1
- e () g 1 (1)
L L
1
+ 1 1) (z) - sin <K—7Ta: +2- Z) +
(M) L 2
L
1 K
--—I—W-H(")(x)81n<%-x+(n—1)-g> + Cs.
(‘F)
Evidently, we can deduce that:
| | 2L
KT
by = — |—7cos (—x) II(z)
L [ (*F) L .
+1{ 1 . (KT () + 1 () - s AT q.T
|73 -sin (—x) x — x) - sin (—x -—)
LLCE) L (Z) L 2
1
+ -H(?’)(x)-sin(%x—i-%g)%—---

(=)
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1 KT ™1
e —— .11 in (~= . —1)-Z
+<%)n+1 I1 (x)sm(L r+(n—1) 2)}0
1 1 1 KT
= _ — > 1
— (11(0) H(2L))+L{(%)2 sm(La:)H (z)
1 KT
@ (z)-sin (2 +1-=
s 3
(f) (L 2)
1 KT
+— % (z) -sin (—z+2- =) +
(f) (L 2)
b T @) sin (T (0 - 1) )2L
(%)n—i-l X ) S11 TI’ n 5 .
Hence

b — (T(0) — TI(2L)) + { (;jr E - sin(2km)IIW(2L)

L
+—— T (2L) - sin (2/<m Y1 f)
(k) 2

L' e - s
+ 71 (2L)-sm(2mr+2-—>+---
(k) 2

n

n T
--+W R (2L) sm(?& n—1-§>}
L L?
- sin(0)IIM (0) + - sin ( >
()’ (0)IT*V(0) ()2
L3
+ 3H(3)<O)Sln<2.z>+.
(k) 2
LTL

et W-H(”)(O) sin ((”— 1)- g)}

Thus, we are led eventually to the following power series which concerns the extraction of b,
LO

P (0 22) — () sin (1) - )

+% (1(22) ~1(0)) sin (0 7)
" (mr2)3 (M@ (22) = 1@(0)) sin (1-7) +---

(mf;ﬂ (1 (2L) = 1% (0)) sin (0 — 1) - )

G (T (2L) — 11 (0)) sin ((n —1)- §> _

(2.26)

237
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Concurrently, regarding the two latter summations which concern the initial Fourier coefficients: a,
b., we can also put into effect the known from Calculus Euler’s formula, which holds in general for
every complex-valued arc [14) [16]:

()= ()T (- 655 o

where we have also to require here, that the integer variables £ and n must be functionally indepen-
dent.

Apparently, the above form warrants more expeditious convergence. We can return now, to ([2.13|)
formula of harmonic decomposition, making the relevant substitutions according to the relations from

eq. (2.23) and (2.26). Hence, it implies that:

< — (km
_% . {em? Y (mf% (I (2L) — 11t (0)) sin ((n —1)- g)} (2.28)

We remind that according to eq. (2.22)) it is valid:

= Al
W () = p! e —
(@) =1 2

3. Implementation in turbulence spectrum of eddies

However, for the evolution of some dynamical effects like Brownian motion or turbulence the time
returning period can be actually assumed to tend to infinity.

Now we have to examine the asymptotic behaviour of every term of the expression above, if the
time returning period is letting tend to infinity. This actually means, that two same instantaneous
images of a turbulent flow field appear with infinite time-length between them.

We have to take into account here, that the integer variables x, L, n are in fact functionally
independent to each other, which means that if we let them simultaneously tend to inﬁnity*ﬂ, then
the rate of the quotient: % must indispensably tend to unity.

This is actually very useful for the calculation or Fourier integral. However, a turbulent flow
field can be faced as a superposition of the time-averaging velocity and the three time-fluctuating
components at Ox, Oy , Oz axes respectively, according to the general pattern of Von Karman’s

We have assumed here that the function f still remains analytical over the extended interval [0,2L] letting L
tend to infinity, thus eq. (2.28) still holds
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spectrum of eddies, which can be decomposed in terms of Fourier series:
ag R 2T
‘/33 = {? + ; [[(Vmax)x]n -+ COS <T_n -t + en)} }
b[) o= 2
v, = {5 2> (V- cos (3714, } (3.)
Co o= 2w
V., = {E + nz:l [[(Vmax)z]n - COS (T_n t+ Qn)] } :

where: (VmaX)X - 2%r'}(maxa (vmax)y :2% Ymaxy (Vmax)z - 2% Zmax and: Xmaxa Ymaxu Zmax are the
coordinates which define the domain, inside which the anisotropic turbulence is dominated.
Obviously, the time-averaging terms are defined as follows:

_ 1 T

V, = —-/ V, - dt
T J

_ 1 T

V, = f./o V, - dt

_ 1 T

VvV, = —-/ V., - dt.
T 0

For t = 0 we can write out the following initial condition for the components of 1%

Ve = Vi(x)
V, = 0 (3.2)
V. = 0.

We can remark here that regarding wake flows, the quantity V.(z) is referred to as external local
velocity. This initial condition above, can arise, motivated by the known from literature Taylor’s
Vorticity Transfer theory according to which, the vorticity of each fluid particle remains constant for
a given time-period [5, [I7]. Hence, one obtains a mixing length for vorticity in a manner similar to
the momentum mixing length in Prandtl’s formalism [5].

We can remind here, that a power series with terms of cosine form, is a decomposition of an even
function, if and only if it holds true that: 6, = 0 for all n € N*. So the formulation above, can
describe indeed every periodic function, even or odd. Hence, according to this initial condition, we
can result:

+00
Velo = Velw) & 43 [[(Vinae)eln - cos (60)] = Vil)
Vo =0 & 243 [(VawelyJo - cos (62)] =0 3.3
Vil =0 & 54 37 [(Vinwe):Ju - cos (6,)] = 0,

where it also holds true that:

1 [T a 1 [T
aOZT/Tfl(t)dx = ?:?/0 fit)dz
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bo

1 [T 1 (T
=7 | by > F =7 / fo(t)dy (3.4)

T T
w=7 [ BOE = F-7 / fy(t)dz.

In case now that the apparent returning period tends to infinity, something very useful indeed for the
turbulent flow field for which the exact rate of this period is ruther inexplicit, we can use the Eulerian
exponential form of a complex variable!], in proportion with eq. (1.1) for the turbulent velocity, during
the representation the generalized Fourier Integral (Fourier-Transform) for a non-periodic function:

f(z) = % /w=_+0<> (/n=_+oo F(n)etwm@mn) dn> dw (3.5)

or equivalently in infinite summation notation:

fl)=5= > dpe™, (3.6)

where apparently it is valid that: '™ = cos(nx)+isin(nz). Concurrently, we can consider the range
of every oscillation as a single-valued function of time in the form: zy = QT“t, something compatible
to Lagrangian formulation for fluid motion [I]. So, we can obtain:

1 w=+00 - 27
Vo = —- C(w)e!™ Tt dw
=/ cw
V= o=/ T e du (3.7)
v V2T w=—00 .
- 1 /w:-i-oo C/l( ) an%td
= — w)e w,
V2T w=—00
where:
C(w) = / 7 fy ¥
w) = — n)-e n
27 J o

Cw) = \/% / T Pn) - e g (3.8)

1 oo . 27
ﬁ/ f//(n) . ez-n~T~t dn

As concerns the rate of change of the circular frequency w, it is also valid that:

O//(w)

2(n+ )7 2nm 27
T T T

Aw =wpi1 —wp =

(3.9)

The Fourier-Transform has its greatest range of validity at the complex plane, where it is equivalent with Laplace-
Transform [2, 12].
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Obviously, when the apparent returning period tends to infinity, we can conjecture that the term
Aw must get the infinitesimal form dw.
We also denote here, that the quantities C(w), C'(w), C"(w) are derived by the so-called inverse
Fourier-Transform F~!. Hence, we infer:
FHCW} = Vs
FHCWY =, (3.10)
FHC"(w)} = Vi
Moreover, the known Parseval identity can be written out in the following form, provided that
the generalized integral on the left member of the following equation converges:

/_: | (O)dt = %/_: |F (w)]*dw. (3.11)

Note here, that from Physical aspect the left member of the above, denotes the total energy of any
circumstantial turbulent signal, hence the term in right member denotes the distribution of it, in the

motivated scales of eddies.
Besides, taking into account eq. (3.7) we have:

V, = Vﬁ{ > dnei'”""%"t} (3.12)
‘/Z e vz+{ Z dnei-n-?f‘r-t}’
where:
i = 5 [ hen
n T 0 1 €
1 T in- 2T ¢
d, = T i fo(t) - €™ (3.13)

T
d, = % /0 F3(H)(t) - e T

We can pinpoint here, that these integrals, appearing in the latter group of equations, are in the
generic form: [ e%h(z).
It is also known from single-valued Calculus that:

1 & 1
/ A7 h(z) = ZeAm; [(—1)nmh<n>(;p)}, (3.14)
(provided that the function A is analytic on its domain of definition).

If we put into effect now this latter formula, we are able to express eventually the coefficients
in eq. (3.13)), as single-valued functions of the coefficients: ag, by, co which occurred on eq.
successively.

Besides, if we also equate the right members of eq. and eq. @I} supposing that the ratio %
tends to 1, we will be able indeed to estimate the corresponding coefficients: d,, for the three velocity
components in a sinusoidal summation form.
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4. Discussion

In this paper we attempted to make a contribution to the approximate evaluation of the cor-
responding harmonic decomposition for an arbitrary continuous function, via an Applied Analysis
approach.

It is known that the convergence of such power series in any orthogonal space of trigonometric
functions, is indeed very slow from computational standpoint. Actually we focused our investigation
here, on a class of continuous functions such that except the verification of Dirichlet’s principles to
be also analytic over a particular interval of their domain of definition.

An application in turbulence spectrum of eddies of the evident alternative representation has also
taken place, assuming additionally that the time returning period for the evolution of such dynamical
effects tends to infinity. Then the expansion of Karman’s spectrum of eddies, is possibly able to be
predicted via this calculating process even qualitatively.

However, one cannot be very sure indeed if this resultant closed-form representation that we have
derived here, because of its qualitative character which has not been avoided yet, is unedited capable
to participate directly in the contemporary computational procedures, (i.e. FFT or Discrete Fourier
Tranform), which actually consist in the status quo in the mathematical approach for the evolution
of such dynamical effects, without the concurrent encumbrance of computational operating cost.
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