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Abstract

In this paper, under appropriate oscillating behaviours of the nonlinear term, we prove some multiplic-
ity results for a class of nonlinear fractional equations. These problems have a variational structure
and we find three solutions for them by exploiting an abstract result for smooth functionals defined
on a reflexive Banach space. We also give an example to illustrate the obtained result.
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1. Introduction

Fractional differential equations have been proved to be valuable tools in the modeling of many
phenomena in various fields of physics, chemistry, biology, engineering and economics. There has
been significant development in fractional differential equations; one can see the monographs of
Miller and Ross [20], Samko et al. [24], Podlubny [21], Hilfer [13], Kilbas et al. [16] and the papers
[2, 3, [, (51 6l 17, 17, (18], 25], 26, 28] and references therein.

Critical point theory has been very useful in determining the existence of solutions for integer
order differential equations with some boundary conditions; see for instance, in the vast literature
on the subject, the classical books [19, 22, 27] and references therein. But until now, there are a few
results for fractional boundary value problems (briefly BVP) which were established exploiting this
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approach, since it is often very difficult to establish a suitable space and variational functional for
fractional problems.

In this paper, we are interested in ensuring the existence of at least three solutions for the following
system

D7 (az-(t)oD?iui(t)) = APy, (tun(t), - un(t) + pGu, (tua (D), - - - un(?))
thi(ui(t))  ae. te0,T], (1.1)

for 1 < i < n, where o; € (0,1], oD} and ;D7 are the left and right Riemann-Liouville fractional
derivatives of order «; respectively, a; € L>([0,T]) with a; := essinf o7 @ > 0for 1 <7 <n, Aand
@ are positive parameters, F, G : [0, 7] x R® — R are measurable functions with respect to ¢ € [0, 7]
for every (z1,...,2,) € R" and are C! with respect to (zy,...,z,) € R" for a.e. t € [0,T], F,, and
G, denotes the partial derivative of F' and G' with respect to u;, respectively, and h; : R — R are
Lipschitz continuous functions with the Lipschitz constants L; > 0 for 1 <i < n, i.e.,

|hi(z1) — hi(w2)] < Lilzy — a2, (1.2)

for every xq1,x29 € R, and h;(0) = 0 for 1 <4 < n. In this paper, we need the following conditions:

(H) a; € (5,1] for 1 <i <n.
(Fy) for every M > 0 and every 1 <7 <mn,

sup |Fy,(t, 1, ..., 20)| € L]0, T)).
(1, yzn)| <M

(F3) F(t,0,...,0) =0 for a.e. t € [0,T].
(G) for every M > 0 and every 1 <i <mn,

sup |Gy, (t, 21, x,)| € LY([0,T)).

[(@1,eyzn)| <M

In the present paper, motivated by [29] and [30], using a three critical points theorem obtained
in [23] which we recall in the next section (Theorem [2.6]), we ensure the existence of at least three
solutions for system ([1.1]). This theorem has been successfully employed to establish the existence of
at least three solutions for perturbed boundary value problems in the papers [1, 8, 9} 10, 111 12].

This paper is organized as follows. In Section 2, we present some necessary preliminary facts
that will be needed in the paper. In Section 3, our main result (Theorem and some significative
consequences (Corollaries and and an example (Example are presented.

2. Preliminaries

In this section, we first introduce some necessary definitions and properties of the fractional calculus
which are used in this paper.

Definition 2.1. (Kilbas et al. [16]) Let u be a function defined on [a,b]. The left and right
Riemann-Liouville fractional derivatives of order o > 0 for a function u are defined by
dr 1 dr

t
JDou(t) = —,D¥ "u(t) = —— t —s)" " tu(s)ds,
u(t) = G DE (0 = s [ (6= s (s
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and 1) ,
a n d" a—n -1 d" n—oa—
Dpu(t) = (=1)" 22 Dy"ult) = m@/t (t = 8)" " u(s)ds,
for every t € [a, b], provided the right-hand sides are pointwise defined on [a, b], where n —1 < a <n
and n € N.
Here, I'(«) is the standard gamma function given by

+oo
[Na) = / 2 e 2z,
0

Set AC™([a,b],R) the space of functions u : [a,b] — R such that u € C"7([a, b],R)
AC([a,b],R). Here, as usual, C"([a,b],R) denotes the set of mappings having (
continuously differentiable on [a,b]. In particular, we denote AC([a,b],R) := AC*([a,b

— 1) times

R).

Proposition 2.2. (Samko et al. [24]) The following property of fractional integration hold

and w1V €
n
I,

/ [« D “u(t)|o(t)dt = / (1D, “v(t)]u(t)dt, « >0,

provided that u € LP([a,b],R), v € L([a,b],R) and p>1,¢>1,1/p+1/g<1+aorp#1,q#1,
l/p+1/g=1+a.

Proposition 2.3. (Jiao and Zhou [15]) If u(a) = u(b) = 0, u € L>([a,b],RN), v € L!([a,b],RY), or
v(a) = v(b) =0, v € L®([a,b],RN), u € L'([a,b], RY), then

[ Lo = [opopoa, <ozt

To establish a variational structure for the main problem, it is necessary to construct appropriate
function spaces. Following [14], we denote by C§°([0, 7], R) the set of all functions g € C*°([0,T],R)
with ¢(0) = g(T") = 0.

Definition 2.4. (Jiao and Zhou [14]) Let 0 < a; < 1 for 1 <14 < n. The fractional derivative space
Eg" is defined by the closure of C§°([0, 7], R) with respect to the weighted norm

1/2

T T
||qu = (/ al(t)|0Df’uz(t)|2dt+/ |U1(t)‘2dt> y V'LLZ € E(‘le (21)
0 0

Clearly, the fractional derivative space Ef* is the space of functions u; € L?*([0,T],R) having an
a;-order Caputo fractional derivative ¢Dju; € L*([0,T],R) and u;(0) = u;(T) = 0 for 1 < i < n.
From [14], Proposition 3.1], we know for 0 < «; < 1, the space E" is a reflexive and separable Banach
space.

For every u; € Ej’, set

T 1/s
e (/ |ui(t)\sdt> L s>
0

11100 = (2 2.2
e = s (D). (2:2)

Hui

and
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Lemma 2.5. (Zhao et al. [29]) Let «; € (1/2,1] for 1 < i < n. For all u; € Ej*, we have

T T 1/2
e < ——————— J(OoDYu; (8)2dt) 2.3
lllse < sy () w®loDru o) (2.9
TOéi—l/Q T o 1/2
o < ([ anoruopa)” (2.4)
F(OéZ) a¢0(2ai — 1) 0

Hence, we can consider Ej* with respect to the norm

T 1/2
= (/ az(t)|0D?1ul(t)]2dt) R A U; € Egi, (25)
0
for 1 <4 < n, which is equivalent to (2.1).

Throughout this paper, we let X be the Cartesian product of the n spaces Ey* for 1 < i < n,
ie, X = Ef" x E§? x -+ x Eg™ equipped with the norm

n
lall := ) llus
i=1

where ||u;]|q, is defined in (2.5)). Obviously, X is compactly embedded in (C([0,77],R))™.
We mean by a (weak) solution of system ([1.1), any u = (uq,us, ..., u,) € X such that

|| o,

ay U= (U, U, ..., Uy),

/ Zaz oD% u;(t)o D&y () / Fu (t,ur (D), ..., un (b)) (£)dt

_“/o ZGUi(t,ul(t),...,un(t))vi(t)dt—/0 Zhi(ui(t))vi(t)dtzo,

for all v = (vy,v9,...,0,) € X.
Here, we recall the following result of [23, Theorem 1], with easy manipulations that we are going
to use in the sequel.

Theorem 2.6. (Ricceri [23]) Let X be a reflexive real Banach space; ® : X — R be a continu-
ously Gateaux differentiable and sequentially weakly lower semicontinuous functional whose Gateaux
derivative admits a continuous inverse on X*, bounded on bounded subsets of X; ¥ : X — R a con-
tinuously Gateaux differentiable functional whose Gateaux derivative is compact such that

®(0) = ¥(0) = 0.

Assume that there exists 7 > 0 and T € X, with r < (), such that

SUPg (z)<r V() U(T)
(1) —=5 < 3@

_ Je@ r : e :
(ag) for each A € A, := T@) Spa < ¥ | the functional ® — AW is coercive.

Then, for each compact interval [a,b] C A,, there exists p > 0 with the following property: for every
A € [a,b] and every C! functional f : X — R with compact derivative, there exists 6 > 0 such that,
for each p € [0, 0], the equation

Q' (x) — ANV (x) — puF'(z) =0

has at least three solutions in X whose norms are less than p.
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3. The main results

In the present section we discuss the existence of multiple solutions for system (|1.1)). For any v > 0,
we denote by K () the set

{('rla"') GRH Z|1‘Z|2<7}

This set will be used in some of our hypotheses with appropriate choices of v. For v = (uy, ..., u,) €

X, we define
i=1
where .
= / Hi(z(s))ds and  H;(z):= / hi(z)dz, 1<i<n,
0 0

for every t € [0,7] and = € R.
Moreover, let

T2a1—1
T (T(a)2an e — 1) [
T2
]{j = mil’l 1 — LlT )
1<i<n (D(c; + 1))%a40

- LiT2ai
‘= max :
T 1§?§n (D(c; + 1))%a4

Theorem 3.1. Suppose that k > 0 and the conditions (F1), (F3), (G) and (H) are satisfied. Fur-
thermore, assume that there exist a positive constant r and a function w = (wy,...,w,) € X such
that

. no lwillZ, 5.
(Z) Zi:l 2 > L’

f F(t wi,.. wn)dt T
2 nO — Ft, PIRIRILNS) ndt>07
(i) I's " [willZ, =27 (wi,..cywn) 0 (931,.~7I£3§K(g) 21 o)

(iii) lim sup =h o <0.
(1]l )=+ (+00,ho0)  2li=1 3

Then, setting

Z? 1 ”w;”ai — T(wh ey Wy) r
fo (t,wi(t), ..., wa(t))dt fOT max F(t,xy, ... xn)dt L

(@100 ) EK (L)

for each compact interval [a,b] C A, there exists p > 0 with the following property: for every A € [a, b],
there exists 6 > 0 such that, for each p € [0,0], system (1.1) admits at least three solutions in X
whose norms are less than p.
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Proof . For each u = (uy,...,u,) € X, define &, ¥ : X — R as

. ||uz‘ ii
)= T = T(w),
=1

and

Clearly, ® and W are continuously Gateaux differentiable functionals whose Gateaux derivatives at
the point u € X are given by

:/0 Zal Yo D% s (t)o D¢ / Zlhi(ui(t))v £)dt
_ /OT é(F (2, ur(2), .. ., un () vs()d,

for every v = (vy,...,v,) € X. Hence, ® — \¥ € C'(X,R). Moreover, ¥ : X — X* is a compact
operator (see the proof of [29, Theorem 3.1]). Furthermore, similar to the proof of [30, Theorem
3.1], we can show that ® is sequentially weakly lower semicontinuous. As concerns functional ®, it is
easy to show that ® is bounded on each bounded subset of X and its derivative admits a continuous
inverse on X*. Moreover, we have ®(0) = ¥(0) = 0.

We show that required hypothesis ®(Z) > r follows from (i) and the definition of ® by choosing
T = w. Indeed, since holds for every 1,25 € R and hy(0) = --- = h,(0) = 0, one has
|hi(z)| < Lilz|, 1 <i <mn, for all z € R. It follows from that

o(w) > w - ’/Tzn:Hi(w,-(t))dt‘
. Sl Z / oPa

3.1
T \2 2(T(ay +1))
k< >
> 55" il >
i=1
From ([2.2)) and (2.4)), for every w; € Ey* we have
< ellu;||?
e [, < el
for 1 < ¢ < n. Hence
(D < A2 3.2
s o O <Dl 32)
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for each u = (uy,...,u,) € X. From (2.4)), (3.1) and (3.2), for each r > 0 we obtain

O ((—o0,r]) = {u = (U, ..., u,) € X : Pu) < 7“}

U; 2.
u:(ul,...,un)GX:ZHTalg%}

w=(Up,...,up) € X : Z (T(e))"aio2 — 1) i ||%, < f}

N

N
— =

— 2T2a¢71 k
C su=(u u)EX'lzn:|u~(t)|2<g for all ¢ € [0,T]
= 1y+- Un .27;:1 7 _ka ) .
Then,
T
sup U(u) = sup / F(t,uq, ... u,)dt
ued—1((—o0o,r]) ued—1((—o0o,r]) JO

T
< / ( max F(t,xy,...,x,)dt.
0 (=

T
sup U(u) < / ( max F(t,xy, ..., x,)dt
0o (=

ue®=1((~oo0.r]) B
foT F(t,wi,. .., wy)dt
2 |wil|2, =20 (wy, ..., wy)
foT F(t,wy, ... wy,)dt
TZ?:l Hw;”ai — Y(wy,...,wy,)
U(w)

O(w)’

from which assumption (a;) of Theorem [2.6| follows. Fix 0 < € < z7~. From (iii) there is a constant
7. such that

F(t,zy,..., ) < ey |+, (3.3)
=1

for every ¢t € [0,T] and for every (x1,...,z,) € R™ Taking (2.4)) into account, from (3.3)), it follows
that, for each u € X,

1o g
O(u) — AV (u) = 3 Z Jwil|%, — )\/O F(t,uy, ... uy,)dt
i=1
1 n

1 - ,
(5 = Thce) ; a2, = M,

n
R T)\cez w2, — A7e
i=1

v
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and thus
(D(u) — AV(u)) = +o0,
[lwll—+o0
which means the functional ® — AV is coercive for every parameter A, in particular, for every A\ €
AC] lw) - [. Then, also condition (az) holds.

\Ij(w) ’ SUP® (u)<r \I/(u)
In addition, since G : [0,7] x R® — R is a measurable function with respect to ¢ € [0,7] for
every (z1,...,7,) € R" belong to C' with respect to (xy,...,x,) € R" for a.e. t € [0, 7], satisfying
condition (G), the functional

F(u):/o Gt (8), ..., un(t))dt

is well defined and continuously Gateaux differentiable on X with a compact derivative, and

_ /0 > Gulton(t) . ua(B)vs (1)

for all u = (uy,...,u,),v = (v1,...,v,) € X. Thus, all the hypotheses of Theorem are satisfied.
Also note that the solutions of the equation ®'(u) — AWV/'(u) — uF'(u) = 0 are exactly the solutions
of (L1.1)) (see [29]). So, the conclusion follows from Theorem O

Example 3.2. Consider the system

DT (14 00D Tur (£) ) = M, (1 1 (1), ua(t)) + Gy (1, 0 (1), (1))
+hi(ui(t)) ae. te0,1],
DT (24 )0 DP s (1)) = Aoy (611 (8), a (1)) + G (1, 1 (1), (1) (3.4)
+ha(uz(t)) a.e. tel0,1],
[ u1(0) = uz(0) = ur(1) = uz(1) =0,
where hi(u;) = Isinug, ho(up) = % and G : [0,1] x R? — R is an arbitrary function which is

measurable with to respect to ¢t € [0, ] 1] for every (xq,z3) € R?* and is C' with respect to (21, z2) € R?
for a.e. t € [0, 1], satisfying
sup |Gy, (t, 21, 25)] € L1(]0,1])
|(z1,22)[<M

for every M > 0 and i = 1,2. Moreover, for all (t,z1,zs) € [0,1] x R?, put

—(23 4+ 2D+ 22 +23) 22+ <,
1 3423 > 1.

F(t,l’l,l'g) = t3 {

Obviously, hy,hs : R — R are two Lipschitz continuous functions with Lipschitz constants L; = }1,

Ly = % and hi(0) = hy(0) = 0. Clearly, F(¢,0,0) = 0 for all t € [0,1]. With the aid of direct

2
computation we have

alp = 1, Aoy = 2, C~ 14837, k ~ 0.9495.

By choosing, for instance, wy (t) = 3(t* —t'%), wo(t) = 3(¢>—¢'%), r = 11;, and by a simple calculation,

104>
we obtain
|wy ]2, =~ 0.003, [wal|2 .- ~ 0.1743.
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The conditions (i) and (ii) of Theorem [3.1| are satisfied. In fact,

2
w3 7 + [[wal|2 -5 = 0.003 4 0.1743 ~ 0.1773 > % ~ 0.0002,

and
o max  F(t,xy,xo)dt
(m1,72) €K (5) — %~ 15624
r k
1
<9 fO F(t, Wy, U)Q)dt
Sr o lwill2, = 27 (wy, ws)

~ 2.1975.

Note that

sup F(t,z1,x9)
te(0,1]
§ =0.

lim sup SR
(1,22 ])— (+00,+00) it

Hence, Theorem is applicable to system (3.4)) for
A C [0.455062, 0.64004].

Next, we want to give a verifiable consequence of Theorem for a fixed text function w. For a
given constant h € (0,1) and for all 1 <14 < n, set

1 T T
Py, h) = {/0 ai(t)t2(1‘ai)dt+/h a;(t)(t — KT)*0—) gt

21272 T
T T
+/ a;(t)(t — (1 — h)T)*1 =gt — 2/ a;(t)(t* — (1 — h)Tt) dt
(1-h)T (1-h)T
T T
—2/ a;(t)(t? — hTt) = dt + 2/ a;(t)(t* — KTt + h(1 — h)TQ)l‘aidt} :
hT (1-h)T

A = min{]—’i(ai,h) cfor1 < < n},

A’ := max {Pi(ai,h) cfor1 << n}

Corollary 3.3. Let assumption (iii) in Theorem holds. Assume that there exist positive constants
d and n such that 4~ < n?, and also

Ackn
(j) F(t,z1,...,2,) >0, for each (t,z1,...,2,) € [0,T] x [0,400) X -+ X [0, +00);
Lo mEe Fboen)d A=MT Bt D (2—a1),....D(2—an )n)dt
(,].]) (1, n)GK;‘Z) < Inr (¢, (HCTAQZ; I n)n) ]

Then, setting
nTA'n? dk

h(;h)T FT©2—a)m,....T(2 - ap)n)dt CfoT( max  F(t, ... 2,)dt L
T1yesTm ) EK(d)

A1 =

for each compact interval [a,b] C Ay, there exists p > 0 with the following property: for every
A € [a,b], there exists § > 0 such that, for each p € [0, 6], system (1.1)) admits at least three solutions
i X whose norms are less than p.
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Proof . For h € (0, 3) choose w(t) = (wi(t),...,wy(t)) for every t € [0, T] with

L@ -ainy t € [0,hT),
w;(t) == < T(2 — ay)n, t € [hT, (1 —h)T],
W(T_t% le ((l_h)TaT]a
for 1 <4 < n. Clearly w;(0) = w;(T) = 0 and w; € L*([0,T],R) for 1 <i < n. A direct calculation
shows that
Al t € [0,hT),
oD wi(t) = § 2 (F7 — (¢ — KT, te (BT, (1— W),
ap (70 = (t = RT)' 7 = (t = (1= h)T)'7), t e ((1-h)T,T],

for 1 < i < n. Furthermore,
T T
/ au(B) oDy (t) Pt = / (aa(8) o D, (1)t
0 0
?72 T T
= {/ ai(t)tQ(l_o”)dth/ a;(t)(t — hT)21=2)qt
0 h

h2T? .
T T

+/ a;(t)(t — (1 — h)T)*=2) gt — 2/ a;(t)(t* — hTt) = *dt
(1-m)T hT

i /( 00— (T

T
+2/ a;(t)(t* — KTt + h(1 — h)T2)1“"idt}
(1—h)T
- 2-Pi<05i7h)n27
for 1 <i<n. Thus, w € X, and

T
P, = / 4Bl Dy (1) Pt = 2P(a, ),

for 1 <4 <n. This and (3.1) imply that

Hwi

d(w) = O(wy, ..., w,) = ZTa — T (w)

k n
Z}EE:Hwi
i=1

= kn? Z P(a;, h)
=1
> nkAn®.
Similarly to (3.1)) and (3.5) we have ®(w) < nTAn?.

Let r = % From %- < n? we have
c Ackn

. (3.5)

d T
Ackn K’

. [[wi 3 2
Z Tl > &(w) > nkAn® > nkA x
i=1
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which is assumption (i) of Theorem [3.1]
On the other hand, by using assumption (j), we infer

U(w) = /0 F(t,wi(t),...,w,(t))dt

(1—h)T
> / Ft,I'(2—ai)n,...,I'(2 —ay)n)dt
hT

(1—h)T
= / Ft,I'(2—a)n,...,['(2 — a,)n)dt.
h

T

Moreover, by condition (jj) we have

fOT max F(t,zy,...,x,)dt chT max  F(t,zy,...,2,)dt

r dk
1-h)T
) U P2 — an)n, .., T(2 — ap)n)dt
ntAn?
1-h)T
_ g TE@ TR ann,. . D2 - )t
- P (w)

T
< 2f0 F<t7w17"'7wn)dt
T i w3, =2 (wr, . wn)

which implies that (ii) is satisfied. Thus, all the assumptions of Theorem are satisfied and the
proof is complete. [

Corollary 3.4. Let F : R® — R be a C!-function and F(0,...,0) = 0. Assume that there exist
positive constants d and 7 such that ﬁ < 7%, and also

(k) F(x1,...,2,) >0, for each (z1,...,2,) € [0,400) X -+ X [0, +00);

(z1,eeesn)

F
(kk) (@1, ron)E K (d) < (=20 FE—a)n. . @=an)n).
dk nerA/n? )

(kkk) lim sup F(“—‘f(g) <0.

(|z1 15|20 |)— (F00,...,400) i=1"2
Then, setting
nTA'n? dk

AQ 2:}T<1_Qh)F<F(2—a1)n,,,,,F(2—Ozn)n)’CT max F(Ifl,...,ll'n)

)

for each compact interval [a,b] C A, there exists p > 0 with the following property: for every
A € [a, b], there exists § > 0 such that, for each u € [0, 4], the system

DS <ai(t)0Dt°‘iui(t)> = AE (w1 (1), - - un(t)) + pG (£, un (2, - ., un(t))
+h;(ui(t)) ae. te€[0,T],
u;(0) = u;(T) =0,

admits at least three solutions in X whose norms are less than p.
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