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Abstract

In this paper, newly defined level operators and modal-like operators over extensional generalized
intuitionistic fuzzy sets (GIFSp) are proposed. Some of the basic properties of the new operators
are discussed.

Keywords: Generalized intuitionistic fuzzy sets; intuitionistic fuzzy sets; modal-like operators;
level operators.

2010 MSC: 03ET2.

1. Introduction

Modal operators, topological operators, level operators, negation operators are different groups of
operators over the intuitionistic fuzzy sets (IFS) due to Atanassov [2]. Atanassov [3] defined intu-
itionistic fuzzy modal operator of H,A and X, A. Then Dencheva [I0] defined an extension of these
operators as H, g A and K, 3A. Atanassov [4] defined another extension of these operators as H, 5,4
and X, g, A. Atanassov [5] defined an operator as [, 5, which is an extension of all the operators
defined. In 2007, Cuvaleglu defined operator of E, g over I F'Ss and studied some of its properties.
E.p is a generalization of Atanassov’s operator H,A. Cuvalcoglu et al. [9] examined intuitionis-
tic fuzzy operators with matrices and they examined algebraic structures of them. Atanassov [I]
defined level operators P, g, Qq. In 2008, he studied some relations between intuitionistic fuzzy
negations and intuitionistic fuzzy level operators P, g, Qa,p. In 2009, Parvathi and Geetha defined
some level operators, max-min implication operators and F, g, (), g operators on temporal intuition-
istic fuzzy sets. Lupianez [I1] show relations between topological operators and intuitionistic fuzzy
topology. The intuitionistic fuzzy operators are important from the point of view application. The

Email address: e_baloui2008@yahoo . com (Ezzatallah Baloui Jamkhaneh)

Received: February 2016  Revised: October 2016


http://dx.doi.org/10.22075/ijnaa.2017.11099.1542

12 Baloui Jamkhaneh

intuitionistic fuzzy operators applied in contracting a classifier recognizing imbalanced classes, image
recognition, image processing, multi-criteria decision making, deriving the similarity measure, sales
analysis, new product marketing, medical diagnosis, financial services, solving optimization problems
and etc. Baloui Jamkhaneh and Nadarajah [7] considered a new generalized intuitionistic fuzzy sets
(GIFSpg) and introduced some operators over GIF'Sg. By analogy we shall introduce the some of
operators over GIFSp and we will discuss their properties.

2. Preliminaries

In this section we recall some of the basic definition of IF'S which will be helpful in further study of
the paper. Let X be a non empty set.

Definition 2.1. (Atanassov, [I]) An IFS A in X is defined as an object of the form
A= {(z, pa(z),va(z)) 1z € X}

where the functions ps : X — [0,1] and v4 : X — [0,1] denote the degree of membership and
non-membership functions of A respectively and 0 < pa(z) + va(z) < 1 for each z € X.

Definition 2.2. (Baloui Jamkhaneh and Nadarajah, [7]) Generalized intuitionistic fuzzy sets (GIF'Sp)
A in X, is defined as an object of the form A = {(z,ua(x),va(x)) : x € X} where the func-
tions py : X — [0,1] and vy : X — [0,1] denote the degree of membership and degree of non-
membership functions of A respectively, and 0 < pa(x)° + va(z)? < 1 for each x € X where
0= nor%, n=1,2,..., N. The collection of all our generalized intuitionistic fuzzy sets is denoted by
GIFSg(6,X).

Definition 2.3. (Baloui Jamkhaneh and Nadarajah, [7]) The degree of non-determinacy (uncer-
tainty) of an element x € X to the GIFSg A is defined by

Ta@) = (1= pa(@)’ = va(2)’)s
Definition 2.4. (Baloui Jamkhaneh and Nadarajah, [7]) Let A and B be two GIFSgs such that
A= {(m, pa(@),va(@) 7 € XY, B = {{m, pn(w), vs(x) < 2 € X},
define the following relations and operations on A and B
i. AC Bifand only if ps(z) < pg(x) and vy(z) > vg(x), Ve € X,
ii. A= B if and only if pa(x) = pp(z) and va(x) = vg(z), vz € X,
(x

cx € X},

iii. AU B = {(z,max(pa(z), up(x)), min(va(z), )
)rx e X},

vp(r))
iv. AN B = {{z, min(pa(z), jp(2), max(va(z), vs(2))
A+ B ={(z, pa(@)’ + pp(x)’ — pa(@)’ pp(2)’, va(e)vp(x)) v € X},
vi. A.B = {{z,pa(zx)’.up(x)’,va(z)’ +vp(x)’ — va(z)’vp(z)’) : v € X},
vil. A= {{z,vs(z), pa(z)) : 2 € X}.
Let X is a non-empty finite set, and A € GIFSg, as A = {(z, pa(x),va(z)) : x € X}. Baloui

Jamkhaneh and Nadarajah [7] introduced following operators of GI F'Sg and investigated some their
properties

<

viil. OA = {(z, pa(x), (1 — pa(2)?)s) : 2 € X}, (modal logic: the necessity measure).

ix. OA = {(z,(1 —va(z)®)5,va(z)) : 2 € X}, (modal logic: the possibility measure).
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3. Main results

Here, we will introduce new operators over the GIFSp which extend some operators in the research
literature related to IFS. Let X is a non-empty finite set.

Definition 3.1. Letting o, 8 € [0,1]. For every GIFSp as A = {(z,ua(z),va(x)) : © € X}, we
define the level operators as follows

i P,p(A) = {(z, max (s, pa(x)), min(Bs,va(z)) : z € X}, where o + 3 < 1,
i, Qus(A) = {(z,min(as, pa(x)), max(85,v4(z)) : © € X}, where a 4+ < 1.
Theorem 3.2. For every A € GIFSg and «, 3,v,n € [0,1], where a+ < 1, v+ 1n < 1, we have
i. Pos(A) € GIFSg,
ii. Qup(A) € GIFSp,

iii. P s(A) = Qsa(A),
w. Qa ﬁ(Pvn(A)) = Prin(a,y),max(8,n) (Qa /3<A))
. P B(QV 77(14)) - Qmax (e,y),min(B, W)(Po‘vﬁ(A»’

vi. Pog(Pyy(A)) = Prax(an),min) (Pa,s(A)),
vit. Qas(Qr(A)) = Quinacymax(sun) (Qas(A)),
viii. Po,s(Qp(A)) = Qup(Pap(A) = {(z,a3,8%) : 7 € X},
. Qap(A) CAC P,p(A).
Proof .
(i)
1p, ) (3)° + vp, ) (2)° = (max(as, pa(x)))’ + (min(B5, va()))’,
= max(a, pa(x)”) + min(8, va(2)?) = T,

) ¥)=pBthen I =a+ < 1.
(2) if max(a, pa(x) )°) = va(x)? then I = a+va(z)’ <a+ B < 1.

(3) if max(a, pa(z)?) = pa(z)® and min(B,va(x)°) = B then I = pa(2)’ + B < pa(x)® +
va(z)? < 1.

4) if max(a, pa(z)?) = pa(z)? and min(B, va(2)°) = va(x)’ then I = pa(z)? + va(z)’ < 1.
The proof is completed. The Proof of (ii) is similar to that of (i). Proof of (iii) is obvious.

(1) if max(a, pa(z)°) = a and min(B3, v4(x

9 = a and min(B, va(z
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QualPfA)) = Qs ({ o (4, ) ) i (3 va() ) 0 € x 1)
= {fomin (@ max eate) ) e (58 inG va(e) ) s €

- {(:c, max (min(wli,*yé
)max(5va(0) ) 2 € X},

)i (o)

, min <max( B3

=

) 1]
1
mln(a’y)maxﬁn { x, min OZSJMA( )) maX(55,VA(Z'))> HEUNS X}7
mln(a'y ;max(3,n) (

Since a+ f < 1, v+ n < 1 then min(«, y) + max(5,n) <

©
Pas@ro(A)) = Pos({ v (5 ) e (4,040 ) 5 € x )
= {(:(;,min <max(a<15,”y<15),maX(06‘1§,MA(@))

=

, Max (mim(ﬁtls n ),min(ﬂé, l/A(x)))> s X},
= Qmax(a,y),min(3, n){<x,max(aé,,uA(x)), mim(ﬁ%7 va(z))):x € X},
- Qmax (a,y),min(8,n) (P B(A))

Since a + < 1, v +n < 1 then max(«,v) + min(8,n7) < 1. The proof is completed. The
Proofs of (vi), (Vu) and (viii) are similar to that of (iv). The Proof of (ix) is obvious.

O

Theorem 3.3. For every A € GIFSp and «, 8 € [0, 1], where a+ < 1 we have

i. Pag(ANB)=P,3(A)NP,s3(B),
ii. Pyg(AUB) = P,3(A)UP,3(B),
iii. Qapg(ANB) =Qaps(A)NQas(B),

( ) =
z’v. QQ,B(AUB) Qaﬂ( )UQQ,B(B).

Proof .
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(i)
P,s(ANB) = {<{L‘ max(ozé min(pa(z), ps(x))), mln(ﬁts max(va(x),vp(z)))) 1z € X},

= {(x,min (max(aé,m( )), max(as, pp(x)) ), max (mln 5%, va(z)), min(ﬁé,vB(x)))%

1

xex}:{@,max(aé,m( ), min(B7, va(z))) : xeX}

{(ovmaxtad, un(o) min 58, va0) - € X = Pus() 1 Pos(B),

Pos(4U B) = { (5. max(a max(ua(o) uae), (5% mina(0), v () 5 € X
= { o ma (. puato), maxtad uae) ) i (min5%, o). min(5 i) )
re X} = {<x,max(a§,MA(x)),mm(ﬁé, va(z))) i x € X}U
{ (o max(al, (o)) min( 32, () 5 € X = Pas) U Pos(B)

The proofs of (iii) and (iv) are similar to that of (i). O

Definition 3.4. Let a € [0,1] and A € GIFSp, we define modal-like operators as follows
i oA = {(z, a5 pa(x), (ava(z)’ + 1 —a)i) :z € X},
i, KA = {(z, (apa(x)® +1— )5, asva(z)) : z € X}

Definition 3.5. Let a, 8 € [0,1] and A € GIF'Sp, we define the first extension modal-like operators
as follows

L HapA = {(x,a%;m(x), (ava(z)® + 5)%> cx € X}, where a+ 8 < 1,
i, Ko sA = {(z, (apa(z)’ + B)5,a504(x)) : 2 € X}, where o + 5 < 1.

Definition 3.6. Let o, 3 € [0, 1] and A € GIF S, we define the operator E, gA as follows

c«.\»—\

EopA = {{z, (Blapa()’ +1—a))5, (a(Bra(x)’ +1 - §))5) sz € X}.

Definition 3.7. Let o, 3,v,7 € [0,1] and A € GIFSp, where aff + 57 + ay < 1 we define the
operator F, g A as follows

EopnA = {(z, (Blapa(@)’ +7))7, (a(Bra(z)’ +n))5) :x € X}.

Theorem 3.8. For every A € GIFSg and «, 5,v,n € [0,1], where aff + By + an < 1, we have
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i. BapynA e GIFSE,
. Eg1qy0A4=K,,A4,
iii. ErgogA =85, A,
. Ea11-a0A =K,A,
v. E1501-A =HzA.
Proof . (i)
b A@ 45, a(@) = (Blagial@) + ) + (@(Bva@) +m)Y.

= (aBua(@)’ + ) + (afra(x)’ + an) = aB(pa(z)’ + va(z)’) + By + an,
<af+py+an<1.

The proof is completed. The Proofs of (ii), (iii), (iv) and (v) are obvious. O

Definition 3.9. Let «,5 € [0,1] and A € GIFSp, we define the second extension modal-like
operators as follows

L HapyA= {<$706‘15MA(95)7 <5VA($)5 + 7)%> tx € X}, where max(a, §) +v < 1.

ii. My p,A= {(aj, (apa(x)® +7)5, Bsva(z)) : x € X} where max(a, ) +7v < 1.
Theorem 3.10. For every A € GIFSp and o, 3,7,e,m, A € [0,1], where max(«, 5) +v < 1, and
max(g,n) + A < 1, we have
i. Bas,A € GIFSg,
ii. Mg A€ GIFSp,
iii. Bap A= KgansA,
iv. Bapy Beyr A = Bocsn a4,
v. Bap(ANB) = Bas,ANBas.B,

vi. H a,B8,y AUB) = EE‘a”g,,yA U Eﬂa,ﬁ,'yBa

)

( )

vit. My p(ANB) =N, 5,ANK, 5,8,

vitt. My g (AUB) =KX, 5,4 UN, 5,8,

. BopyPey(A) = Pocpniy(BapsrA), if ae+ P+~ <1,
. HagyQen(A) = Qac,gyry(BapyA), if ac + Bn+v <1,
zi. Wo gy Pepn(A) = Paepyiy(RaprA), if e+ n+v <1,

wit. Ma,p,Qcy(A) = Qae,pyiry(MapyA), if ac + B+ <1,
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Proof . (i)

pe, o a(@) + v, , (@) = (a5 pa(2))’ + ((Bral)’ +7)7),
= apa(x)’ + Bra(z)’ +~ < max(a, B)pa(z)’ + max(a, B)va(z)’ + 7,
= max(a, 3)(pa(z)’ + va(z)’) + 7,
< max(o, ) +v < 1.

The proof is completed. The Proof of (ii) is similar to that of (i).
(iii) Since A = {(z,va(z), pa(z)) : x € X}, we have

B d = { (5,03 va(e). () +9)1) € X}

then

1

B A = {<x, (Bua@)’ + 1)}, adwa(a)) :xeX} R4

The proof is completed.
(iv) Since

B0 4= { r.0dalo), (Brae) +9)7) s € X}
B 4 = { (o,hualo). mae)® + 7)€ X}
we have
s B = { (. debua(o, (3lmae)® + 03 4908 s € x |,

_ {<x,aégm<x>,<ﬁnm< S+ BA+ ) EX}’

- EHas,Bnﬁ/\erA'
Since max(«, 8) + v < 1, and max(e,n) + A < 1, then max(ae, fn) + A + v < 1.
(v) Since
AN B = {{z,min(us(z), up(x)), max(va(z),vg(x))) : x € X},
we have

Ha,py (AN B) = {(:c, as min(a(z), pp(x)), (B(max(va(z), vs(z)))’ + ’y)%> X € X},
_ {<x,min<aéuA<x>,a§u3<x>>, (max(Brale)’ +7)}, (Brs() +7)b) sz € X},
= BﬂaﬂﬁA N Elﬂa,ﬂﬁB.

The proof is completed. The Proofs of (vi), (vii) and (viii) are similar to that of (v)
(ix) Since

P.,(A) = {(x,max(a«ls,uA(x)),min(n}S, va(x))) :x € X},
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we have

sy Pon(4) = { (2,03 mx (=4, 1a(0) ), (B v 49080 2 € X |,

- {<l‘v e (O“%eé’ Of%(@) (min(By + 7, Bra(z)’ +7))7) 1z € X}’
= ae,ﬁn-ﬁ-'y(EEa,ﬁ,vA)'
The proof is completed. Proofs (x), (xi) and (xii) are similar to that of (ix). O

If in operators H, 5,4 and X, 5,A, we choose 8 = a and v = /3, then they are converted to the
operators H, gA and X, 3A, respectively. Therefore operators B, 5,A and X, g, A are the extension
of the H,3A and X, A, respectively. If in operators H,gA and X,zA. we choosef = « and
£ = 1—a, then they are converted to the operators H, A and X, A, respectively. Therefore operators
H. A and X, gA are the extension of the H,A and X, A, respectively. That is

L Bﬂa,aﬁA = Haoc,ﬁAy Eﬂa,a,l—aA = EEa,l—aA = HaocAa
11 Iga,a,ﬁA = @a,ﬁAy Ixa,a,lfaA = IEQJ,QA = XIQA.
Therefore using Theorem 3.10, we have the following proposition:

Proposition 3.11. For every A € GIFSg and «, 5,¢,n € [0,1], where a+ 8 < 1, and e + 1 < 1,
we have

i. BapA € GIFSg,
ii. M, 34 € GIFSg,
i, B, 54 = Mg oA,
iv. BapBey A= Bocapisd,

v. Bapg(ANB) =HB,ANH.3B,
vi. B g(AUB) =B, 3AUB, 3B,
vil. W, 3(ANB) =K,3ANK, 3B,
vill. My 5(AUB) =X,z4UKX, 3B,

ix. BagPn(A) = Pacantp(BasA), if ae+an+ 5 <1,
X. Ba3Qcy(A) = Qacan+s(Bapd), if ae +an+ 5 <1,
xi. Wy g P (A) = Pacanis(BapgA), if ac +an+ 5 <1,
)

xil. ga,ﬂQém (A

Qac.onts(MapA), if ac +an+ < 1.

Proposition 3.12. For every A € GIFSp and a, 3,e,n € [0,1], where € + 1 < 1, we have
i. B,A € GIFSE,
ii. X, A e GIFSp,
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iii. A, A =K_,A4,
iv. B, B. A =H,_..A,
B, (AN B) =8,ANH8,B,

vii. X, (ANB

( )
vi. H,(AUB) =B, AUH,B,
( ) =X, ANK,B,
)

viii. Mo(AUB) = K,AUK,B,
ix. HyP:,(A) = Pacagi1-o(BaA),
X. HaQey(A) = Qacan+1-a(HaA),
xi. 8o P p(A) = Pocant1-o(®aA),
xil. MaQen(A) = Qacanti-a(MaA).
Definition 3.13. Let o, 3,7,n7 € [0,1] and A € GIFSp, we define the third extension modal-like

operator as follows

oo = { (0 (apa(e)f +9)%, (Goa(e)f +1)%) 0 € X pomax(a,6) 4947 < 1.
Theorem 3.14. For every A € GIFSp and o, f,7v,m,¢,0,\,7 € [0,1], max(c,5) + v+ n < 1,
max(e,0) + A+7 <1 and e+ 0 <1, we have

i. HagynA € GFISE,
i, Do ponA = Ba s A,
1. Do ga0A = Rag.A,
. Da,ﬁmnfl = [gannA,
V. Lo gy Heons A= Uaepariy,prind,
vi. Oaprn(ANB) =04s,0A Ny g~nB,
vit. By (AU B) =04 40A U0y g~0B,
viit. gy Peo(A) = Pactr,p04n(HasrnA),
1. [opynQe0(A) = Qactry,p04n(HapynA),
Proof . (i)
H9snA(2) 78,0, (0)" = ((pa(@)° + 7)) + (Ba(e) +1)3)°,

= apa(r)’ + 7+ Bra(z)’ + 1 < max(a, B)pa(z)’ + max(a, B)va(z)’ + v+,
= max(a, B)(ua(z)’ + va(x)’) + v +n < max(a, 8) + v +n < 1.
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The proof is completed. The Proofs of (ii) and (iii) are obvious.
(iv) Since A = {(x,va(x), pa(x)) : © € X} we have

DA = {<x, (awa@)® + )%, (Buale) +m)d) sz € X},

then

Bagynd = {(1:, (Bpa(@)’ + )3, (ava(z)’ +9)3,) 1w € X } = sans4.

The proof is completed.
(v) Since

s A = { (o ualolf 4208 (o) +2)%) 2 € X}
e A= { (0 sl + N el + )7 s € X}
hence
o Bozanr A= { (o (@)’ +aX-+2)F, (38alo) + 67+ 1)) 2 € X |,

= Das,BG,a/\Jr%BTH?A

The proof is completed.
(vi) Since AN B = {{xz,min(pa(z), up(x)), max(vs(z), va(z))) : © € X}, we have

Hopm(ANB) = {<x, (amin(ua (), pp(x))’ +7)3, (Bmax(va(z), vp(2)))’ +n)s) : o € X},
= {<x, min((apa(z)? + )5, (app(@)? +7)3), max((Bra(z)’ + )3, (Bvp(z)’

+ ’y)%> 1T € X},
= Da,ﬁmnA n Da,b’mnB>

The proof is completed. The Proof of (vii) is similar to that of (vi)
(viii) Since

P.g(A) = {@;, max(e7, jua(z)), min(03, va(z))) : z € X},
we have

o gsaeald) = { o mae (&3 MA@:))(S # )b @mind va)f 40} € X,

_ {<x, max(ac + 7, agia(@)’ + )%, (min(30 + n, Bua(e) +n)¥) : o € X},
= Loae+r,80+n Daﬁmn A.

The proof is completed. The Proof of (ix) is similar to that of (viii). [
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4. Conclusions

We have introduced level operators and modal-like operators over GIF'Sg and proved their relation-
ships. An open problem is as follows: definition of negation operator and other types over GIF'Sg
and study their properties.
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