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Abstract

This paper studies the existence of solutions for a coupled system of nonlinear fractional differential
equations. New existence and uniqueness results are established using Banach fixed point theorem.
Other existence results are obtained using Schaefer and Krasnoselskii fixed point theorems. Some
illustrative examples are also presented.
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1. Introduction

The differential equations of fractional order arise in many scientific disciplines, such as physics,
chemistry, control theory, signal processing and biophysics. For more details, we refer the reader
to [7, O, 12] and the references therein. Recently, there has been an important progress in the
investigation of these equations, (see [3, 4, I3]). On the other hand, the study of coupled systems
of fractional differential equations is also of a great importance. These systems occur in various
problems of applied science and engineering. For some recent results, we refer the interested reader
to ([1L 2, 5] 6], 11].
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In this paper, we discuss the existence and uniqueness of solutions for the following coupled system:

Dou(t) = fi (t,v (t), Do (1), € [0,1],

DPv (t) = fo (t,u(t), D u(t)),t €[0,1],
(0) =v(0) =

u' (0) = yIPu(n),n

v (0) =61 (), ¢

0, (1.1)
€0, 1],
S

0, 1],

where D, D? denote the Caputo fractional derivatives, p, ¢ are non negative reals numbers, 1 < o <
2,1 < B <2, f; and fy are two functions that will be specified later.

The paper is organized as follows: In section 2, we present some preliminaries and lemmas. In Section
3, we prove our main results for the existence of solutions of problem . In the last section, some
examples are presented to illustrate our results.

2. Preliminaries

Definition 2.1. The Riemann-Liouville fractional integral operator of order a > 0, for a continuous
function f on [a,b] is defined as:

Jo‘f(t):ﬁ/(t—T)a_lf(T)dT,oz>0,a§t§b (2.1)

where T' (@) := [;* e u*"du.

Definition 2.2. The fractional derivative of f € C"([a,b]) in the sense of Caputo is defined as:

Df(t) = ! )/t(t—T)"_a_lf(") (T)dr,n—1<a<n,ne N*t¢clab. (2.2)

I'n—a)/,

For more details about fractional calculus, we refer the interested reader to [10].
The following lemmas give some properties of fractional calculus theory [7, 9]:

Lemma 2.3. Let r,s > 0, f € Li([a,b]). Then I"I*f(t) = I""f(t), D°*I°f(t) = f(t),t € [a,b] .
Lemma 2.4. Let s >r >0, f € Li([a,b]). Then D"I*f(t) = I*7"f(t),t € |a,b].
We need the following two lemmas [7]:

Lemma 2.5. Let o > 0. The general solution of the equation D%z (t) = 0 is given by

x(t) =co+ et +cot? + .+ t" (2.3)
where ¢; € R;i =0,1,2,..,n—1,n = [a] + 1.

Lemma 2.6. Let a > 0. Then
JD% (t) = (t) + co + c1t + cot® + ...+ cuit" (2.4)

with ¢; € R,i=0,1,2,....,n — 1,n=[o] + 1.
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We prove the following result:

Lemma 2.7. Let g € C ([0,1],R). The solution of the problem
D% (t) =¢(t), 1 <a <2,
associated with the conditions
2 (0) = 0,4 (0) = 417 (1) , 7 €10,1],p > 0,

18 given by

() = ﬁ /0 (t— )" g (s)ds

Tp+2)t 7 (n—s)P
L(p+2) —ynrtt /0 I'(p+ ) (s)ds

such that v # ’;ﬁ :

Proof . By Lemmas and [2.6, we can write

1 t o1
x(t)—m/o(t—ﬂ g (1)dr — ¢y — cqt.
Thus, t
(1) = ﬁ/ﬂ (t— )2 g (r)dr — c1.

It is clear that ¢y = 0.
On the other hand, by Lemma [2.3] we obtain

IPx (t) :ﬁ/o (t—s)p+a_1g(s)ds—clﬁ/o (t —s)" " sds.

W (p+2) +
g (n).
I'(p+2) =yt 9(n)

Substituting ¢; in (2.7]), we obtain the desired quantity (2.6]). Lemma is thus proved. O

Also, we have

1T = —

Let us now introduce the spaces
X :={ueC(0,1],R),D* 'ue C([0,1],R)},

Y= {veC(0,1],R),D v e C([0,1],R)}.

For 1 < a < 2, we define on X the norm

sy 1= s ([ )il = s )] 10"l = sup Do)
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We also define on Y the norm

ol := max (Jloll, [|D7 ]| ); llell = sup [o(®)], [ID" ]| = sup [D*~ o (t)],
t€[0,1] t€(0,1]

where 1 < < 2.

For the space X x Y, we define the norm

I, )l = max (Il o], ).

It is clear that (X x Y, ||.||,) is a Banach space.

3. Main Results

We introduce the following quantities:

Mo b YT (p+2) e
VU T(a+l)  Tp+2) - T(p+a+l)
Myoe L 0T (q 4 2) (7
PTTB 1) T(g+2) —oCHT(g+ 8+ 1)
r._ VT (p+2)nPte
M= (1+ |F(p+2)—'mp“\F(3—a)F(p+a+1))’
1. |5|T(p+2)<’p+'3
Ma = (1+ IF(p+2)—5C”+1|F(3—5)F(p+6+1)>'

Also, we consider the following hypotheses:

(H1): There exist non negative reals numbers m;, n;,7 = 1,2, such that for all t € [0,1], (uy, v1), (u2,v2) €
R2, we have

|f1(tug,v2) — f1 (t,ug,01)] < myg ug — ug| + ma jug — 1],
<

| fo (t, ug, v2) — fo (t,uy,v1)] ny Jug — uy| + ng jva — 1|,

with m := max (my, ms) ,n := max (ny, ns) .
(H2): The functions fi, f : [0,1] x R* — R are continuous.
(H3) : There exist positive constants L; and Lo, such that

|f1(t,u,v)| < Ly, | fo (t,u,v)| < Ly, forallt € [0,1],u,v € R.

The first main result is given by:

Theorem 3.1. Suppose that v # "2 5 £ Y92 44 assume that (H1) holds. If

1719+1 Y Cq+1

max (m, n) max (Mj, M) < (3.1)

1
2 Y
then the fractional system (1.1) has a unique solution.
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Proof . Consider the operator T : X x Y — X x Y defined by

T (u,0)(t) = (T1(v) (1), T2 (u) (1) ),

where .
t (t—s) & a—
Ty (v) (1) = Jy &2 fi(s,0(s), D> Mo (s)) ds
Sp+a 1 a—
R [ S (s, v (s) . DO () ds,
and

Ty (w) (1) = J3 427 fo (svu(s), DP M (s)) ds

q+l3 1

ST( B
+T(q+2q+§cp+l fo q+5) fa (37 Uu (3) >Dﬁ L (s)) ds.
Thanks to Lemma [2.4], we get

DTy (v fo fi(s,v(s), D (s))ds

T (p+2) 22— pha—

1
+1"(p+2) rmerl 1" 3— a fo F(p—l—a) fl (87 v (S) ) Dailv (S>) dS

and

DTy (u) () = [y fo (s,u(s), DPlu(s)) ds

ats) gt o o) g (s,u(s), D u(s)) ds.

T (qt2)—sc 1 T(3B) TP

We shall show that 7' is a contraction:
Let (u1,v1), (ug,v2) € X x Y. Then, for each t € [0, 1], we have

Th (v2) (t) — T (v1) (2)]

t (t=s) ! D (p+2)t s)Pre!
< < 0 T(@) ds + T(p+2)—nP+I] fo F(p+a) dS)

X SUPg< <t |f1 (8,02 (8), Doy (5)) — fu (5,01 (s), Doy (s

Using (H1), we can write:
|Th (v2) = T3 (1))

1 [v|T (p+2)nPte
< (r<a+1> + |r<p+2>—wp+1\r<p+a+1>>

X (my [Jvg — v1]| + mg | D (vy — 1))

Consequently,

|71 (v2) — T (v1)]] < 2Mym |Jvg — vil]; .
Similarly,

1 T5 (uz) — To (ur)|| < 2Man [Jug — uy |, -

69

(3.4)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)



70 Abdellaoui, Dahmani, Bedjaoui

On the other hand,

|Da_1T1 (Ug) (t) — Da_lTl (1)1> (t)‘

t a— o— i
< Jo lfi(s,v2(s), Do oz (s)) — fi (s, 01 (s), Doy (s))| ds + \p(,!',l'g)(iﬁiw N (3.11)

p+a 1

X Jo i i (5,00 (8), D2 (8) = fu (5,01 (s), Doy (s))] ds.
This implies that

‘Da_lTl (’Ug) (t) — Da_lTl (’Ul) (t)}

(3.12)
r pta e
< (1+ e ) (il = will 4+ ma 1D (2 = w0)]|)
Therefore,
HDQ_ITl (’UQ) — Da_lTl (Ul)H S 2M{m ||1)2 - U1||1 . (313)
With the same arguments, we get
HD’BilTQ (UQ) — Dﬁing (Ul)H S 2Mém ||U,2 — U1H1* . (314)
Since M; < M,';i = 1,2, then thanks to . and - we obtain
171 (v2) = T3 (v1)ly < 2Mym vz — w1, (3.15)
and by (3.10) and (3.14)), we get
175 (u2) — To (ur) ||, < 2Mjn |luz — usll,, - (3.16)

Using (3.15)) and ({3.16|), we deduce that
1T (uz, v2) = T (u1, 1)l <

2max (m, n) max (M{, My) ||(ug — u1), (vg — v1)]|, -

Thanks to (3.1)), we conclude that 7" is a contraction mapping. Hence by Banach fixed point
theorem, there exists a unique fixed point which is a solution of ([1.1]). O

The second result is the following:

Theorem 3.2. Suppose that v # iff , 0 F CZI? and assume that (H2) and (H3) are satisfied.
Then the boundary value problem (1 1) has at least one solution.

Proof . First of all, we show that the operator T" is completely continuous.
Step 1: Let us take 0 > 0 and B, := {(u,v) € X x Y;||(u,v)||, < o}. For (u,v) € By, using (Hs),
we find that

I < Ly Ly |y T (p+2) pP*e
“T(a+1) [T(p+2) -yt YT (p+a+1)

HTI (U) = L1M1 (317)

and
IT5 (u)|| < LoMs,. (3.18)
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Further, we have

V| T (p+ 2) pPte
T(p+2) =y | TB—a)l (p+a+1)

D71y ()] < Ly (14 ) = LuM; (3.19)

and
| DTy (w)|| < LM, (3.20)

Since M; < M;';i = 1,2, then we can write
1Ty ()l < LiMy, ([T (u)ly, < Lo M. (3.21)

Consequently,

T (u, )|, < max (LM, LyM;) < co. (3.22)
Step 2: Let t1,t € [0,1],t, < to and (u,v) € B,. We have

| T1 (v) (t2) — T (v) (t1) |

L L r 2) Pt (ty — t
< B gy SDIT DG —F) (3.23)
I'(a+1) T(p+2) =t T(p+a+1)
Analogously, we can obtain
| 15 (u) (t2) — T2 (u) (1) |
ID(g+2)¢ P (b2 —t1) (3:24)
Lo 8 LB La|y|T(q+2)¢atB8 (ty—t
S T+ <t2 - tl) + gr2)acr g peD)
On the other hand,
| DT (v) (t2) — DT () (0)] < M (B — 1)
(3.25)

‘D’Bing(u)(tg) — DﬁilTQ(U)(tl)‘ < Mé (tQ — tl) .

The inequalities (3.23), (3.24) and (3.25]) imply that 7" is equi-continuous. Then, by Arzela-Ascoli
theorem, we conclude that T" is completely continuous.
Next, we consider

Q:={(u,v) € X xY,(u,v) = AT (u,v),0 < X < 1}. (3.26)

We show that (2 is bounded.
Let (u,v) € Q, then (u,v) = AT (u,v), for some 0 < A < 1. Hence, for ¢t € [0, 1], we have:

u(t) = AT (v) (t),v(t) = NIy (u) ().
Thanks to (H3) and using (3.17) and (3.18]), we conclude that

Jull < ALy My, fJvl] < ALaMs. (3.27)
By (3.19) and ([3.20]), we can state that

| D 'u|| < AL MY, || D] < ALoMj. (3.28)
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Consequently,

lully < ALL M, [[olly, < AL M. (3.29)

Therefore,
| (w,v)]], < Amax (L My, LoM3) . (3.30)

This shows that €2 is bounded.
As a conclusion of Schaefer fixed point theorem, we deduce that T" has at least one fixed point, which
is a solution of (1.1)). O

Our third main result is based on Krasnoselskii theorem [8]. We have:

Theorem 3.3. Let v # F(ﬂf 0 F 43112 Suppose that (H1), (H2) and (H3) are satisfied, and

max (m,n) < (3.31)

N | —

Then, the fractional system (1.1)) has at least one solution.

Proof . Let us fix § > max(L, M|, LyM}) and consider By = {(u,v) € X x Y, || (u,v) ]2 < 6}. On
By, we define the operators R and S as follows:

R (u,v) (t) = (By (v) (), B2 (u) (1)),

(3.32)
S (u,v) () = (1 (v) (t), S2 (u) (2)),
where, )
ft—s)" -1
Ryv(t) = fi(s,v(s), D v (s)) ds,
/0 I'(a) (3.33)
Rou(t) = [ (Ft(_;))ﬁ_lfQ (s,u(s), D tu(s))ds,
" N U
_ e+ "(n—s)"" a1
Sl = (p+2) —ynppt! /0 L'(p+a) hilsw(s), D70 () ds, (3.34)
Sou(t) = r 22y [ fy (s,u(s), D7 M (s)) ds.
For (uy,v1), (uz,v2) € By, t € [0,1], we find that
By (v1) (2) + 51 (v2) (2)]
< oA (s, (), Doy (9)) | ds (3.35)
+m Lﬁi)pti¥+1| S £y (s, (5) , DOy () ds.
Thanks to (H3), we obtain
[ Ry (v1) + 51 (v2)|| < Ly My, (3.36)

and
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R (u1) + 52 (u2)|| < LoMo. (3.37)
Again, by (H3), yield
|D*7 Ry (v1) + D718, (vg) || < Loy (3.38)
and
| D7 Ry (uy) + D155 (uo) || < LaMj. (3.39)
Therefore,
”R (Ul, Ul) + S (UQ, U2)|‘2 S max (LlM{, LgMé) S 6. (340)

Thus, R (u1,v1) + S (ug,v2) € By.
Now we prove the contraction of R. Using (H1), we can write

2m

Ry (v2) = Ry (01)]] < Tlat1) [v2 = vy, (3.41)
1B () — o ()| < reroes s — (342
2 (Ug 2 (Ug =T+ Uz — UL |1y .
HDCX_IRl (’Ug) - Da_lRl <U1)H S 2m ||U2 — ’01“1 (343)
and
D' Ry (u2) — D' Ry (w1) ]| < 20 flug — wa)y, - (3.44)
Consequently,
IR (uz,v2) = R (ug, v1)], < 2max (m,n) [|(uz — u1, v2 — v1)]f, - (3.45)
Thanks to (3.31)) , we conclude that R is a contraction mapping.
The Continuity of f; and f, given in (H2) implies that the operator S is continuous.
Now, we prove the compactness of the operator S.
Let t1,t2 € [0,1],t; < t2 and (u,v) € By. We have
Liy|T (p+2) "™ (t2 — 1)
S ty) — S t1) |< )
’ 1(U)<2) 1(U)(1)|— ‘F<p_|_2>_,y77p+1’1"(p+a_|_1>
(3.46)
q+B (to—
| S5 (u) (t2) = S (u) (1) |< el ot
We have also
- - Ly y|T (p+2) "™ (t2 — 1)
D18, (v)(ts) — D718 t)] < ,
‘ 1(0)(E2) 1(U><1)| “Tp+2) =yt T (p+a+1)T (3 —a)
(3.47)
_ _ Lo|v|T(q+2)¢9tP (ta—t1)
‘Dﬁ 152(“) (t2) - Dﬂ 152(“) (tl)‘ S |F(q+22)1l‘5<¢;1+1|F(q+5+21)1—*1(3_,3) .
Thus,
Ly [T (p+2)n"" (L2 — t)
S ty) — S t < : 3.48
H 1(U)(2> l(v)(l)Hl_|P(p—|—2)—777p+1|r(p—|—05+1)r(3—a) ( )
and W 5
L I'(g+2)¢1P (ty —t
152 ) (2) = 52 () ()], < g L BT (3.49)

(q+2) —o6¢CH T (¢+p+1)T(3-5)
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Therefore,
15 (u,v) (t2) = S (u, ) (t2)]],

L1 |y|T(p+2)npPte Lo|y|[(g+2)¢aHP
< (2 — t1) max (IF(p+2)—7np“|F(p+a+1)F(3—a)’ \F(q+2)—5é‘q“\F(Q+B+1)F(3—5))'

(3.50)

The right hand side of (3.50)) is independent of (u,v) and tends to zero as t; — to, so S is
relatively compact on By. Then by Ascolli-Arzella theorem, the operator S is compact. Finally, by
Krasnoselskii theorem, we conclude that there exists a solution to (|1.1)). Theorem is thus proved.
O

4. Example

Example 4.1. Consider the following fractional differential system:

( 3 6_t2|’v(t)‘ Sin(D%v(t)>
D2u(t) = =gz 52(r?+1) e (0,11,
5t
Diu(t) = «I+{D2uts) € [0,1],

e(mt+20) <et+\u t)|+‘D§u )
u(0) =0, v (0 )—4I2u(n
\ v (0) =0, v/ (0) = —8*T 30 (

7€:

~— -

)
£),

Where,a:ﬁ:g,p—lq—yv 475:_8777:
For wuy, us, v1,v9 € Rt € [0,1], we have

[SA1N]
(S

1
|fi (t,ug,v2) — fi(t,ug,v1)] < 16 (Jug — ur] + |vg — v1]),

1
| fo (L, ug,v2) — fo (t,ur,v1)] < 20 (Jug — ur| + |vg — v1]).

We have also
4 3
M, + VT ,
3vm  24y/m — 16

3
Moo= 14—
LT T yE -y
e — 4 N 3\
P73 307 +32v2
My = k

14—
15y/7 + 16/2

The conditions of the Theorem hold. Therefore, the problem (3.41) has a unique solution on
[0,1].

Example 4.2. Consider the following problem:

r 5 o
Diu (t) - 16+|sm(v(t))|+‘cos(D%U(t) 1€ [07 1] ’
9 tsin(u(t))
D7U( ) 16+’cos<D7u(t))”t < [O 1]

u(0) =0, v (0) = Pu(n),
v(0) =0, v/ (0) =I*v (¢).
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For this example, we have a =

ot

7/82

~©

,p=3,q¢=2,y=0=1n=2%¢=1 and

e—t

16 + [sinu| + |cosv|’
e 2t sinu

16 + |cos v’

filt,u,v) =

folt,u,v) =

It’s clear that f; and f5 are continuous and bounded functions. Thus the conditions of Theorem

hold, then the problem (3.42)) has at least one solution on [0, 1].
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