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Abstract

Let X be a vector space over a field K of real or complex numbers. We will prove the superstability
of the following Golab-Schinzel type equation

fla+g(x)y) = f(x)f(y),z,y € X

where f,g: X — K are unknown functions (satisfying some assumptions). Then we generalize the
superstability result for this equation with values in the field of complex numbers to the case of an
arbitrary Hilbert space with the Hadamard product. Our result refers to papers by Chudziak and
Tabor [J. Math. Anal. Appl. 302 (2005) 196-200], Jabloniska [Bull. Aust. Math. Soc. 87 (2013),
10-17] and Rezaei [Math. Ineq. Appl., 17 (2014), 249-258].
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1. Introduction

Let X be a vector space over a field K of real or complex numbers. The partially pexiderized
Golab-Schinzel equation, i.e. the equation

f(x+g(x)y) = f(x)f(y) for z,y € X, (1.1)
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in the class of unknown functions f,g: X — K generalizes the exponential equation

fx+y) = f2)fly) for 2,y € X,

which is very well-known, as well as the Gotab-Schinzel equation

flx+ f(@)y) = f(x)f(y) forz,y € X, (1.2)

which appeared in 1959 in [20] and has been studied under various regularity assumptions, e.g., in
M, [4]-[9] and [20]. For more details concerning ), its applications and further generalizations
we refer to a survey paper [10] and concerning the equation ([1.2)) we refer to [17], [18] and [22], [23].
The stability problem for and its generalization

flz+ f@)*y) =tf(x)f(y) for z,y € X, (1.3)

where k € N, t € K\{0} are fixed, has been considered in [I3]-[I6]. It has been proved in [14] that
for every k € N the equation ([1.3) is superstable in the class of functions f : X — K continuous at
0 on rays, i.e. every such function satisfying the inequality

|fz+ fa)y) —tf(@)f(y) | <efora,ye X,

where ¢ is a fixed positive real number, either is bounded or satisfies . The first results of that
kind have been established in [2] for the exponential equation, in [3] for the cosine equation on an
abelian group and in [28], [31]-[37] for trigonmetric type functional equations on a group that need
not be abelian. For more informations concerning stability of functional equation we refer to [11]-
[16], [19], [21], [24]-[37]. Let H be a Hilbert space with a countable orthonormal basis {e,, n € N}.
For two vectors x,y € H, we have the Hadamard product, also known as the entrywise product on
Hilbert space H as the following:

+oo
x*yzz<$,en> (y,en)€n, xy€ H. (1.4)

n=0

The Cauchy-Schwartz inequality together with the Parseval identity insure that Hadamard multipli-
cation is well defined. In fact

o yll < (Z <x,en>2)

n=0

D=

(Z (y,en>2> = [zl - (1.5)

n=0

Superstability results for the approximately exponential and cosine Hilbert-valued functional equa-
tion by Hadamard product, have been started in [26] and [27].

In the present paper, we will prove the superstability of the Golab-Schinzel type equation (|1.1)).
We find forms of solutions of the pexiderized Gotab-Schinzel Hilbert-valued functional equation by
Hadamard product, i.e. the equation

flx+g(x)y) = f(z) * f(y) for x,y € X, (1.6)

in the class of unknown functions f : X — H and ¢g : X — K. Then we state, with the assumption
that ¢ is a solution of (1.2), a superstability result for the equation (1.6)). As consequences, if
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L : X — H is alinear functional, we investigate the superstability problem of the following functional
equation

flx+y+ Lx)y) = f(x) * f(y) for 2,y € X,

a result which we have not been able to find in the literature, and we prove that if a surjective
function f : H — H satisfies the inequality

1f(z+g(x)y) = fz) = fy)ll <e,

for some € > 0 and for all z,y € H, then the pair (f, g) must be a solution, with this product, of the
equation . These results are derived in Section

In what follows, N, R stand for the sets of all positive integers and real numbers respectively and
€, a nonnegative real number. X is a vector space over a field K of real or complex numbers and
H is a Hilbert space with a countable orthonormal basis {e,, n € N} with the Hadamard product
defined as in ((1.4)).

Definition 1.1. We say that a function f : X — H is continuous on rays if for every z € X the
function f, : K — H defined by f,(t) = f(tz) for t € K is continuous.

2. Solution of the equation (|1.6))

In [I7] and [18], among others, J. Chudziak determined all real solutions of equation in the class
of pairs of functions (f, g) such that f, g satisfy some regularity assumptions. In [22], E. Jabtoniska
gives all solutions f,g: X — R of in the case where X is a real linear space under the assumption
that the function f is continuous on rays. It turned out that the following theorem holds (which is
essential in our considerations):

Theorem 2.1. [22] Let X be a real linear space. Functions f,¢g : X — R satisfy (1.1) and f is
continuous on rays if and only if one of the following conditions holds:

(i) f=0o0r f=1;
(ii)) g =1 and there exist a linear functional L : X — R such that f = exp L;

(iii) There are a non trivial linear functional L : X — R and some nonnegative real number r such
that f, g have one of the following form:

{ g(x) = L(z) + 1for z € X, (2.1)
f(z) =] L(z) + 1| sgn(L(z) + 1) forz € X, '

g\ )—l—lfor r e X,
{fx z)+ 1| for z € X, (2.2)
g(x) = max(L(z) + 1,0) for z € X,
{f@%=mw(()+LmrbrxeX. (2.3)

Now we shall extend this result to the pexiderized Golab-Schinzel Hilbert-valued functional equa-
tion by Hadamard product.



152 Tial, Zeglami, Kabbaj

Theorem 2.2. Let H be a separable real Hilbert space, X be a real linear space. Functz’ons f:X—
H and g : X — R wher f is continuous on rays satisfy the functional equation (|1 , iof and only if
one of the following statements holds:

N
(i) There exist a positive integer N such that f = ) axer, where oy, =1 or 0;
k=1

(i) g = 1 and there exist linear functionals Ly : X — R and a positive integer N such that

f(z) = fj exp Li(x)e;

k=1

(iii) There are a non trivial linear functional L : X — R, some positive real numbers i, and a
positive integer N such that f, g have one of the following forms:

g(x) = max(L(z) +1,0), z€ X,

f(x) = % maX(L(.T) + 1, O)Tkek,’ T € X’ (24)
g(z) = LZ\EI) € X,
(:L") Z | ( ) + 1| Faper, T € X, (2'5)

k=1
with o, = 1, a, =0 or ag(z) = sgn(L(z) + 1).

Proof . Let {ex, £ € N} be an orthonormal basis for H. For every integer k£ > 0, consider the
function f; : X — K defined by

fe(x) = (f(x),e;) for x € X.

Since the pair (f, g) satisfies ((1.6]), we have for all x,y € H

D (f@+gl@y)eer = Y (f(@)* f(y),ex)ex, (2.6)
= Z<f($),€k><f(y),€k>€k, (27)

this yields that
fil@ + g(@)y) = fe(@) fr(y),

for all k € N and z,y € X. In view of Theorem 2.1, one of the following statements holds:

a fk—O

o

c) g =1 and there exists a linear functional L : X — R such that fi(x) = exp Li(z) for z € X.

)
) [
)
d) There exist a linear functional L and some nonnegative real number r such that g(z) = L(z)+1

and fx(z) = (L(z) + )™ or fy(z) = (L(x) 4+ 1) sgn(L(z) + 1) for z € X.

e) There exist a linear functional L and some nonnegative real number r, such that g(x) =
max(L(z) 4+ 1,0) and fx(zr) = (max(L(x) + 1,0))™ for all z € X.
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We have
fl) = D (f@)ex)ex (2.8)

= ka(x)ek (2.9)

The continuation of the proof depends on the dimension of H. In fact if H is infinite dimensional,
since

fk(:v) — 0,

for every x € X as n — oo. The statements (b), (c¢),(d) and (e) are not possibles for infinitely many
possible integer n, hence there exists some positive integer N such that for every £ > N, f, = 0.
Thus f can be represented as

N
f@) =" fulx)ex. (2.10)
k=0
In the case that, H is of finite dimensional type the proof is clear. Then each pair of functions f, g
satisfying (|1.6]) falls into one of the categories (i)-(iii). O

Corollary 2.3. Let a be a real number, i € {1,2,....,.n}, H be a separable real Hilbert space and
f:R™ — H be a continuous on rays mapping satisfying the functional equation

f@+y+azy) = f(z)* f(y) for all z,y € R"
where © = (x1, Ta, ..., T,). Then one of the following statements holds:
i) There exist a positive integer N such that f = gj ager where ap, =1 or 0 ;
i1) There are some nonnegative real numbers ry, ankd:ib positive integer N such that f has the following
forms:

N
flx) = Zak(x) laz; + 1| ey, forz € R",
k=1

where o, = 1,0 or ay(z) = sgn(ax; + 1).

Proof . The proof follows on putting g(z) = 1 + L(z) = 1 + az; in Theorem 2.2 O

3. Superstability of the equation (|1.6])

We will begin this section by stating a superstability result for the the equation (|I.1)) in the class of
unknown functions f,g: X — K. For the proof of our result we need some lemmas.

Lemma 3.1. Let f,g: X — K be two functions satisfying

| flz+g(2)y) — f2)f(y) S e forallz,y € X, (3.1)
such that f is bounded. Then

1++v1+4+4e

) < Y

forall x e X. (3.2)
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Proof . Let f,g: X — K be two functions satisfying (3.1]) such that f is bounded, let

M =sup | f(z)].
zeX

We have
| f@)f) | = | f(z+g(x)y) |[< e forz,y € X,
thus
M?*— M <e,
which implies that
| fla) |< LV V21+4€ for all z € X.

O

Lemma 3.2. Let f,g : X — K be two functions satisfying (3.1) and f is unbounded. Then there

exists a sequence (x,) C X such that,

li_)m | f(zn) |= +o0, f(z,) #0 and g(z,) #0 for all n e N.

Proof . Let f,g: X — K be two functions satisfying (3.1) such that f is unbounded. Let (z,) be a
sequence such that lim | f(z,) |= 400 and f(z,) # 0 for every integer n. Assume that there exists

p € N such that g(x,) = 0. Since the pair (f, g) satisfy (3.1), then
| f(zp+ g(xp)y) — fzp) f(y) [< e forally € X,

hence
| f(zp)(1— f(y)) [S eforally € X.
Thus f is bounded which contradict the assumption. [J

Lemma 3.3. Let f,g: X — K be functions satisfying (3.1). Then

|f@waﬂmﬂgifnseﬁrmureX\y%m,yeX.

g(x

Proof . It is enough to replace in |) y by ﬁ. O

Lemma 3.4. Let f,g: X — K be functions satisfying (3.1) and

As = {(z,,n € N) such that (z,,) € X \ f(0) and 1_1)13 | f(xn) |= 400},

then for every (x,) € Ay, we have:

f(x) = lim f(@n + 9(wn)7) for all x € X.

n—00 f(zn)
(2o + g(xn)x) € Af for alln € N and z € X \ f7(0).

i £ @0t 9(@n)T 4 g(wn + g(za)7)y)
fy) =l F(n + 9(@n)2)

(Zn + 9(xn)7 + g(z + g(xa)2)y,n € N) € Af for all z,y € X\ f7(0).

forallz € X\ f71(0),y € X.

(3.3)
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Proof . (3.4) becomes easily from (3.1)). (3.5 is a consequence of (3.4]). Replacing y by x and z,
by z, + g(z,)z in (3.4] ), we obtain (3.6). The equalities (3.5 and (3.6 implies (3.7). O

Now we prove the superstability of the equation ([1.1]) with the assumption that ¢ is a solution of
(1.2) and without any conditions on f.

Theorem 3.5. Let f,g: X — K be two functions satisfying (3.1)) such that g is a solution of (1.2)).
Then either (3.2)) occur or

fl@+g(x)y) = f(x)f(y) forall x,y € X.

Proof . From Lemma [3.1]it is enough to consider the case where f is unbounded.
Since f is unbounded then Ay # () . Fix a sequence (z,,,n € N) € Ay and let

cn(z,y) = 20 + g(@n)r + g(zn + g(xn)2)y, v,y € X, n e N.

dn(,y) = &n + g(@n)x + g(zn)g(2)y, z,y € X, neN.
Then from (3.4)), we obtain

f(xn + g(x,)(z + g(2)y))

fle+g(z)y) = lim (o) (3.8)
T O CIY )
lim N for z,y € X. (3.9)
Simiraly, by and , we have
_ iy J @+ 9(@a)a) fn + g(@a)r + g2 + g(2n)2)y)
f@)fly) = lim ) Fon T 9@)) (3.10)
= T}L%W fory € X, z € X\ f(0). (3.11)

As ¢ is a solution of ([1.2)), we obtain that
cn(z,y) = dy(x,y) for all z,y € X.
From previous discussions we get

fle+g(@)y) = flx)fly) for z€ X\ f71(0), yeX.

In the case where z € f1(0), we have z € ¢g7*(0), in fact if g(z) # 0, using Lemma [3.3 we obtain,
| fly) |[<e forall z, y € X. So f is bounded, this is a contradiction because f is unbounded.
Finaly (1.1)) holds, which completes the proof. [J

Corollary 3.6. Let a be a real number and f : R — R be a mapping satisfying the inequality

[f(z +y +axy) — f(x)f(y)| <e, 2,y eR.

Then either f is bounded or f(x +y + axy) = f(x)f(y) for all x,y € R.
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Proof . The proof follows on putting g(z) = 1 + L(z) = 1 + az in Theorem [3.5] O

Corollary 3.7. Let X be a vector space, f : X — K be a function and L : X — K be a linear
function satisfying:

If(z+y+ Lz)y) — f@)fW)l <e z,y e X (3.12)
Then either f is bounded or

flx+ (L(z) + 1)y) = f(x)f(y) for all z,y € X. (3.13)

Proof . The proof follows on putting g(z) = 1+ L(x) in Theorem O

Corollary 3.8. Let X be a vector space, f: X — K a function and L : X — K is a linear function
satisfying:

1f(z + max(L(z) + 1,0)y) — f(z)f(y)]| <&, z,y € X. (3.14)
Then either f is bounded or
flz +max((L(x) +1),0)y) = f(z)f(y) for allz,y € X. (3.15)

Proof . The proof follows on putting g(z) = max(L(z) + 1,0) in Theorem O

Now we state a superstability result, in the sense of Rezaei-Sharifzadeh for the approximately
pexiderized Gotab-Schinzel Hilbert-valued functional equation by Hadamard product.

Theorem 3.9. Let f: X — H and g: X — K be two functions satisfying

1f(z+ g(2)y) — f(@) = fW)lln < e, (3.16)
for all z,y € X, such that g is a solution of (1.2]). Then, either there exists k > 1 such that
1+v1+4e
[ {f@) ex) |€ ——F—— (3.17)

for all x € X or the pair (f,g) is a solution of (|1.6)).

Proof . Let f: X — H, g: X — K be two functions satisfying (3.16)) and g is a solution of ([1.2]).
By applying the Parseval identity and defintion of Hadamard product with the inequality (3.16]), we
find that each scalar valued function f; satisfy

[fe(z +g(2)y) — ful@) fr(y)| < e forall z,y € X.
According to Theorem , since ¢ is a solution of ([1.2)) we have for all £ € N| either

1++v1+4+4e
2

| fr(z) |< for all =z € X,

or
fr(x + g(x)y) = fe(z) fr(y) forall z,y € X.
Thus either there exists k£ > 1

| fulw) |« T

or the pair (f,g) is a solution of (1.6]). O

for all z € X,
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Corollary 3.10. Let g : H — K be a solution of and f : H — H be a surjective function
satisfying
1f (x4 g()y) — f(@) = fW)lla <e,
forall z, y € H. Then
fle+g(x)y) = f(x)* f(y) for all x,y € H.

Proof . Let ¢ : H — K be a function satisfying and f : H — H be a surjective function
satisfying (3.16). Then every component function f is unbounded (See [26, page7]): In fact for every
integer k, there exist xx € H such that f(zy) = key, so fr(xx) = k. In view of Theorem , we
conclude that the pair (f,g) satisfy the equation

f@+g(x)y) = f(z)* f(y) for all z,y € H.
O

Corollary 3.11. [20] Let X be a vector space and f: X — H be a function satisfying

If(x+y) = fl)« fW)llu <e,
for all x, y € X. Then either there exist an integer k such that

1++v14+4e

[(fla)sen) < —5

or

fz+y) = f(x)* f(y) for all z,y € X.

Proof . The proof follows on putting g(z) = 1 in Theorem O
Corollary 3.12. Let X be a vector space and f: X — H be a function satisfying

1f(z+ (L(z) + Dy) — f(2) * fy)lla < e

such that L : X — K be a linear function. Then either there exist an integer k such that

(@), en) | Y

or

flz+ (L(z) + Dy) = f(x) * f(y) for all z,y € X. (3.18)

Proof . The proof follows on putting g(z) = 1+ L(x) in Theorem O

Corollary 3.13. Let X be a vector space, f : X — H be a function and L : X — K be a linear
function satisfying

1/ (& + max((L(x) + 1), 0)y) = f(z) * f(Y)|lu < e x,y € X.

Then either there exist an integer k£ such that

1++v1+4+4e

(), e |< T

or

f(z 4+ max(L(z) +1,0)y) = f(z) * f(y) for all z,y € X. (3.19)
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Corollary 3.14. Let ay,as, ..., a, be real numbers and f : R™ — H be a continuous on rays function
satisfying

1 +y+ S wa) — F@) = F@)lln <e
i=1
for all x = (x1, 29, ....;xn),y = (Y1, Y2, -, Yn) € R™. Then, either there exists k > 1 such that

[ (fa),en) <

for all x € X or there are some nonnegative real numbers ri and a positive integer N such that f
has the form:

N n Tk

flz) = Z L+ Zaixi ap(x)e, forx € R™,
k=1 i=1

with o, =1, o, = 0 or ag(x) = sgn(d a;x; + 1).
=1

Proof . The proof follows on putting g(z) =1+ L(z) =1+ > a;z; in Theorem [3.9| combined with
=1
Theorem 2.2, O
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