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Abstract

The purpose of this paper is to introduce the concept of soft double fuzzy semi-topogenous order.
Firstly, we give the definition of soft double fuzzy semi-topogenous order. Secondly, we induce a soft
double fuzzy topology from a given soft double fuzzy semi-topogenous order by using soft double
fuzzy interior operator.
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1. Introduction

Topology is a distinct branch of modern mathematics which is formed in the middle of the twentieth
century. Due to its various applications in theoretical and applied sciences, the subject became very
famous and attractive to the researchers from the around world.

There are many applications of general topology. For example, ophthalmologists have found that
when the sight is restored to a blind person, the person will have a topological vision for some time.
During this short time, the person who has recovered from the blindness cannot differentiate between
a circle and a square and any o closed curves. He has to practice for some time to accurately describe
various closed curves. Based on this idea, Zeeman has originated a topological model of the brain
and the visual perception [15].

Topological psychology [5], 6] is an argumentative topic in which mathematicians have uneven
opinions on it. Lewin studied topology and developed the topological notions in his theories in
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psychology. He tried hard to formalize his theories into an evident form in order to avoid the rigidity
and inflexibility of the results. Lewin introduced concepts incidentally and progressively developed
them through experimental and observation methods.

In the real world, the exact solution cannot be found for many problems. As a solution to this
problem, scientists have resorted to use approximate solutions. In 1999, Molodtsov [9] introduced
a new approach for the real world problems. He proposed the soft sets as a tool for dealing with
uncertainty.

In 2011, Shabir and Naz [12] introduced the notion of soft topological spaces and Min corrected
some of their results [§]. Zorlutuna et al. [16] continued to study the properties of soft topological
spaces by defining the concepts of soft interior point, soft interior, soft neighborhood, soft continuity
and soft compactness. Later on, Nazmul et al. [10] characterized the soft neighborhoods in soft
topological space. In 2012, Husain and Ahmad [2] strengthened the theory of soft topological spaces
by defining it on a fixed initial universe. Varol et al. [I3] presented soft Hausdorff spaces and
introduced some new concepts such as convergence of sequences.

The attempts to develop the soft topology didn’t stop. In 2013, Cagman et al. [1] redefined soft
topological spaces by modifying the soft set. Also, Roy and Samanta [I1] strengthen the definition
of the soft topological spaces presented in [I] and they used the base and the subbase to charac-
terize its properties. Recently, Zakari et al. [14] introduced the notion of soft weak structures as a
generalization of soft topology. An application of soft topology in GIS has been introduced in [3].

In this paper, we will introduce and characterize soft double fuzzy semi-topogenous order. More-
over, we will investigate the relationship between it and soft double fuzzy topological spaces by using
soft double fuzzy interior operator. The results which we will get in this paper are a generaliza-
tion of all the corresponding notions in general topology, soft topology, fuzzy topology, double fuzzy
topology and soft fuzzy topology.

2. Preliminaries

Throughout this paper, let X be a non-empty set, £ be a set of attributes or parameters, I = [0, 1],
I* denote the set of all fuzzy sets on X and A C E. fa is called a fuzzy soft set [7] over X, where f
is the mapping given by f: A — IX. For e € A, f(e) = f. : X — I may be considered as a fuzzy
set on X. For any two fuzzy soft sets f4 and gp defined over a common universe X, we have:

(1) faCgpiff AC B and f. < g, for all e € A.

(2) fa=gp iff fa C gp and gp C fa.
(3) falgp=hc where C' = AU B and

fe, ifeec A— B,
he: ge7 lfGEB—A,
feVge, ifee ANB.

for all e € C.
(4) faNgg=kp where D = AN B and k. = f. A g. for all e € D.

A fuzzy soft set f, is called a null fuzzy soft set (denoted by 0) if f, = 0 for all e € A and called an
absolute fuzzy soft set (denoted by 1) if f, = 1 for all e € A. If f4 is a fuzzy soft set over X and
Y C X, then the fuzzy soft set ¥ f4 is defined by ¥ f. = 1,- A f. for each e € A, ie., ¥ f4=1y 11 fa.
The relative complement of fuzzy soft set f4 (denoted by f/), where f' : A — IX is given by
fi(x) =1 — f.(x) for cach e € A and 2 € X. Tt is clear that 0'=1 and 1'=0. A fuzzy soft set fz on
X is called a-absolute fuzzy soft set (denoted by 1%), if f, = a for each e € E.
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Let 9 : X — Y and ¥ : E — K be two mappings, where E and F are the attributes set for

the sets X and Y, respectively. Then the image and the preimage [4] under the fuzzy soft function
by (I)E — (1)K will be defined as follows:

(1) The image of f4 under the soft function ¢, denoted by ¢, (fa), is the fuzzy soft set over YV
defined by ¢y(f4) = ¢(f)u(A), where

o(f)ey) = { Vies 1) (Veew—l(mm fe(x)) Cif o (y) £ 0, v (k) N A £ D,

0, otherwise.

for each k € K and y € Y.
(2) The pre-image of g under the fuzzy soft function ¢y, denoted by gb;l(gg), is the fuzzy soft set
over X defined by ¢;1(93) = ¢ '(9)y-1(p), where

¢4@4m:{%@@@%ﬁ¢@63;

0, otherwise.

for each e € E and x € X. If ¢ and ¢ are injective (resp. surjective) functions, then ¢, is said
to be injective (resp. surjective) fuzzy soft function.
For any two fuzzy soft functions ¢y : (I*)" — (IV)F and ¢*). : (IV)" — (I7)¥, we have
¢y 0 Gyt (IM)FP — (I7)F where ¢* . 0 ¢y = (¢* 0 ) yroy-

3. Soft double fuzzy topological spaces

In this section, we introduce basic properties of soft double fuzzy topology and investigate the
relationship with soft double fuzzy interior operator.

Definition 3.1. The pair of mappings 7, 7* : £ — IU ¥ is called a soft double fuzzy topology on

X if it satisfies the following conditions for each e € E, fa, g € (I’)F and {(fa);|i € T} C (I¥)%:

(1) 7e(fa) < 72(fa)"
(2) Te(faTg) > Te(fa) A Te(gn) and 75 (fa M gp) < 75(fa) V 7. (9B)-
(3) Te(lier(fa)i) > Nier 7e((fa)i) and 72 ([ ;cp(fa)i) < Vier 70 ((fa)i)-

A soft double fuzzy topology is called enriched if it satisfies the following condition:
(4) 7.(1%) =1 and 75(1%) = 0.

The triplet (X, 7z, 7;) is called a soft double fuzzy topological space. The values 7.(f4) and 7°(fa)
are interpreted as the degree of openness and degree of non-openness of a fuzzy soft set f4 with
respect to e € E.

Let (15, 75') and (72, 73%) be two soft double fuzzy topologies on X. We say that (74, 75') is finer
than (72, 732) ( (72, 7}7) is coarser than (74, 73)), denoted by (72, 732) € (14, 751, it 72(fa) < 71 f4)
and 72(fa) > 771 (fa) for all e € E and f4 € (I*)F.

Definition 3.2. Let (X, g, 75) and (Y, vp, vy) be two soft double fuzzy topological spaces. A fuzzy
soft function ¢y : (I*)F — (I)F is called a soft double fuzzy continuous function if

7 (63 (98)) = vy (98) and 77 (6, (98)) < Vi) (98)

for each ggp € (IY)F and e € E.
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Proposition 3.3. Let {(7},7's)|i € T} be a family of soft double fuzzy topologies on X. Then
(78:75) = (Nier Ti» Vier T'g) is also a soft double fuzzy topology on X, where

T(fa) = NOVe(fa) and 72(f2) = \/(77)e(fa),
i€l i€l
for all fa € (I)F ande € E.
Proof . Obvious. O

Definition 3.4. A map J: E x (I")F x I} x Iy — (I*)F is called a soft double fuzzy interior
operator on X if and only if J satisfies the following conditions, for all e € E, fa,g95 € (I*)F,
a,ap €11 and 8,6, € [y sucha+<1and oy + 5 < 1:

(1) 3(e, 1,0, 8) =1,
(2) (67.]01470575) L fA,
(3) If fa C gp, then (e, fa,, ) I T(e, gp,a, f),
(4)
)

SR

—

4 fOé S i and 6 2 617 then 3(6, fA7a7B) g j(e7fA7051751>7
(5 j(eafAI_IgBua)B)éj(Qanaaﬁ)ﬂj(67937a75)'

The pair (X,Jg) is called a soft double fuzzy interior space. A soft double fuzzy interior operator
Jg is called topological provided that:

ff(e,ff(e,fA,a,B) 7ﬁ)£ ( >fA7057B>'

Theorem 3.5. Let (X, 7g,75) be a soft double fuzzy topological space. Define the map Iz 7z
Ex (IM)E x Iy x I, — (I)F by

TE TE)( fA> «, ) = |_|{gB € ([X)E - gB E fA7 Te(gB) Z «, T:(gB) S 5}

for each e € E, fo € (I*)P, a € Iy and B € I,. Then J(rp,rz) 18 a topological soft double fuzzy
interior operator.

Proof .(1), (2) and (3) are obvious. We will prove (4) and (5) as follows:
(4) Let a < a3 and § > (1. Then
TETE)( fA7 76 |_|{gBE ) - gB Ef/b’re(gB) 20(,7:(93) 25}

3| [gs € I 1 g5 C fa,7elgn) > o, elgs) < fr}
éj(TEJZj)(eJ fA7 an, ﬁl)a

for eache € B, fa € (I*X)F, a, a1 € I, 3, 1 € Iy.
(5) Since faMgp C fa and f4Mgp C gp, then we have

Jeprpy (e fallgs, o, B) E Jip (€, fas @, B)
and‘, ( fAﬂgB7 7/8)[JTET )(6 gp, o, ﬁ) Thus

j(7—15,7—‘;5) (67 fA r gB, &, 5) C ,J(TE,TE)(67 an «, B) r j(7'}3,7-3) (6, 9B, &, ﬁ)a
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for each e € E, fa, gp € (IX)¥, a € I, and 8 € I.
CODVGISGIYJ since j(TE,TE)(ea fA7 «, B) Ml j(TE,TE)(e7 9B, &, ﬁ) C fA Mys,

Te(j(TE,T§)<e7ana75)I—],J(TE,TE)(eagB7aaﬁ)) >7—e( TETE)( fA> 75))/\Te< TE,TE)(eagBaaa/g))
> ala=qa,

and

T:(j(TE,TE)<67fA7a7/8) I—],J(TE,TE)(evgB7a7ﬁ)) S 7—;( (TE,Th) ( fA?a ﬁ)) VTe( TE,TE)(€7gB7Oé7/B))

then
j(TET ( fA,Oé ﬁ)ﬂJTETE)(e 9B, ¥ 7B) Ej(TET ( 7fA|—|gBaa75)'

Hence
j(TE,Tg)<e7 fA M 9B, &, 6)£j(TE,TE)(e7 an «, 6) M j(7'}3,7'}’5) (67 9B, &, 6)
]

Theorem 3.6. Let J: E x (I*)F x I} x Iy — (I")F be a soft double fuzzy interior operator on X
and let 75, 75+ E — (I*)F be a pair of maps defined by

(m)e(fa) = \{a € 1:3(e, fa,0,8)=fa},
and
(m):(fa) = N{B € I+ 3(e, fa, 0, H)=Fa},
for each e € E and fa € (I)E. Then ((15)5, (13)%) is a soft double fuzzy topology on X.

Proof .The proof of (1) is obvious. We will prove (2) and (3) as follows:

(2) Suppose that
(3)e(fa M gB) 2 (m3)e(fa) A (73)e(95)

(73)e(faTgB) £ (m3)c(fa) A (T2)e(9B)
for each e € E and f4, gp € (IX)F. Then there exist t;, t, € I such that

(19)e(faTgp) < t1 < (13)e(fa) A (T9)e(gB)

or

(19)e(faTgB) > ta > (13)2(fa) N (73)2(gB)-

Since t; < (13)e(fa), t1 < (13)e(gB), t2 > (73)5(fa) or ta > (73)(gB), there exist oy, as € I and
61, 52 - [0 such that o <a < (Tj) (fA) 1 < ag < ( ) (QB) or ty > ﬁl > (Tj)Z(fA), to > 62 >
(19)5(g9p). Let @ = ay Aag and 5 = (B V Bo, then J(e, fa,a, ) = fa and J(e, g, o, f) = gB.
By Definition [3.4)(5), we have

3(6, fA rlgBaavﬁ) = 3(6, fAvaaﬁ) Ml j(e,gB,oz,ﬁ) = fA [—lgB~
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Thus
t1 > (19)e(faMgs) = \[{a* € I:3(e, faN g, 0", 8°) = faTlgn}
> a=aqa; N\ag >ty
or
ty < (m):(faMgs) = \{B" €I :3(e, faNgp,a*,B*) = faNgs}
<B=p/V P <t
It is a contradiction. Hence
(72)e(fa T gB) = (73)e(fa) A (73)e(9B)
and

(72)e(fa T g) < (m3)c(fa) V (72)c(9B).
Suppose that

(m)e(||(Fa)0) 2 N\ (2)e((£a):)

i€l el

()| (fa)e) 2\ (m)i((fa)s)
ier ier
for each e € E and {(fa);]i € T} C (I*)F. Then there exist ¢, t5 € I such that

(m)e(|J(Fa)i) < tr < N (m2)e((F4):)

or

(TJ)Z(u(fA)z‘) >ty > V(TG)Z((fA)i)-

Since t; < (73)e((fa):) or ta > (75)5((fa):) for each i € ', there exist o; € I; and §; € Iy such
that

t < a; < (19)e((fa)i)
or ty > B > (13);((fa)i)- Let o= A\, and B =/, 8;. Then

e | |(fa)ira, B)=| | (fa)s-

el el
Thus
tr> (m)e(|_|(fa):) = \/{a™ € 1:3(e, | |(fa)isa™, 8= | ] (fa):}
el el el
>a=[\q =1,
ier
or

ty > (m)o(L|(fa)s) = A5~ € L= (e, |(fa)ia®. 8= | |(fa)i)

<p=\B <t
It is a contradiction. Hence (73)c(|licr(fa)i) = Aier(m)e((fa)i) and (73):(;cr(fa)i) <
VieF(Tf?):((fA)i)-
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4. Soft double fuzzy topogenous structure

In this section, we start with softification of the concept of double fuzzy semi-topogenous structure.
Hence, we give its properties and the relationship with soft double fuzzy interior operator and soft
double fuzzy topology.

Definition 4.1. A soft double fuzzy semi-topogenous order on a set X is a pair of functions n, n* :
E — ITOPXUDT (where (n,,n7) = (n(e), nle)*) : (IX)E x (I*)E — I are mappings for all e € E)
which satisfy the following axioms for any e € E, fa, (fa)1, (fa)2, (98), (98)1, (gB)2 € (I%)E:

(Sl) ne(fA7gB) S n:(fA»gB),-

(S2) If ne(fa,g8) # 0 and n;(fa,98) # 1, then fa C gp.

(S3) If((fA)l )E fa £ gs E (g8)1, then n.((fa)1,(98)1) = me(fa,g8) and n7((fa)1, (g8)1) <
ne(fa,98)-

A soft double fuzzy semi-topogenous order (ng,n}) is said to be finer than (0, 03) ((0g,03) is

coarser than (ng,7y)), denoted by (ng,np) € (0g,0%), iff 1e(fa,98) = bc(fa,98) and nZ(fa,95) <
0*(fa, gp), for all f4, g € (I*)¥ and e € E. The composition (ng o 0x, n; 0 0%) of soft double fuzzy
semi-topogenous orders (ng,n};) and (6g,05) on X is defined by

neobe(fasge) =\ {6e(fa,hc) Anelhe, gp)}

th(IX)E

and

neo0;(fage) = N\ {60:(fa,he) vV ni(he, gs)},

th(IX)E

for each fa,gp € (IX)¥ and e € E. A soft double fuzzy semi-topogenous order (ng,n}3) is called a
soft double fuzzy topogenous order if it satisfies the following conditions:

(S4) Ue((((J}A))l L (J)CA)QagB) > ne((fa)1,98) Ane((fa)2, 9p) and 02 ((fa)1 U (fa)2, 98) < ni((fa)1,98) V
7:((fa)2,9B)-

(55) ne(fa, (98)1 M (9B)2) = Me(fa, (98)1) Mne(fa, (gB)2) and 07 (fa, (98)1T1(98)2) < n:(fa, (98)1) V
n:(fa, (9B)2)-

A soft double fuzzy topogenous order (ng,n};) on X is called a soft double fuzzy topogenous structure
iff (ngone,nyony) € (e, n}). The triplet (X, ng, n}) is called a soft double fuzzy topogenous space.

Example 4.2. Let X = {a,b}, E = {e1,e3,e3} and let the fuzzy soft sets he, Ip € (I*)F defined
by
(hc)e(a) = (he)e,(b) = 0.5, and  (Ip)e,(a) = 0.3, (Ip)e,(b) = 0.7,

for each i = 1,2, 3. Define the soft double fuzzy topogenous structure n,n* : B — [T by

1, if f=0o0rg=1;

i 0, if f=0org=1;
Ny (f5 9) = { 0, otherwise.

1, otherwise.

and 1, (f.g) = {

1, if f=0org=1; 0, if f=0org=1;
N, (fr9) =4 5, f0#fCheEg#1; and 0 (fig) =1 3 f0#fChcCg#l;
0, otherwise. 1, otherwise.
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(1, iff=0o0rg=1; (0, iff=0o0rg=1I;
03, if fEhecEg, g2 lp; 0.6, if fChecEg, g2 lp;
_ ) 05, HfCIp Ty, f¥ he; R _ ) 04, i fCIpCyg, fILhc;
D= 0r it Cheut Ty M W= 03 i fCheUly Ty
0.6, if fChcNipCyg; 02, if fCheMipCy;
0, otherwise. 1,  otherwise.

\ \

Definition 4.3. Let (X,ng,n}), (Y,0r,0%) and (Z, &y, &4y) be soft double fuzzy topogenous spaces.
A fuzzy soft function ¢y, : (I*)¥ — (IV)F is called a soft double fuzzy topogenous function if

Ouie)(fa,98) < ne(dy' (fa), ¢, (gB))  and 05 (fa,98) = 0i (¢, (fa), &' (98)),
for each fa, gp € (I¥)" and e € E.

Proposition 4.4. Let (X, ng,n}), (Y,0r,0%) and (Z,&0, ELy) be soft double fuzzy topogenous spaces.
If ¢y - (IM)F — (1) and ¥* o : (I7)F — (I7)M are soft double fuzzy topogenous functions, then
(¢* 0 @) yrop : (IX)E — (IZ)M s soft double fuzzy topogenous function.

Proof . For each f4, g € (I%)™ and e € E, we have

Ne (6% 0 @) yioy(fa), (97 0 @)yt (98)) = e (67 (% (fa). ¢" i (0, (98)))
> Oy(e) (0 (fa), 0" 5 (98))
> Eyprope)(fa, 9B),

and
e (67 0 8)ytau(fa), (0 0 @)yt (gB)) = mf (&7 5 (0, (fa)), & 5 (0, (98)))
<O (0 o (fa), ¢ 5 (g))
< Ehroue) (f4, 9B).
[l

Theorem 4.5. Let (ng,ny) be a soft double fuzzy semi-topogenous order on X. Define a function
Tnpay) - B X (I)F x Iy x Iy — (IX)" by:

Ty (e fa, . B) =| [gs € () ne(gs, fa) = a, 0} (gs, f4) < B,

for each e € E, fa€ (I*)Y, a €I, and B € Iy. Then:

(i) Tngs 18 soft double fuzzy interior operator.
(i4) If (ne,ng) is a soft double fuzzy topogenous structure on X, then J,, .- is topological soft double
fuzzy interior operator.

Proof .

(i) (1) Obvious.
(2) Let n.(fa,gp) > aand n’(fa,gp) < Bforeach e € E, fa,gp € (I*)E. By using Definition
(82)7 we have 9B C fA‘ Then j(nE,nE)(ev an a)ﬂ) C gB-



Soft double fuzzy semi-topogenous structures 8 (2017) No. 2, 71-88 79

(3) If fa C gg, ne(hc, fa) > a and n}(he, fa) < B for each e € E. By Definition [4.1] (S3),

ne(h07gB) Z a and n:(h07gB) S B ThUS, j(nE,n%)(e7 fA7 Oé,ﬁ) E j(nE,n*E)(e7gBJ «, B)
(4) By using (3), we have

j(nEm;‘;)(Q fA Ml 9B, &, B) E j(”?Eﬂlzj)(e? an «, 6) M j(??]a,’!]j{:)(ea 9B, &, 6)
Now, suppose there exist fa, gg € (I*)F such that

3(7715,771‘;)(67 fA Mg, a, ﬁ) 72 j(’r]Em*E)(e? fA7 Q, 6) Ml j(nE,nE)(ea 9B, &, 5)
Then, there exists x € X and t € I; such that

j(ﬂEﬁ}} (eafAﬂgBaavﬁ)< ) <t < J77}«377E ( an 7ﬁ)( )HJnE"]E)(e 9B, &, 5)( )

Since J(ng ) (€, fa, o, B)(x) >t and T, ) (e, B, @, B) () > t, there exist he, Ip € (I*)F
with ne(hc, fa) = o, n;(he, fa) < B and ne(lp, gB) > o, 0 (Ip, gs) < B such that

Jmpmp) (€5 fa, 0, B)(x) = ho(x) >t Tmpmy) (e 98, @, B)(x) = Ip(x) > 1.
On the other hand, since

ne(h/C7fA) > a, ne(lDagB) > a= ne(hc M lD,fA) > Q, ne(hc M lD:gB) > o
= UE(hC M lD; fA M gB) > Q.

n:(hCafA) S 57 n:(lDagB) S B = n;(hcl_llDafA) S ﬁa”:(hcl_llDagB) S /6
= n:(hc¢ Nlp, faTlgs) < B.

Then we have
j(ﬁEJ)*E)<€7 fA M 9B, &, 5)(1‘) Z (hc Ml ZD)(‘I) > L.
It is contradiction. Thus,
j(nE,nfE)(fA Mygp,a,B) > j(nE,n;;)(@a fa, o, 8) 1 j(nE,n;‘;)(e: 9B, . 3).
(ii) Since Jipmey(e; fa,, B8) E fa. Then, we have
j(ﬂEﬂ]E) (67 j(”]EW}VL;)(Q an «, 6)7 a, ﬁ) E j(”]EW}VL;)(Q an «, 6)
Suppose there exists f4 € (I)F such that
j(ﬂEﬂ]E) (67 j(”]Eﬂﬁ;)(ev fA; «, 5)7 a, B) 72 j(”]Eﬂﬁ;)(ev fAJ «, ﬁ)
There exist x € X and t € I; such that
J(77E77E)<€J77E77E( fa,a,B),a,B)(x ><t<J77E77E( fa,a, B)(z).

Since Ty (e, fa,, B)(x) > t, then there exists gp € (I)E with n.(gp, f4) > «a and
n:(9s, fa) < B such that T, . (fa, o, B) > gp(x) > t. Also, since (1. o 7, n; o n}) is finer

than (1, n%), then 1 0 1e(gn, fa) > ne(gn, fa) > a and n; o nZ(gn, fa) < 1;(9p, f4) < B, and
therefore, there exists he € (I°)F such that n.(g9s, he) > a, 07 (g, he) < B, ne(he, fa) > «

and né‘(hc, fA) < 3. Hence ne(gB,an,nji;(anaaﬁ» > « and 77:(937an,772(an 0475)) < B. Thus
anWE(e?jﬁE:W*E(fA?a?ﬁ)7a7ﬁ)(x> > gp(w) > t.

It is a contradiction. So,

an:n*E (6, j’ﬂE:WE(fA? «, B): a, ﬁ) > an,n*E<fA7 «, ﬁ)
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O

Definition 4.6. A soft double fuzzy semi-topogenous order (ng,n}) is called perfect if
<|_|(fA lvgB /\776 fA lagB)
i€l i€l

and

ne(L(fa)ingm) < N ()i gm),

el el

for each {(fa)ili € T} C (I*)F and e € E.

Theorem 4.7. Let (ng,n};) be a soft double fuzzy topogenous order on X. Define the maps T gty
E

* . (IX)E i
gy | B 107 by
T3 (g m) y(fa) = \/{a €I Jupm(e, fa,o, B) = fa},

Tj(nEnE (fa) = /\{5€]| JnEnE( e, fa, o, B) = fa},
for each e € E and fu € (IX)E. Then:
(i) (Tﬁ(nEw}})’sz(nEvT]EQ is a soft double fuzzy topology on X.
(ii) If (ng,ny) is perfect, then
Tj("IE,n*E) (fA) = ne(fA? fA) and Tj( (fA) - ne (fA? fA)

Proof .

(i) Similar to the proof of Theorem [4.7]
(i) Let Tj(nEmE)(fA> > « and Tﬁ(ﬁE’n*E)(fA) < B, then

fa=Tmemzy(e: fa, 0, 8) = \[Hgs € (IX)?|ne(gs, f4) > a, 0l (g, f4) < B}

Since (g, ny;) is perfect, then n.(fa, fa) > a and n¥(fa, fa) < . Conversely, let n.(fa, fa) > «
and 77 (fa, fa) < B, then Jgyp ) (e, fa, @, 8) 2 fa. So, 7, (fa) 2 0,75 (fa) < B and

the result follows.

O

Theorem 4.8. Let (X,Tg) be a soft double fuzzy interior space. Define the functions ng,n5 : E —
]’(IX)EX(IX)E by

(nj)e(f/th) - \/{Oé S I|fA C 3(67937047B)}7

(m):(fa,98) = \{B € I1f2 E3(e. g5, )}
Then:
(a) (n3,m%) is perfect soft double fuzzy semi-topogenous order on X such that

ﬁ((fij)E(Tia )( fa,a,B) =13(e, fa,a, B),

for eache € E, fa € (I*)F, a €I, and 8 € .
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(b) (n3,m3) is a soft double fuzzy topogenous order on X.

(¢) If 3 is topological soft double fuzzy interior operator, then (nz o ny,n5 onk) € (13, 13).
(d) If (n,n*) is a soft double fuzzy semi-topogenous order, then (ng(w*),n;(w*)) € (n,n*).
(e) If (n,m*) is perfect soft double fuzzy semi-topogenous order, then

(7]7 77*) - (nj(nm*)’n;(nm*))'

Proof . (a) Firstly, we will show that (1.3,7};) is perfect double fuzzy semi-topogenous order:
(1) Trivial.
(2) If 7763(fA>gB) 7£ 0 and n:j(fA>gB) 7£ 17 then fA C 3(6,93,06,5) C gB-

(3) Let h¢ £ Fa E g E Ip, mea(fa,98) > a and n%5(fa,98) < 8. Since fa T J(e, gp, a, (), then
he T 3(e,lp, o, B). Hence nes(he,lp) > a and ¥ (he,lp) < . Thus nes(he, Ip) > nes(fa, gp) and
Ney(hes ) < niy(fas gB).

(Pf) Let
nea(|_| fai98) > @
il
and
(|| faiog8) < 8.
il
Since
fAi E I_I pr

ier
then by (3) nes(fa;, 98) > a and n}5(fa;. 98) < B, for each i € I'. Thus

|| nea(fair98) > @

el

and

|_| Ney(fair98) < B
ier

and therefore

TIefi(|_| faig8) < /\nefI(fAi’gB) and 77;3(|_| fai98) = \/U::;(wagB)'

i€l iel i€l i€l
Now, let
/\ neﬁ(fAiagB) Z a
el
and
\/ Nes(fais 98) < B
el
Then

fAi E j(eagB7aaﬂ)v
for each i € I'. Thus
|_|fAi E 3(679370475)-

el
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It implies

7763(|_| fai, QB) >«
il
and

77:3(\/ faig8) < B.

i€l
Thus, (13, %) is perfect soft double fuzzy semi-topogenous order.

Secondly, we will show that
778'77]'_]( fA,O[/B)—J( fA7a7/6>7
for each f4 € (I*)?, a € I, and B € Iy:

Let ne3(gm, A) > a and n%;(g98,A) < 8. Then gg C J(e, fa,a,B). By the definition of T, , .-, we
have

7753773( fAu 75) C j(ev fA7a7ﬁ)'

Since
I(e, fa, 0, 8) T I(e, fa, a, B),
then
nes(JI(e, fa,a, B), fa) >
and
o5 (3(e, fa, 0, B), fa) < B.
Thus,

77e37767( fA,Oé B) (GJfAuaaﬁ)

and the result follows.

(b) From (1), we will only show that (1., n?,) satisfies (T):

Let

nej(angBl r ng) > o
and

Ne3(fa, 981 T gBs) < B.
Since

98111989 £ 9B,

for each i € {1,2}. Then, by Definition (T), n(fa,g8;) > « and n*(fa,gs;) < B, for each
i ={1,2}. Thus

ne3(fa: 981 T19B2) < nea(fa, 981) Aea(fa, 982)
and

Nes(fa, 98111 9Ba) 2 M (fa,981) V 11¢5(fas 9Ba)-

COHVGISQIY? let nej<fA7 ng) Z « and n:ﬁ(fA7 ng) S ﬁ7 for each i S {17 2} Then fA E 3(67 9B, &; 5)7
but J is a soft double fuzzy interior operator, then

fA ; 3<€7g31705,5) M j(eagB%a?B) = j(eugBl M 93270576)-

Hence
77<an931 Ml 982) > «,
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77*(fA7931 Ml 932) <p
and the result follows.

(c) Let nes(fa,g8) > a and 05 (fa,95) < 5. Then fa C J(e, gp,a, ). Since
fA |; 3(67937057/8) - 3(673(67937aaﬁ>7@75)

and
j(ev 9B, &, ﬁ) C j<€7 9B, &, 5)7

then

nea(fa,3(e, g8, a, B)) > a,

Nes(fa,3(e, 98, 0,8)) < B8
and

nea(3(e, g3, @, B), g) > a,

ne5(3(e, 9B, o, B), g8) < B.
Thus,

Nes © Nea(fa, 9B) = «

and

Ny © Moy (fa, gs) < B.

(d) Let n(fa,95) > a and n¥(fa,95) < f. Then

fA E 3777,7*(6,93,04,5).

Thus
Ned, . (f4:98) > a
and
Nea, . (fa;98) < .
Thus,
(73,5105, )

is finer than (n,n*).

(e) Let

M, (fa,98) > a
and

13, (f4,98) < B.
Then

fA E jn,n*(e7gBaa7/8) = |_|{hC € (]X)E|n<h07gB) Z «, n*(h0793> S ﬂ}

Since (n,n*) is perfect, then
N(Tnm (e, 9B, @, ), 98) >
and
77*(377777*(67937(175)793) <B.
From (T),
faE jn,n*(@agB,Ol,B)
It implies that n.(fa,gp) > 7 and n¥(fa,95) < f. O

83
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Theorem 4.9. Let (75, 75) be a soft double fuzzy topology on X. Define the maps ;1. + B —
]’(IX)EX(IX)E by

r.(fa, 98) :{ (\){Te(hc)’ z:]; gc(fi’qg’g)%:gg‘); |

= ({70 155800

where ®(fa,98) = {hc|fa CE he C gg}. Then:
(i) (Nrg,Mrz) is a perfect soft double fuzzy topogenous order on X.
() (g ) = Oy e, )

Proof .(i) (1) Trivial.
(2) If 0. (fa,98) # 0 and 9.+ (fa,9p) # 1. Then there exists ®(fa,gp) # ¢. Thus f4 C gp.
(3) It follows from the definition of (1, , 7).

(T) Let 0. (fa,(g9)i) > o and 0.+ (fa, (gp)i) < B, for each i € {1,2}. Then there exist (h¢o); €
®(fa,(gB)1) and (hc)2 € ®(fa,(gB)2) such that 7.((hc)1) > a, 77 ((he)1) < B and 7.((he)2) > a,
72 ((he)2) < B. Since T((he)1 M (he)2) = a, 72 ((he)1 M (he)2) < B and (he)i1 M (he)2 € ©(fa, (95)1T1
(gB)2), we have . (fa, (98)1 M (9B)2) = o, N+ (fa, (gB)1 M (gB)2) < 5.

Now, to prove that (1., 7.:) is perfect, let ., ((fa)i, g8) > a and 1.+ ((fa)i, g5) < B, for each i € T'.
For each i € I, there exist (h¢); € ®((fa)i, gp) such that 7.((he);) > a and 77 ((he);) < 8. It implies

that
|_|(fA)i C |_|(h’0)i C g5

el el

and Te(uier(h(l)i) > a, 7—:<UieF(hC)i) < (. Hence nre<uier(fA)i>gB) > a and Nrz (UieF(fA)ivgB> <
B.

(i) Let ., .. (fa,98) > o and 77;(%73)(]%93) < f. Since

faE T, (e, 98,0,8) E gp
and

Te(Jrpr) (e, 98,0, 8)) > a,

7 (Jrerp) (€ 98,0, B)) < B,
then 1., (fa,98) > a, 1= (fa,98) < B.

Conversely, let 0., (fa,g98) > o and 1:+(fa,95) < . Then, there exists he € ®(fa,gp) such that
Te(hc) > a and 77 (he) < B. Since J(r, -z (e, he, a, B)=he, 773<TE,T%)(fA, he) > a, UﬁTE,TE(fA, he) < B
implies 773<TE,T;5>(fA7gB) > « and n§(TE,Tg>(fA’gB) <p. 0O

Theorem 4.10. Let (ng,n};) be a perfect soft double fuzzy semi-topogenous order on X. Define the
maps Ty, Tny, - E— ([X)E by

To(fa) = ne(fas fa), 7oz (fa) = nZ(fa, fa)
for each fa € (I*)®. Then:



Soft double fuzzy semi-topogenous structures 8 (2017) No. 2, 71-88 85

(Z) (TﬁE7T77*E) = (Tj(nE,n*EWTj(nE,n*E))'
(i3) If (ne,ng) is perfect soft double fuzzy topogenous order on X, then (7,,,7,:) is a soft double
fuzzy topology on X.

(Z”) (77E777§) € (nTnEanTnE)'
(i) If (& 0 Ne, Mg 0 Np) € (Ne,158), then (Np,0g) = (s, )

Proof .(i) From Theorem. s Tne(fa) = o, T (fa) < B it ne(fa, fa) > o, ni(fa, fa) < B iff
fA = j(nE,nE)<e7fA7aa/8)a

fA anT]E)( fA> 75)
iff 7-3( E)(fA> > Q, Tﬁk(nE,nE)(fA) < ﬁ
ii) (1) Trivial.

(
(2) Let 7, ((fa)1) = o, Tn;(()f A

) < Band 7, ((fa)2) = B, Tye ((fa)2) < B. Then ne((fA)l»(fA) ) =«
Ne((fa)r, (fa)r) < B, ne((fa (f )2) 2 cvand 0z ((fa)2, (fa)2) < B Thus, ne((fA) (fa)2, (fa)1) >
a, Nz ((fa)r 1V (fa)2, (Fa)1) < B, ne((fa)r T (fa)2, (fa)2 ) a and 77 ((fa)1 71 (fa)2, (fa)2) < B, which

tends to

Ne((fa)1 T (fa)2, (fa)1 T (fa)2) = . mi((fa)1 T (fa)z, (fa)i T (fa)2) < B.
Thus 7, ((fa)1 M (fa)2) > a, Ty ((fa)1 11 (fa)2) < B.

(3) Let 7,.((fa)i) = a and 7,:((fa)i) < B, for each i € I'. Then n.((fa)i, (fa):) > « and
ni((fa)i, (fa);) < B, for each ¢ € T'. By Definition (3), we have 7e((fa)i,|lier) = o and

e ((fa)is Lier) < 8. Then ne(Uier(fa)i, Uier(fa)i) = a and 52 (Licr (fa)i Uier(fa)i) < 6 ( Since
(N, n5) is perfect ). Therefore, 7, (| |;cr(fa)i) = @, Ty (U;er(fa)i) < B and the result follows.
(iii) Let ny,, (fa,98) > « and 0, .(fa,g95) < B. Then, there exists ho € ®(fa,gp) such that
Ty.(hc) > a and 7, (he) < B. Since 7, (he) > o, Ty (he) < B iff ne(he, he) > a, ni(he, he) < B
and fa C he C gp. By Definition [1.1H(3), ne(fa,98) > « and 7} (fa,95) < B. Then, (np,n}) €
(Mg T )

E

(iv) We need only to show that (T]T”E’TITW*E) € (ne,n3). Let ne(fa,g8) > aand n¥(fa,95) < B. Then,
fA E j(nE7nE)(eagB7 «, ﬂ) E gB- Since

j(nEW*E)(e? j(nE,n}})(ev 9B, &, 6)7 «, ﬂ) = j(77E:T]*E) (6, 9B, &, ﬂ)a

:7’,’7

e

we have Tj(nEm*E)(J(nEm*E)(e,gB,04,,8)) > « and TJ (3 (e (€, 9B, a, B)) < a. Since (LTI
)

and 75 ) > a and 7, (J(np e (€, 9B, @, B)) < B and

nEJI*E) - Tn;’ then we have Tne(J(nE,ﬂE (e gB7

therefore, 1, (f4,95) > o and 1, (f4,95) < B. O

Theorem 4.11. Let (75, 7f) be a soft double fuzzy topology on X. Then

(TUTE’TTITE) - (Tnﬁ ) = (TE7TE)'

-
ey Pegry)

Proof . By Theorem (175> M) is & perfect soft double fuzzy semi-topogenous order on X and
(Mg Thrg,) = mj(mwg)’n;(@;g))‘ Then, by Theorem 4.10}

(TUTE ’ T777'%> - (Tnj(TE,TE) ’ Tn;("’E'T;‘E) )
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Let
T, ) (fa) >«
and
Tn§<TE . (fa) <8
Then, by definition of
(Tn%Eﬁg) T3, )

TE,TE)

Mirrs) (fa: fa) = a and Wrpoesy (far fa) < 6. Thus, Mr(fa,fa) = o and 0o (fa, fa) < B. By
definition of (9,5, 7+ ), Te(fa) > a and 77(f4) < B. So,

nj(TEvTE) -

and
Ty > T
Yrprhy)
ETp

Let 7.(fa) > a and 77(fa) < B. Then, T, (e, fa,a, 3) = fa. By Theorem |4.8 !, it implies that
fa)

773(TE,75>(fAva) > « and n;(TE,TE)(fA’fA) < g iff L. (fA) > « and T, . < B. Thus

T< Ty, . and 77 > 7y . Hence (7, 7) = (73, » g )- O
gy Yrprh) 2R VreTE)

Theorem 4.12. Let (X,Jg) be a soft double fuzzy interior space. Define the maps 5., 75 as in
Theorem 11l Then:

(a) (T35, TZTE> = (TTIJE ) TU§W)'
(8) (1sgs7,) € (et )
(¢) 1f (X,35) is topological, then (s, 15,) = (e, o 1rs ).

Proof .(a) Let (73)e(fa) > aand (15)5(fa) < fwith J(e, fa, @, 5) = fa. It implies that (19y)e(fa, fa)
aand (13)e(fa, fa) < Biff 7,(fa) > cand 72 (fa) < B. Thus, 75 < 7, and 75 > 7. Let 7, (fa) > o

and 7,:(fa) < B. Then n3(fa, fa) > a and m5(fa, fa) < B. It implies that fa C J(e, fa, @, 3). Thus,
75(fa) > a and 75(f4) < B. So, 7, < 75 and 7, > 75

(b) Let 1, (fa,98) > o and nTj*(fA,gB) < 3. Then, there exists hg € ®(fa, gp) such that m5(he) > «
and 75 (he) < B. Since fa T he = (e, he, o, B), we have 15(fa, he) > a and 0% (fa, he) < [, which
implies 75(fa, gp) > o and 75(fa,95) < 8. Hence (n,753) is finer than (n,,,7.:).

(c) Let (m3)e(fas95) = v and (n9);(fa.98) < B. Then fa E (e, gp, o, B) € gp. Since (X,Tg) is

topological, 7'3(3(6, 9B, &, B)) > aand T;(j(e, 9B, &, 5)) < B ThUS, Try (fz‘h gB) > aand Nz (fA7 gB) <
B. Hence (1, nyz) is finer than (ny,73) and this complete the proof. [J

v

Theorem 4.13. Let (X,ng,n}) and (Y, 0p,0%) be two soft double fuzzy topogenous spaces. If ¢y
(I*)E — (IY)F is soft double fuzzy topogenous function, then it satisfies the following statements:

(1) ¢1ZJ (j(T]E,n}i;)(e?anaaﬁ)) E j(@p,@})(w(e)7¢w<fA)7a7B> fOT’ each fA € ([X)E’ a € Il; 6 € IO and
ec k.

(2) j(nEJ]E) (w ( ) qbw (gB) «Q 5) < Cbz/; ( OF,0% )(679Baaaﬁ)); fO?" each 9B € (IY)F; o€ Il; B S IO
and e € F.
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(3) dp (X, Tampmz)s T ) — (Y. T0r.01): T, 9;)) is soft double fuzzy continuous function.

(ne.m})

Proof .

(1)

(3)
0

Suppose there exist f4 € (I*)F, a € I}, B € I and e € E such that

¢w (j(nEﬂ?}:;)(eﬂ fA) Q, /B)) g j(@p,@})(¢(6)7 ¢¢<fA>; «, 6)

By using the definition of Jg, ¢:), there exists gp € (I")" with Oy c)(gp, ¢y(fa)) > a and

9;}(6)(93,¢¢(fA)) < B such that ¢, (j(nE,nE)(e,fA7Oé,B)) iZ gp. Since ¢y, is soft double fuzzy
topogenous function, then

Ne (03 (98), &y (9p(fa))) = 0c(gs, dyp(fa)) =

e 02 (05 9m), 0 (6ol 1) < 2(0m 00l ) <
Since 167 9m)s £4) = 167 (gm), 67 (Gu 1)
nd W03 98). f4) < (03 (98, 65 (G0l 1)),
we have Sy (€ Farer, B) = 65 (g5).

Then

b (Fmpms) (€ fa1, 0, 8)) T du(d,'(98)) T gb.

It is a contradiction.
For each g € (IV)Y', a € I, B € Iy and f € F, put fAégb;l(gB) in (1), we get

¢1/1 (j(TIEW*E)<w71(f)7 (qul(gB)v «, ﬁ))

Then

Ty (), 05 (98), @, 8) < ¢y (¢p (Fmpmz) @), by (98), o, B)))
< Qﬁl (3(9F,0*F)(f7 9B, a, ).

It easily proved from (2) and Theorem [4.7]

5. Conclusion

In this paper, we have introduced the notions of soft double fuzzy topology, soft double fuzzy interior
operator, and soft double fuzzy semi-topogenous structure. In this way, we constructed soft dou-
ble fuzzy interior operator and soft double fuzzy semi-topogenous structure from soft double fuzzy
topology and vice versa. Finally, we presented many properties of the new structures. The results
of this paper are considered as a generalization of the same concepts that have been studied before.
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