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Abstract

Let f, g and h be all entire functions of several complex variables. In this paper we would like to
establish some inequalities on the basis of relative order and relative lower order of f with respect to
g when the relative orders and relative lower orders of both f and g with respect to h are given.
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1. Introduction and preliminaries
Let f be an entire function of two complex variables holomorphic in the closed polydisc
U={(z1,22): |zi| <y i=1,2forall r >0,75 >0}

and My (r1,re) = max{|f (z1,22)] : |z| <r;, i=1,2}. Then in view of maximum principal and
Hartogs theorem {[7], p. 2, p. 51}, My (r1,72) is an increasing functions of 71, rs.
The following definition is well known:

Definition 1.1. {[7], p. 339, (see also [1])} The order ,,p; and the lower order ,,A; of an entire
function f of two complex variables are defined as

log® M log!@ M
v Py = limsup = AGHE and ,,A\; = liminf 08 s (r1,72)
riroo 10g (117p) rire—oo  log (ri7g)

*Corresponding author
Email addresses: sanjib_kr_datta@yahoo.co.in (Sanjib Kumar Datta),
tanmaybiswas_math@rediffmail.com (Tanmay Biswas), debasmita.dut@gmail.com (Debasmita Dutta)

Received: July 2015 Rewvised: October 2016


http://dx.doi.org/10.22075/ijnaa.2016.518

134 Datta, Biswas, Dutta
where log[k] x = log <10g[k_1] x), k=1,2,3,... and log[o] T =1

If we consider the above definiton for single variable, then the definition coincides with the classical
definition of order (see [I4]) which is as follows:

Definition 1.2. ([I4]) The order p; and the lower order A; of an entire function f are defined in
the following way:

loo® M loo® M
pf = limsupog—m and Ay = lim infog—m
r—ro0 log r r—o0 log r

where My (r) = max {|f (2)| : |z| =r}.

If f is non-constant then My (r) is strictly increasing and continuous, and its inverse M, ' :
(] (0)],00) — (0,00) exists and is such that lim M;™! (s) = oco. Bernal {[2], [3]} introduced the
§—00

definition of relative order of g with respect to f, denoted by py (g) as follows :
pg (f) = inf{p>0:M;(r) <M, (r*) for all r > ro () > 0}
. log M, M (r)
= limsup )

r—00 logr

The definition coincides with the classical one [14] if g (2) = exp z.

During the past decades, several authors ( see [5],[9],[10],[11],[12],[13]) made close investigations
on the properties of relative order of entire functions of single variable. In the case of relative order,
it was then natural for Banerjee and Dutta [4] to define the relative order of entire functions of two
complex variables as follows:

Definition 1.3. ([4]) The relative order between two entire functions of two complex variables
denoted by ,,p, (f) is defined as:

wPy (f) = inf{p>0:M(r,re) < M (rf,ry) ;1 > R(p),r2 = R(p)}
. log My ' My (11, 72)
= limsup

11300 log (r172)

where f and g are entire functions holomorphic in the closed polydisc
U={(z1,22): |zi| <y, i=1,2forall r >0,m5 >0}
and the definition coincides with Definition [1.1| {see [4]} if g (z) = exp (z129) .

Extending this notion, Dutta [6] introduced the idea of relative order of entire functions of several
complex variables in the following way:

Definition 1.4. ([6]) Let f(z1, 22, ..., 2,) and g(z1, 22, ..., 2,) be any two entire functions of n com-
plex variables 21, 22, ..., 2, with maximum modulus functions My (rq,72,...,7,) and M, (r1, 72, ..., 75)
respectively then the relative order of f with respect to g, denoted by ,,p, (f) is defined by

wnPg (f) = inf{p>0:Ms(ri,re,..or) < My (ri,ry, k) sfor iy > R(p),i=1,2,...,n}.
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The above definition can equivalently be written as

log M= M (r1, 79, ... 7y
o (f) = timsup 28Me My 072 t)

T1,72,eee, T —>00 IOg (TlTQ...Tn>

Similarly, one can define the relative lower order of f with respect to g denoted by ,,, A, (f) as follows:

log M7 1My (r1,79, ...,
()= liming BMe My ryre - 7a)

1,725, —>00 10g (TlT’Q...Tn)

If we consider g(z1, 22, ..., 2,) = exp (2122...2,) , then Definition reduces to the following clas-
sical definition of order and lower order in connection with several complex variables:

Definition 1.5. The order ,, p; and the lower order ,, A; of an entire function f of two complex
variables are defined as

logp] My (r1,re, ...iTy)

wmPf = limsup and
! 71,7250 0,T0—>00 log (7“17‘2...’/“n)
log? My (ry, 79, ...,
wAp = liminf —2 7 (11,7200 Tn)
T1T2,0Tn =00 log (r17rg...7y)

Also an entire function of several complex variables for which order and lower order are the same
is said to be of regular growth. The function exp (z125...2,,) is an example of regular growth of entire
function of several complex variables. Further the functions which are not of regular growth are said
to be of irregular growth. Similarly for an entire function of several complex variables for which
relative order and relative lower order with respect to another entire function of several complex
variables are the same is said to be of regular relative growth with respect to that entire function.
Also the functions which are not of regular relative growth with respect to entire functions are said
to be of irregular relative growth with respect to respective entire functions.

Now a question may arise about relative order (relative lower order) of f with respect to another
entire function g when relative order (relative lower oreder) of f and g with respect to another
entire function h are respectively given. In this paper we intend to provide this answer. Interested
researchers may also think over to establish such type of results on the coupled systems of equations
with entire and polynomial functions {cf. [§]} . We do not explain the standard definitions and
notations in the theory of entire function of two complex variables as those are available in [7].

2. The main results

In this section we present the main results of the paper.

Theorem 2.1. Let f, g and h be any three entire functions of several complex variables such that
relative order (relative lower order) of f with respect to h and relative order (relative lower order) of
[ with respect to h are ,, pr, (f) (o, n (f)) and o, pn (9) (v, n (g)) respectively. Then

=) <) < i

vnPh (9)
3
< max
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Proof . From the definitions of ., pp (f) and , An (f), we have for all sufficiently large values of

ri,To, ..., , that

Mllef (7”1,7”2,
i.e., Mg (ry,ma,...

Mh_le (7’1,7"2,
i.e., My (1,72, ...

7rn)

) Tn)

. Tn)

) Tn)

IA A

AV,

exp {( v, on (f) + &) log (r17s...7) }

and also for a sequence of values of r{,rs, ..., 7, tending to infinity we get that

Mh_le (7'1,7"2,
i.e., Mg (ry,ma,...

Mh_le (7‘1,7"27
ie., My (ry,ma,...

. Tn)

) Tn)

. Tn)

,Tn)

AV,

IN A

My lexp {( v, pon (f) +€)log (r1ra..mn)}] (2.1)
exp {( v, An (f) —€)log (rire...rn)}
My, [exp {( v, n (f) — &) log (rira...mp)}H (2.2)
exp {( v, pn (f) —€)log (rira...75) }
My [exp {( v,pon (f) —€)log (r1r2..m0)}] (2.3)
exp {( v, An (f) +¢)log (rira...r;) }
My, [exp {( v, n (f) +¢)log (rira...mp) }H . (2.4)

Similarly from the definitions of ,,_pp (¢) and , A, (g), it follows for all sufficiently large values of

1,72 that

-1
Mh Mg (7“1,7"2,

i.e., My(ry,re, ...

i.e., My (ry,ra,...

-1
Mh Mg (7“1,7’2,

i.e., My(ry,re, ...

i.e., My (ry,ra,...

IAINA

v

(A\VARVS

IN

exp {( v,pn (9) +¢)log (rira...m0)}
Mj, [exp {( v,pn (9) +€)log (r1r2...70) }]
log (r173...77)

Mo {exp {WH |

exp {( v, An (g) — ) log (r17r2...7,) }
My, [exp{( v, A\n (9) — €)log (rira...7) }]

M, [exp { log (r172...1) H

ACED (2:6)

and for a sequence of values of rq, 79, ..., 7, tending to infinity we obtain that

-1
Mh Mg (7’1,7“2,

i.e., My(ri,re, ...

i.e., My (1,79, ...

-1
Mh Mg (7’1,7“2,

z'.e., Mg (7"1,7’2,

i.e., My (ri, 7o, ...

AVARAVS

IN

IA A

v

exp {( v.pn (9) — €)log (rira...75) }
My, [exp {( v, pn (9) — €) log (1172...75) }]

oo |5

exp {( v, \n (g) +¢)log (rire...rn)}
My, [exp{( v, \n (9) + &) log (ri73...1) }]

" [eXp [log (F172..) H |

(o (9) 1) (28)

Now from ([2.3)) and in view of ([2.5)) , we get for a sequence of values of ry, 7, ..., 7, tending to infinity

that

log Mg_le (ri,72, ..., 7s) > log Mg_th [exp {( v, pn (f) —€)log (r172...7,) }]
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i.e., logM;le (r1,72, .oy )

> oMM, { [logexp{(vn(pzn(g}?(;)eilzgg(rlrg...rn)}H

e 1 MM s t) > ( vn Ph (f)_f‘:)l .
1.€ og g f(rl T T ) - (vnph (g) +€) og (T1T2 r )
i o logMg_le (7”1,7"2,'--77%) (Unph (f)_g)
Y log (r17g...75) (vapn (9) +¢)

As e (> 0) is arbitrary, it follows that

. 1OgM;1Mf (T17T27"'7T71) vn Ph (f
lim sup >
71,79 —+00 lOg (7"17"2...7“,1) v Ph (
(

i€, v, pg(f) >

(2.9)

Analogously, from (2.2)) and in view of ({2.8]) it follows for a sequence of values of ry, s, ..., 7, tending
to infinity that

log My ' My (11,72, ..., ) > log My My, [exp {( v, An (f) — €)1og (r1r2...75) }]

i.e., log Mg_le (r1, 79, .oy )

> log M;Mg {exp [log e il vn()\:n(){: (;)i)rlz)g <7’1T2“'T”)}H

. _ oA (f) —€)

e.. loe MM > Conn ]

1.€., log g f(r17T27 7Tn) el (vn)\h (g) +€) og (7"17”2 Tn)
. 1ogMg—1Mf (11,79, ey T) - (w, A (f) =€)

Y log (r17a...70) (w9 te)

Since € (> 0) is arbitrary, we get from above that

limsuplogMJle (71,72, o0y Th) - on ()
r1,r2—00 lOg (r17a2---rn) - Un )‘h (g)
: e
Qe wpg(f) > AZ Eg; . (2.10)

Again in view of ([2.6)) , we have from ([2.1)) for all sufficiently large values of r1, 7, ..., 7, that

log My ' My (11,72, ...;m) < log My ' My [exp {( v,pn (f) + &) log (r172..7) }]

1.e., log Mg_le (11,72, .., Tn)

g M-, {exp [log exp {( fh&i)(;) s_) 1;@ (7‘17“2...7‘”)}H

IN
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. _ +¢)
e., log M71M ) < Lwml)EE), .
1.€., l0g g f(rl7r27 T ) = ( U,,L>\h (g) —5) Og(TITQ r )
. logMg_le(rl,'rg,...,rn) (opn (f) +¢)
U log (r179...75,) (o9 —e)
Since € (> 0) is arbitrary, we obtain that
log M -*M T v
lim sup og My My (11,72 ) < wPh (f)
r1,7r2—300 log (r179...7) o (9)
. Unph (f)
1.€., o, <
pg (f) vn)\h (g)
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(2.11)

Again from (2.2)) and in view of (2.5)) , we get for all sufficiently large values of rq,rs, ..., 7, that

log M "' My (r1, 79, ... ra) = log My My [exp {( v, A (f) — ) log (r173...7) }]

i.e., log Mg_le (r1,72, .oy )

e |

. _ v >\h (f) 5)
e., logM M ,,...,n><" ] n
i.e., log M, " Mg (r1,72,...,70) > Copn (T2 og (r1ra...1m,)
- log M My (ry, 72, m0) (v (f) =€)
i.e., >

log (r173...7) (wopn(g9) +€)

As € (> 0) is arbitrary, it follows from above that

log M- YMy (11,79, ..., 70 )\
lim inf &% UGN ) > n
T1,72—>00 log (7’17°2...7’n) vn Ph

B, v (f) >

Also in view of (2.7), we get from ([2.1)) for a sequence of values of ry,rs, ...,

that

(2.12)

r, tending to infinity

log My ' My (r1,7a, ..., 7)) < log M ' My [exp {( v, pon (f) + ) log (r175...75) }]

i.e., logMg_le (11,72, .., Tn)

< oM, [eXp [log exp {( vn(Pi;n(Z: (;)ezlc;)g (Tlrg...rn)}H

+

[~
3
s

+
Mo M| m
—— — | —

| —~ |

S

i.e., logMg_le(rl,rg,...,rn) < log (r179...75,)

log M, My (11,73, ..., 7)

log (r173...75,)

<
3
hAS)
~

<
3
k)
> >

1.€.,

—~|— |
S
3
)
= |
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Since € (> 0) is arbitrary, we get from above that

log M 1M vy Ty
lim inf 0og g f(rlar27 T ) S ’Unph( )
71,7200 log (r179...75) o Ph (9)
. v ph( )
1.6, 4, A (f) < = : 2.13
g ( ) v Ph (g) ( )

Similarly from (2.4) and in view of ({2.6)) , it follows for a sequence of values of 71,79, ..., 1, tending to
infinity that

log M ' My (r1, 79, ...;mn) < log M " My, [exp {( o, A (f) + €)log (ri72..7) }]

i.e., logMg_le (11,72, ..y )

logexp {( »,\n (f) +¢)log (rlrg...rn)}H
(v n(g9) —¢)

< log Mg_lMg {exp [

. _ o (f) +¢)
e., log M7'M ) < (ow 1 .
i.e., log My "My (ri,72,...,7) < (o (9)=2) og (r17ra...1y)
o log MY My (11,72, .0, 7) (o, A0 (f)+e)
i.e., < .

log (r179...75) (v, An(g) —€)

As € (> 0) is arbitrary, we obtain from above that
log MY My (11,79, ..y Ty

lim inf &% s ) < vnAh()

71,7200 log (r172ryrp..r,) v AR ( )

)

. vn)\h(
Q€. v (f) < (o)

Thus the theorem follows from (2.9), (2.10)), (2.11), (2.12), (2.13)) and (2.14)) . O

(2.14)

In view of Theorem [2.T], one can easily verify the following corollaries:

Corollary 2.2. Let f be an entire function of several complex variables with regular relative growth
with respect to an entire function h of several complex variables and g be entire another entire function
of several complex variables. Then

vn Ph (f)
oA (9)

- vn Ph (f)
Ag (f) = S onl9)

In addition, if v, pn (f) = v.pn (9) , then

g (f) = wopr(g) =1

Corollary 2.3. Let f, g, h be three entire functions of several complex variables such that ¢ is of
regular relative growth with respect to an entire function h. Then

o () vaPh (f)
P (9) P (9)

In addition, if , pp (f) = +,pn (g) then

Py (f) = w s (g) = 1.

and o, p, (f) =

on g (f) = and , py (f) =
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Corollary 2.4. Let f and g be any two entire functions of several complex variables with regular
relative growth with respect to another entire function h of several complex variables respectively.

Then
vn Ph (f>

vn)‘g(f): vnpg(f):v ph(g)

Corollary 2.5. Let f and g be any two entire functions of several complex variables with regular
relative growth and regular relative growth with respect to another entire function h of several
complex variables respectively. Also suppose that ,, pp (f) = v, 0n (9) . Then

ondg (f) = 0,09 (f) = v Ap(9) = wopp(g) =1

Corollary 2.6. Let f, g and h be any three entire functions of several complex variables such that
either f is not of regular relative growth or ¢ is not of regular relative growth with respect to h.
Then

vy (f) - vapr(9) 21
when f and g are both of regular relative growth with respect to h respectively, then
Py () wupy(g) = 1.

Corollary 2.7. Let f, g and h be any three entire functions of several complex variables such that
either f is not of regular relative growth or g is not of regular relative growth with respect to h.
Then

”n)\g (f) ’ vn)\f (g) <1

when f and g are both of regular relative growth with respect to h respectively, then

g (f) © wnAp(g) = 1.

Corollary 2.8. Let f and g be any two entire functions of several complex variables . Then

(Z) Un/\g (f) = 00 when vn Ph (g) =0,
(i) v,pg (f) = o0 when ,, A (g) =0,
(193) v, Ag (f) = 0 when ,, pp(g) = 0

and
(iv) v,pg (f) = 0 when , A, (g) = oco.

Corollary 2.9. Let f and g be any two entire functions of several complex variables . Then

) = 0 when, p,(f)=0,
) = 0 when , Ay (f) =0,
)

= oo when ,, pp (f) = 0

(“}) vn/\g (f) = oo when vn/\h (f) = 0.
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