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Abstract

In this paper, we introduce two new subclasses of the function class ¥ of bi-univalent functions connected to the
normalized error function. Also, we find estimates on the coefficients |as| and |as| for functions in these new subclasses.
Furthermore, the Fekete-Szegd problem for these subclasses is solved. A number of new results are shown to follow
upon specializing the parameters involved in our main results.
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1 Introduction and definitions

Let A denote the class of functions of the form
f(z) :z—l—ZanZ" (1.1)
n=2

which are analytic in the open unit disc & ={z: |z| < 1}. Further, by & we shall denote the class of all functions in
A which are univalent in /. A function f(z) belonging to S is said to be starlike of order « if it satisfies

Re(?é?>>of (z €U), (1.2)

for some (0 < a < 1). We denote by S*(a) the subclass of S consisting of functions which are starlike of order « in
U. Also, a function f(z) belonging to S is said to be convex of order « if it satisfies

2f"(2)
f'(z)

for some (0 < o < 1). We denote by K(«a) the subclass of S consisting of functions which are convex of order « in U.
It is well known that every function f € S has an inverse f~!, defined by

UGN =2 (zeu),

Re <1+ ) >« (zell), (1.3)
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and

FUT @) =w  (Jwl <ro(f); ro(f) = )

Py

where
fHw) = g(w) = w — agw? + (2a3 — az)w® — (5a3 — bagaz + ag)w* + - . (1.4)

A function is said to be bi-univalent in I if both f(2) and f~1(2) are univalent in U. Let X denote the class of
bi-univalent functions in U given by (L.1)). Example of functions in the class ¥ are

142

z
— 1 .
) 0og 12

1—=z

log

1—2’

However, the familiar Koebe function is not a member of ¥. Other common examples of functions in U such as

2

2z — z z
> andl_Z2

are also not members of 3. Lewin [I6] investigated the bi-univalent function class 3 and showed that |as| < 1.51.
Subsequently, Brannan and Clunie [§] conjectured that |as| < v/2. Netanyahu [I8], on the other hand, showed that
r}laéc laz| = 4/3.

€

The coefficient estimate problem for each of the Taylor-Maclaurin coefficients |a,| (n > 3;n € N) is presumably
still an open problem.

Similar to the familiar subclasses $*(«) and K(«) of starlike and convex function of order a(0 < o < 1), respectively,
Brannan and Taha [7] (see also [23]) introduced certain subclasses of the bi-univalent function class 3, 8% (o) and Kx ()
of bi-starlike functions and of bi-convex functions of order a(0 < « < 1), respectively. For each of the function classes
S (o) and Ky (), they found non-sharp estimates on the first two Taylor-Maclaurin coefficients |az| and |ag|. For some
intriguing examples of functions and characterization of the class 3, see [2,[4, [5 [TT], 12, T3] 17 211, 22| 24, 26], 27 28], 29].

The Fekete-Szego problem introduced in 1933 [10], is the problem of maximizing the absolute value of |az—na3|, n €
R. Several researchers have found coefficient estimates for this problem, for elements of ¥ (for example, see [9] [15] [14]).
The error function defined by [I]

n 2n+1
erf (2 f/ Yt = \/’Z 2n+1 n!

appears widely in mathematics and related disciplines. Especially, it has various applications in statistics, probability
theory, partial differential equations, special functions and physics. It is important to mention here that the error
function is also known as probability integral in the literature.

Ramachandran et al. [20] (see also, [3], [6]) introduced the normalized error function defined as follows:

nfl
Erf(z):\/;?zerf —z—l—zn_l—n_l)”, (z €l).

Using the Hadamard product, Ramachandran et al. [20] studied the function E f(z) defined as follows:

Ef(z)=E.f(2)*f (2 )Z+22n(—11))(n—1)

anz", (z el). (1.5)

The object of the present paper is to introduce two new subclasses of the function class ¥ defined by the normalized
error function Ef(z) and find estimates on the coefficients |as| and |as| for functions in these new subclasses of the
function class ¥ employing the techniques used by Srivastava et al. [21] (see also, [I2] and [25]). Furthermore, the
Fekete-Szego6 problem for these subclasses is solved. In order to derive our main results, we have to recall here the
following lemma [19].

Lemma 1.1. If h € P then |cx| < 2 for each k, where P is the family of all functions h analytic in & for which
Reh(z) >0, h(z) =1+ c1z+ 2% +c328 + -+ for z € U.
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2 Coefficient bounds for the function class Ex(a, )

Definition 2.1. A function f(z) given by (1.1)) is said to be in the class Ex(a, A) if the following conditions are
satisfied:

feX and |arg ((1—)\)Efz(z)—|—/\E'f(z))‘<O;7T O<a<l, A>1,z€el) (2.1)
and
arg ((1—/\)Egu§2)—|—/\Eg’(z)>) < % O<a<l, A>1,wel), (2.2)

where the function g = f~! is given by (1.4). For A = 1, we have the class given by Ex(a, 1) = Ex(a), whose functions
satisfy the following conditions:

feXand |arg (E' f(2))] <% 0<a<l,zel) (2.3)

and -
larg (E¢'(2))] < E3 0<a<l,weld), (2.4)

where the function g = f~1 is given by (1.4). We begin by finding the estimates on the coefficients |az| and |as| for
functions in the class Ex(a, A).

Theorem 2.2. Let the function f (z) given by (L.1)) be in the class Es(a, ), 0 <« <1 and A > 1. Then

6\/504
lag| < : (2.5)
VI9@A+1) =5 (a— 1) (A + 1)2]
and
3602 20
< . 2.6
|a3|_()\+1)2+2)\+1 (2:6)
Proof . It follows from ([2.1)) and (2.2)) that
Ef(z o
(-0 ) = e (2.7
and Eo(2)
< (0%
(1= 0=+ ABg (=) = [q(w) (2.8)
where p(z) and g(w) in P and have the forms
p(z) =14+ prz +paz® +p3z’ + - (2.9)
and
q(w) =14 qw + gw® + ggw> + - - - . (2.10)
Now, equating the coefficients in (2.7)) and (2.8)), we get
7(A3+ Do, - op1. o
2x+1) ala—1)
Ta?, = apo + ?p%, (212)
A+1
(A+ )y = oy (2.13)

3
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and 2\ + 1) (@—1)
+ oo —
T(2a§ —a3) =agq + Tq% (2.14)
From (2.11)) and (2.13), we get
P1=—q (2.15)
and 5
g+ D3 = a*(pi +q). (2.16)
Now from (2.12)), (2.14) and (2.16]), we obtain
1 ala—1
5(”\ +1)a; = alp2+q)+ %(P% +4q7)
ala—1) (2(X+1)?
= a(p2+q)+ ( 5 ) < (9a2) a%).
Therefore, we have
4502
o2 = " (P2 + 02) (2.17)

92 A+ 1) =5 (a—1) (A +1)%
Applying Lemma for the coefficients po and g2, we get the desired inequality (2.5

< 6v/50
T VR s @- D+ D]

Next, in order to find the bound on |as|, by subtracting (2.14]) from (2.12), we get

ala—1)

1 1
S+ Das — (24 + a3 = a(p2 = @) + ——

(pi —ai)- (2.18)

Further, in view of (2.15)), it follows from (2.18]) that

da (p2 — ¢q
as = a3 + % (2.19)

From ([2.16)) and (2.19), we get
e — 90 (p? +ai) | Salp2 — ¢2)
2T oA+ 1)2 A+1

Applying Lemma once again for the coefficients p1, pa, 1 and ¢o, we readily get|as| < 36a® 4 %. O

(A+1)2
Putting A = 1 in Theorem we have

Corollary 2.3. Let the function f (z) given by (L.1) be in the class £x(a), (0 < o <1). Then

6v/5a a(27a + 20)
< — d < —2
ool < Ve M4 lal= T

3 Coefficient bounds for the function class Ex(3, A)

Definition 3.1. A function f(z) given by (1.1)) is said to be in the class Ex(8, A) if the following conditions are
satisfied:
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Ef(2)

feXand Re((l—)\) +)\E’f(z))>6 0<B<1, A>1,2€U) (3.1)

and

Re ((1 - )\)EQT(Z) + )\Eg'(z)) > f 0<B<, A>1L,wel), (3.2)

where the function g = f~! is given by (1.4). For A = 1, we have the class given by £x(8,1) = (), whose functions
satisfy the following conditions:

feXand Re(E'f(z) > f 0<B<1, zel) (3.3)

and

Re (Fg'(2)) > 8 0<B<1, weld), (3.4)
where the function g = f~! is given by (1.4).

Theorem 3.2. Let f(z) given by (L.1)) be in the class Ex(8,A), 0 < 8 <1 and A > 1. Then

201 = B)
< _— .
ol <\ 8T (8:5)
and
36(1 —B)* | 20(1—B)
< . .
lasl < 352 Y (36)
Proof . It follows from (3.1]) and (3.2]) that there exist p and ¢ € P such that
Ef(z
- am ) = 4 (- 8 (3.7
and Eo(2)
z
(1= N=LZ 4 XEg (2) = B+ (1 - Bq(w) (3.8)
where p(z) and g(w) have the forms (2.9)) and (2.10)), respectively. Equating coefficients in (3.7)) and (3.8) yields
—(A+1
R (59)
22+ 1
%az’) = (1-B8)p2, (3.10)
A+1
D, = -8 (3.11)
and (2A+1)
+
T(mg —a3) = (1 - B)ga. (3.12)

From (3.9) and (3.11)), we get p1 = —q1 and

SO 123 = (- 026+ D) (313)
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Also, from (3.10)) and (3.12]), we find that

£+ 1)a3 = (1- B)(p2 + ). (3.14)
Thus, we have
B) 20(1 — B)
|a3| < m(|ﬁ2|+|fh|) ot 1

which is the bound on |az| as given in (3.5). Next, in order to find the bound on |as|, by subtracting (3.13)) form
(3.12), we get

5(2)\—1—1)@3—5(2)\—&— ) (1—6)(])2—(]2)

or, equivalently,az = a2 + 50-B)(p2—gz) Upon substituting the value of a2 from (3.13)), we obtain
2 (A1) g 2

9(1 — B)*(pi +4i) , 51— B)(p2 — a2)
2(A +1)2 2A+1)

az =

Applying Lemma, for the coefficients py, p2, ¢1 and ¢o, we readily get

36(1—B)> | 20(1—p)
A+1)2 " (2A+1)

las| <
which is the bound on |as| as asserted in (3.6]).0

Putting A = 1 in Theorem [3:2] we have

Corollary 3.3. Let f(z) given by (1.1) be in the class Es(8), (0 < 8 < 1). Then

20(1 - B)

las| < 3

and lag| < 9(1 —ﬁ)2+§(1—ﬁ).

4 Fekete-Szego inequality

In this section, we will find the sharp bounds of Fekete-Szegd functional |az — na3|, n € R, for f € Es(a, ).

Theorem 4.1. Let f(z) given by (L.1)) be in the class Es(a, ), 0 <« <1 and A > 1. Then for some n € R,

2o for 0 < [p(n)| <
2 2AL1) 2
jas na2|<{20a|@(n)l, for Jo(m)] > aries

where

Yo
P == S T ) "B D (1

Proof . Let f € Ex(a, A). By using (2.17) and (2.19) for some n € R, we get

a5 —na2 = (1—n) 450 (p2 + g2) 5a(p2 — q2)
3N Voertr1) —5a—1)(A+12 " 2x+1

= 5ax K@(n) + 2/\1 1)p2+ (@(n) - 2/\11) q?] ,

9o
92 A+ 1) =5 (a—1) (A +1)%

where

o(n) =(1-mn)
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Therefore, we have

200 for 0 < |o(n)] < 551
) ST < = 23F1»
a2 — na <

| 3—1N 2| { 20 ()], for [p(n)| > 2,\1+1’

The proof is completed. [
Putting A = 1 in Theorem we have

Corollary 4.2. Let the function f (z) given by (1.1} be in the class x(a), (0 < a < 1). Then for some 7 € R,

20 for 0 < [(n)| < 3
—na?| < 3 PR
|as — na3| < { 20a|p(n)|,  for |p(n)| > 3,
where 9
o
e =0 =1 s E a1

Taking 7 = 1 in Corollary we get the following corollary.

Corollary 4.3. Let the function f (z) given by ([1.1)) be in the class x(a), (0 < a < 1). Then

20
|a3 - a%{ < 7(1.

5 Conclusions

In this study, we introduce two new subclasses x.(a, \) and Ex(S, A) of the function class ¥ of bi-univalent functions
connected to the normalized error function Ef(z) given in . We have derived estimates for the Taylor-Maclaurin
coefficients |az| and |a3| for the function in the subclasses £x(a, A) and Ex(B, ). Furthermore, the Fekete-Szego
problem for these subclasses is solved. Making use of the normalized error function E f(z) could inspire researchers
to derive the estimates of the Taylor-Maclaurin coefficients |az| and |ag| and Fekete-Szegd functional problems for
functions belonging to new subclasses of bi-univalent functions.
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