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Abstract

In this article, we investigate a class of nonsmooth multiobjective mathematical optimization problems with vanishing
constraints (abbreviated as MMPVC) in the framework of Euclidean space. Corresponding to MMPVC, some gener-
alized Abadie and Guignard constraint qualifications are introduced. Additionally, some Karush–Kuhn–Tucker type
necessary conditions, known as stationarity conditions, are derived at the properly efficient solutions of MMPVC. The
results of the paper are established by employing the tools of Clarke subdifferential.
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1 Introduction

This paper focuses on the following multiobjective mathematical programming with vanishing constraints (MMPVC,
in brief):

(MP) : min (f1(x), . . . , fp(x)) subject to x ∈ S,

where the objective functions fj , for j ∈ J := {1, . . . , p}, are locally Lipschitz from Rn to R, and the feasible set S
defined by locally Lipschitz functions Hi, Gi : Rn → R as follows:

S :=
{︂
x ∈ Rn | Hi (x) ≥ 0, Hi (x)Gi (x) ≤ 0, i ∈ I := {1, . . . ,m}

}︂
.

Note that MMPVC is an extension of well-knownmathematical programming with vanishing constraints, denoted by
MPVC, which is a generalization of mathematical programming with equilibrium constraints [2, 3, 19, 20]. Considering
the applications of MPVC in several branches of engineering ([1]), finding optimality conditions and introducing
different constraint qualifications for MPVCs are studied by many researchers; see, e.g., [1, 10, 11, 12, 17] in smooth
case and [4, 5, 13, 14, 15, 16, 18] in nonsmooth case. Very recently, these results are extended to MPSVs on Hadamard
manifolds in [24].
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If p > 1 and the appearing functions fj , Hi, Gi as (j, i) ∈ J × I are smooth, some constraint qualifications and
optimality conditions, named stationarity conditions, are stated at the optimal solutions of smooth MMPVC in [8, 9].
These results are extended to nondifferentiable convex MMPVC in [23] and to nondifferentiable locally Lipschitz case
in [22]. Recently, the nonsmooth MMPVCs on Hadamard manifolds are studied in [24, 25, 26, 27, 28, 29, 30].

It is worth mentioning that [22] focused on efficient and weakly efficient solutions of nonsmooth MMPVCs, and [23]
analyzed the properly efficient solutions of convex MMPVCs. To the best of our knowledge, there is no research on
properly efficient solutions of nonsmooth MMPVCs. The first goal of this article is to fill this gap. Indeed, we present
a parametric equation (3.1) and then, we conclude several well-known stationarity conditions from this equation.

2 Preliminaries

In this section, we mention some definitions, notations, and theorems in convex analysis and nonsmooth analysis
widely used in the sequel. Since the contents of this section are indicative, we suggest the references [6, 7, 21] to study
examples, proofs, and more details.

The zero vector of Rn and the set of non-negative real numbers are denoted by 0n and R+, respectively. Let W1

and W2 be subsets of Rn and r ∈ R. The sum of W1 and W2, and the scalar product of r and W1 are respectively
defined by

W1 +W2 := {w1 + w2 | w1 ∈W1, w2 ∈W2}, and rW1 := {rw1 | w1 ∈W1}.

Remark 2.1. It is worth mentioning that (r1 + r2)W1 is not necessarily equal to r1W1 + r2W1. However, in some
special cases, such as when the set W1 is single-membered, this equality holds.

Let W ⊆ Rn be given. The closure of W , the convex hull of W , and the convex cone of W are respectively denoted
by W , conv(W ), and cone(W ).

Theorem 2.2. [7] Suppose that W ⊆ Rn is compact.

� Then, conv(W ) is closed.

� If W is a finite set, then cone(W ) is closed.

� If 0n /∈ conv(W ), then cone(W ) is closed.

Let {Aℓ | ℓ ∈ L} be a collection of sets. The union of all Aℓ, ℓ ∈ L, is denoted by
⋃︁

ℓ∈LAℓ. In many contexts,
one may wish to restrict the union to those indices satisfying a certain condition P (ℓ), which may be a long or multi-
line statement. Since such conditions cannot be conveniently placed directly under the union symbol, we adopt the
following notation: ⋃︂

ℓ∈L

{Aℓ | P (ℓ)} :=
⋃︂

ℓ∈L & P (ℓ)

Aℓ.

This allows us to succinctly denote the union over all Aℓ for which P (ℓ) holds. As this notation will be employed
extensively in the sequel, we present the following theorem using it, thereby illustrating its practical application.

Theorem 2.3. [7] Suppose that W1, . . . ,Wq are convex subsets of Rn, then

cone
(︂ q⋃︂

s=1

Ws

)︂
=

⋃︂
(λ1,...,λq)∈Rq

{︄
q∑︂

s=1

λsWs | λs ≥ 0, s = 1, . . . , q

}︄
.

conv
(︂ q⋃︂

s=1

Ws

)︂
=

⋃︂
λ1,...,λq≥0

{︄
q∑︂

s=1

λsWs |
q∑︂

s=1

λs = 1

}︄
.

For a given W ⊆ Rn, the polar cone of W is defined by

W− := {x ∈ Rn | ⟨x,w⟩ ≤ 0, ∀w ∈W},
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where ⟨x,w⟩ refers to standard inner product of x and w in Rn. Also, the contingent cone and the normal cone of
∅ ̸=W ⊆ Rn at w∗ ∈W are respectively defined as

Γ(W,w∗) :=
{︂
y ∈ Rn | ∃ts ↓ 0, ∃ys → y such that w∗ + tsys ∈W ∀s ∈ N

}︂
,

N(W,w∗) :=
(︂
Γ(W,w∗)

)︂−
.

It is shown in [7] that if ∅ ̸=W ⊆ Rn is a convex set, then the following equalities are true:

N(W,w∗) = {d ∈ Rn | ⟨d,w − w∗⟩ ≤ 0, ∀w ∈W},
N
(︁
W−, 0n

)︁
=W−− := (W−)−. (2.1)

It is easy to show that
W1 ⊆W2 =⇒ W−

2 ⊆W−
1 . (2.2)

The bipolar theorem ([7]) states that
W−− = cone(W ), (2.3)

where cone(W ) denotes the closed convex cone of W , i.e.,

cone(W ) := cone(W ).

The real-valued function ψ : Rn → R is said to be locally Lipschitz if for each x0 ∈ Rn there exist a neighborhood
U0 for x0 and a positive number L0 > 0 such that

|ψ(x)− ψ(y)| ≤ L0∥x− y∥, for all x, y ∈ U0.

For a given locally Lipschitz function ψ : Rn → R, the Clarke subdifferential of ψ at x0 is defined by ([6])

∂cψ(x0) :=
{︁
ξ ∈ Rn | ⟨ξ, v⟩ ≤ ψ0(x0; v) ∀ v ∈ Rn

}︁
,

in which

ψ0(x0; v) := lim sup
y→x0, t↓0

ψ(y + tv)− ψ(y)

t
.

It is worth mentioning that if g : Rn → R is a continuously differentiable (smooth) function, we have ∂cg(x0) =
{∇g(x0)} for all x0 ∈ Rn, where ∇g(x0) denotes the classic gradient of g at x0. Also, if h : Rn → R is a convex
function, for all x0 ∈ Rn we have ∂ch(x0) = ∂h(x0), in which ∂h(x0) denotes the classic subdifferential of h at x0 in
convex analysis sense, defined as

∂h(x0) := {ξ ∈ Rn | h(x)− h(x0) ≥ ⟨ξ, x− x0⟩, ∀x ∈ Rn}.

Let us recall some important properties of Clarke subdifferentials from [6] which are widely used in what follows.

Theorem 2.4. Suppose that φ and ψ are locally Lipschitz functions from Rn to R and x0 ∈ Rn.

� ∂cψ(x0) is a nonempty, convex and compact set in Rn.

� φ0(x0; ·) is a convex function with respect to direction, and we have

∂φ0(x0; ·)(0n) = ∂cφ(x0). (2.4)

� For all real numbers λ1, λ2, one has

∂c(λ1φ+ λ2ψ)(x0) ⊆ λ1∂cφ(x0) + λ2∂cψ(x0). (2.5)

Theorem 2.5. [7] Let w∗ ∈W ⊆ Rn be a minimizer of a locally Lipschitz function ψ : Rn → R on W .
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(i) One has
ψ0(w∗, y) ≥ 0, ∀y ∈ Γ(W,w∗).

(ii) If W is a convex set, we have
0n ∈ ∂cψ(w

∗) +N(W,w∗).

(iii) If ψ is smooth at w∗, we get
ψ0(w∗, y) ≥ 0, ∀y ∈ cone

(︁
Γ(W,w∗)

)︁
.

As the final point of this section, we recall the following well-known definition.

Definition 2.6. We say that the feasible point x0 is a properly efficient solution to the problem (MP) if there exist
some positive scalars λj > 0 as j ∈ J such that for each feasible point x one has∑︂

j∈J

λjfj(x0) ≤
∑︂
j∈J

λjfj(x).

3 Main Results

As the beginning of this section, we assign some symbols for the whole of this paper.

Suppose that the feasible set of (MP) is nonempty, i.e., S ̸= ∅. Also, let x̂ ∈ S be a feasible point of (MP) which
is assumed to be fixed throughout this article. The index set I can be divided into I = I+ ∪ I0, where

I+ := {i ∈ I | Hi (x̂) > 0} ,
I0 := {i ∈ I | Hi (x̂) = 0} ,

and I+ and I0 divide as

I+0 := {i ∈ I+ | Gi (x̂) = 0} ,
I+− := {i ∈ I+ | Gi (x̂) < 0} ,
I0+ := {i ∈ I0 | Gi (x̂) > 0} ,
I00 := {i ∈ I0 | Gi (x̂) = 0} ,
I0− := {i ∈ I0 | Gi (x̂) < 0} .

Motivated by [13, 14], for each K ⊆ I we set

HK :=
⋃︂
i∈K

∂cHi (x̂) and GK :=
⋃︂
i∈K

∂cGi (x̂) .

Following [13], we define the following constraint qualifications.

Definition 3.1. We say that (MP) satisfies

� the Abadie constraint qualification, denoted by ACQ, at x̂ if L− ⊆ Γ (S, x̂), where

L := GI+0 ∪ (−HI0) ∪HI0+ .

� the Guignard constraint qualification, denoted by GCQ, at x̂ if

L− ⊆ cone (Γ (S, x̂)) .

It is worth mentioning that GCQ is an extension of Guignard constraint qualification, defined in [1, 10, 11, 12] for
smooth MPVCs.

The following theorem will have a key role in the rest of this paper.
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Theorem 3.2. If K1, K2 and K3 are three subsets of I, then

cone
(︂
GK1

∪
(︁
−HK2

)︁
∪HK3

)︂
=

⋃︂
µi,η̂i,η̃i≥0

{︄∑︂
i∈I

[︂
µi∂cGi(x̂)−

(︁
η̂i∂cHi(x̂)− η̃i∂cHi(x̂)

)︁]︂ ⃓⃓⃓⃓⃓⃓ µi = 0, i ∈ I \K1

η̂i = 0, i ∈ I \K2

η̃i = 0, i ∈ I \K3

}︄
.

(3.1)

If, in addition, the functions Gi and Hi as i ∈ I are smooth at x̂ and K3 ⊆ K2, then

cone
(︂
GK1

∪
(︁
−HK2

)︁
∪HK3

)︂
=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∑︂
i∈I

(︂
µi∇Gi(x̂)− ηi∇Hi(x̂)

)︂
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓
µi ≥ 0, i ∈ I
µi = 0, i ∈ I \K1

ηi = 0, i ∈ I \K2

ηi ≥ 0, i ∈ K2 \K3

ηi is free, i ∈ K3

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ .

Proof . According to the convexity of ∂cGi(x̂) and ∂cHi(x̂) as i ∈ I and Theorem 2.3, we have

cone
(︂
GK1

∪
(︁
−HK2

)︁
∪HK3

)︂
=

⋃︂
(µi)∈R|K1|

+

⋃︂
(η̂i)∈R|K2|

+

⋃︂
(η̃i)∈R|K3|

+

{︃ ∑︂
i∈K1

µi∂cGi(x̂) +
∑︂
i∈K2

−η̂i∂cHi(x̂) +
∑︂
i∈K3

η̃i∂cHi(x̂)

}︃

=
⋃︂

(µi)∈R|I|
+

⋃︂
(η̂i)∈R|I|

+

⋃︂
(η̃i)∈R|I|

+

{︃∑︂
i∈I

µi∂cGi(x̂) +
∑︂
i∈I

−η̂i∂cHi(x̂) +
∑︂
i∈I

η̃i∂cHi(x̂)

}︃
,

where µi = 0 for i /∈ K1, η̂i = 0 for i /∈ K2, and η̃i = 0 for i /∈ K3. The last equality deduces that

cone
(︂
GK1 ∪

(︁
−HK2

)︁
∪HK3

)︂
=

⋃︂
(µi)∈R|I|

+

⋃︂
(η̂i)∈R|I|

+

⋃︂
(η̃i)∈R|I|

+

{︄∑︂
i∈I

[︂
µi∂cGi(x̂)−

(︁
η̂i∂cHi(x̂)− η̃i∂cHi(x̂)

)︁]︂ ⃓⃓⃓⃓⃓⃓ µi = 0, i ∈ I \K1

η̂i = 0, i ∈ I \K2

η̃i = 0, i ∈ I \K3

}︄
,

which concludes (3.1). Now, if the functions Gi and Hi as i ∈ I are smooth at x̂, we get from (3.1) and Remark 2.1
that

cone
(︂
GK1 ∪

(︁
−HK2

)︁
∪HK3

)︂
=

⋃︂
µi,η̂i,η̃i≥0

{︄∑︂
i∈I

[︂
µi{∇Gi(x̂)} −

(︁
η̂i{∇Hi(x̂)} − η̃i{∇Hi(x̂)}

)︁]︂ ⃓⃓⃓⃓⃓⃓ µi = 0, i ∈ I \K1

η̂i = 0, i ∈ I \K2

η̃i = 0, i ∈ I \K3

}︄

=
⋃︂

µi,η̂i,η̃i≥0

{︄∑︂
i∈I

[︂
µi{∇Gi(x̂)} − (η̂i − η̃i){∇Hi(x̂)}

]︂ ⃓⃓⃓⃓⃓⃓ µi = 0, i ∈ I \K1

η̂i = 0, i ∈ I \K2

η̃i = 0, i ∈ I \K3

}︄
.

Put ηi := η̂i − η̃i for all i ∈ I. Thus, ηi = 0 for i ∈ I \K2 (since ηi = 0 − 0 in this case), ηi ≥ 0 for i ∈ K2 \K3

(since ηi = η̂i − 0 in this case), and ηi has free sign for i ∈ K3 (since ηi is equal to two non-negative numbers in this
case). Hence,

cone
(︂
GK1

∪
(︁
−HK2

)︁
∪HK3

)︂
=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∑︂
i∈I

(︂
µi∇Gi(x̂)− ηi∇Hi(x̂)

)︂
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

µi ≥ 0, i ∈ I
µi = 0, i ∈ I \K1

ηi = 0, i ∈ I \K2

ηi ≥ 0, i ∈ K2 \K3

ηi is free, i ∈ K3

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ ,

and the proof is complete. □

Now, we present the strongly stationarity condition, denoted by SSC, for MMPVCs.

Theorem 3.3. (SSC Under ACQ; Nonsmooth Objective and Constraints Functions): Let x̂ be a properly efficient
solution to the problem (MP), and ACQ holds at x̂. Then, there exist some positive scalars λj as j ∈ J , such that

0n ∈
∑︂
j∈J

λj∂cfj(x̂) + cone
(︁
L
)︁
. (3.2)
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If, in addition, cone
(︁
L
)︁
is closed, we can find some coefficients µi, η̂i and η̃i as i ∈ I, such that

0n ∈
∑︂
j∈J

λj∂cfj(x̂) +
∑︂
i∈I

[︂
µi∂cGi(x̂)−

(︁
η̂i∂cHi(x̂)− η̃i∂cHi(x̂)

)︁]︂
, (3.3)

µi = 0 (i ∈ I+− ∪ I0) , µi ≥ 0 (i ∈ I+0) , (3.4)

η̂i = 0 (i ∈ I+) , η̂i ≥ 0 (i ∈ I0) , (3.5)

η̃i = 0 (i ∈ I+ ∪ I0− ∪ I00) , η̃i ≥ 0 (i ∈ I0+) . (3.6)

Proof . The definition of properly efficiency leads us to find some positive scalars λj > 0 as j ∈ J such that x̂ is a

minimizer of
∑︂
j∈J

λjfj(x) on S. Thus, owing to Theorem 2.5(i), we get

⎛⎝∑︂
j∈J

λjfj

⎞⎠0

(x̂; d) ≥ 0, ∀d ∈ Γ(S, x̂).

This inequality and the fact that

⎛⎝∑︂
j∈J

λjfj

⎞⎠0

(x̂; 0n) = 0 conclude that

⎛⎝∑︂
j∈J

λjfj

⎞⎠0

(x̂; d) ≥

⎛⎝∑︂
j∈J

λjfj

⎞⎠0

(x̂; 0n), ∀d ∈ Γ(S, x̂).

From the last relation and ACQ at x̂, we have⎛⎝∑︂
j∈J

λjfj

⎞⎠0

(x̂; d) ≥

⎛⎝∑︂
j∈J

λjfj

⎞⎠0

(x̂; 0n), ∀d ∈ L−. (3.7)

Thus, the convex function d →

⎛⎝∑︂
j∈J

λjfj

⎞⎠0

(x̂; d) = 0 on the convex set L− obtains its minimum at d̂ := 0n. As

a result, Theorem 2.5(ii) and relations (2.1)-(2.4) imply that

0n ∈ ∂

⎛⎜⎝
⎛⎝∑︂

j∈J

λjfj

⎞⎠0

(x̂; ·)

⎞⎟⎠ (d̂) +N
(︁
L−, d̂

)︁

= ∂c

⎛⎝∑︂
j∈J

λjfj

⎞⎠ (x̂) + L−−

⊆
∑︂
j∈J

λj∂cfj(x̂) + cone
(︁
L
)︁
,

where the last inclusion holds by (2.5) and the bipolar theorem (2.3). So, (3.2) is proved. Now, if cone
(︁
L
)︁
is closed,

(3.2) concludes that

0n ∈
∑︂
j∈J

λj∂cfj(x̂) + cone
(︁
L
)︁
.

Taking K1 = I+0, K2 = I0, and K3 = I0+ in Theorem 3.2, the last inclusion implies that

0n ∈
∑︂
j∈J

λj∂cfj(x̂) +
⋃︂

µi,η̂i,η̃i≥0

{︄∑︂
i∈I

[︂
µi∂cGi(x̂)−

(︁
η̂i∂cHi(x̂)− η̃i∂cHi(x̂)

)︁]︂ ⃓⃓⃓⃓⃓⃓ µi = 0, i ∈ I \ I+0

η̂i = 0, i ∈ I \ I0
η̃i = 0, i ∈ I \ I0+

}︄
.
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Since I \ I+0 = I+− ∪ I0 and I \ I0 = I+ and I \ I0+ = I+ ∪ I0− ∪ I00, the last relation implies that

0n ∈
∑︂
j∈J

λj∂cfj(x̂) +
∑︂
i∈I

[︂
µi∂cGi(x̂)−

(︁
η̂i∂cHi(x̂)− η̃i∂cHi(x̂)

)︁]︂
,

for some non-negative scalars µi, η̂i, and η̃i as i ∈ I with

µi = 0, i ∈ I+− ∪ I0; η̂i = 0, i ∈ I+; η̃i = 0, i ∈ I+ ∪ I0− ∪ I00,

and the proof is complete. □

The following example, motivated by [13], shows that we can not replace ACQ with GCQ in Theorem 3.3.

Example 3.4. Consider the optimization problem as

min
x∈S

(︁
− x2 + |x1 − x2| , −x2 + |x1 − x2|

)︁
,

such that S = ({0} × R+) ∪ (R+ × {0}). We can formalize this problem as (MP) with following data,

H1(x1, x2) = x2, H2(x1, x2) = x1, G1(x1, x2) = −x1, G2(x1, x2) = −x2,
f1(x1, x2) = f2(x1, x2) = −x2 + |x1 − x2|.

We observe that x̂ = 02 is a properly efficient solution of the problem, and I00 = {1, 2}. Since

L− = (−HI00)
−
= ({(−1, 0), (0,−1)})− = R+ × R+ = conv(Γ(S, x̂)),

the GCQ is satisfied at x̂. It is easy to show that the cone(L) is closed, and also, the below relations do not hold for
any non-negative scalars λ1, λ2, µ1, µ2, η̂1, η̂2, η̃1, and η̃2:

02 = λ1(γ, 1− γ) + λ2(γ, 1− γ) + µ1(−1, 0) + µ2(0, 1)−
(︂
η̂1(0, 1) + η̂2(1, 0)− η̃1(0, 1)− η̃2(1, 0)

)︂
,

λ1, λ2 > 0, γ ∈ [−1, 1], µ1 = µ2 = 0, η̃1 = η̃2 = 0.

The following theorem shows that when the objective functions fj as j ∈ J are smooth at x̂, we can replace ACQ
with GCQ in Theorem 3.3.

Theorem 3.5. (USC Under GCQ; Smooth Objective and Nonsmooth Constraints Functions): Assume that x̂ is a
properly efficient solution to the problem (MP) and the objective functions fj as j ∈ J are smooth at x̂. Also, suppose
that GCQ holds at x̂. There exist some positive scalars λj as j ∈ J such that

−
∑︂
j∈J

λj∇fj(x̂) ∈ cone
(︁
L
)︁
.

If, in addition, cone
(︁
L
)︁
is closed, we can find some coefficients µi, η̂i and η̃i as i ∈ I, such that the following

inclusion and (3.4)-(3.6) hold:

−
∑︂
j∈J

λj∇fj(x̂) ∈
∑︂
i∈I

[︂
µi∂cGi(x̂)−

(︁
η̂i∂cHi(x̂)− η̃i∂cHi(x̂)

)︁]︂
. (3.8)

Proof . Following the proof of Theorem 3.3, the definition of properly efficiency, and Theorem 2.5(iii) conclude that
there exist some positive scalars λj > 0, for j ∈ J , such that⎛⎝∑︂

j∈J

λjfj

⎞⎠0

(x̂; d) ≥ 0, ∀d ∈ cone
(︁
Γ(S, x̂)

)︁
.

Since GCQ holds at x̂, the last inequality implies that (3.7) is true, and hence, (3.2) holds. Thus,

0n ∈
∑︂
j∈J

λj{∇fj(x̂)}+ cone
(︁
L
)︁
,
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which concludes that ∑︂
j∈J

λj∇fj(x̂) ∈ cone
(︁
L
)︁
.

If cone
(︁
L
)︁
is closed, the proof of Theorem 3.3 shows that (3.4)-(3.6) and (3.8) hold. □

It should be noted that the closedness of cone
(︁
L
)︁
is a restrictive assumption in Theorem 3.5. In [13, Example 4.1]

it is shown that this assumption can not be ignored in this theorem. The following theorem shows that this restrictive
condition can be removed when the constraint functions Gi and Hi as i ∈ I are smooth at x̂.

Theorem 3.6. (USC Under GCQ; Smooth Objective and Constraint Functions): Let x̂ be a properly efficient solution
to the problem (MP) with smooth objective and constraint functions. If GCQ holds at x̂, we can find some positive
scalars λj as j ∈ J , and some coefficients µi and ηi as i ∈ I, such that the following relations and (3.4) hold:∑︂

j∈J

λj∇fj(x̂) +
∑︂
i∈I

(︂
µi∇Gi(x̂)− ηi∇Hi(x̂)

)︂
= 0n, (3.9)

ηi = 0 (i ∈ I+) , ηi ≥ 0 (i ∈ I0− ∪ I00) , ηi is free (i ∈ I0+) . (3.10)

Proof . Owing to
L =

{︁
∇Gi(x̂) | i ∈ I+0

}︁
∪
{︁
−∇Hi(x̂) | i ∈ I0

}︁
∪
{︁
∇Hi(x̂) | i ∈ I0+

}︁
,

we can see L is a finite set, and Theorem 2.2 implies that cone
(︁
L
)︁
is closed. Thus, Theorem 3.5 implies that

−
∑︂
j∈J

λj∇fj(x̂) ∈ cone
(︁
L
)︁
.

Tacking K1 = I+0 and K2 = I0 and K3 = I0+ in Theorem 3.2, and regarding to I \ I+0 = I+− ∪ I0 and I \ I0 = I+
and I0 \ I0+ = I0− ∪ I00, we obtain that the relations (3.4) and (3.9)-(3.10) hold. □

Remark 3.7. We should note that if all appearing functions Gi, Hi : Rn → R are piecewise affine, their Clarke
subdifferentials are polyhedrons, and hence, cone

(︁
L
)︁
is finitely generated and naturally closed. So, the limiting

condition of closedness of cone
(︁
L
)︁
in Theorem 3.5 is automatically fulfilled in this case.

Motivated by [13], we consider the following tightened problems which don’t have product constraints (a tightened
problem is an optimization problem such that whose feasible set is included in S):

(MPW ) : min (f1(x), . . . , fp(x))

s.t. Hi(x) = 0, i ∈ I0+ ∪ I00,
Hi(x) ≥ 0, i ∈ I0− ∪ I+,
Gi(x) ≤ 0, i ∈ I0− ∪ I00 ∪ I+,

and

(MPV ) : min (f1(x), . . . , fp(x))

s.t. Hi(x) = 0, i ∈ I0+,

Hi(x) ≥ 0, i ∈ I0− ∪ I00 ∪ I+,
Gi(x) ≤ 0, i ∈ I0− ∪ I00 ∪ I+.

According to the above problems, and following [13], we define some constraint qualifications.

Definition 3.8. We say that (MP) satisfies

� ACQW at x̂ if L−
W ⊆ Γ (S, x̂), where

LW := GI+0∪I00 ∪ (−HI0) ∪HI0+∪I00 .

� GCQW at x̂ if L−
W ⊆ cone (Γ (S, x̂)).
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� ACQV at x̂ if L−
V ⊆ Γ (S, x̂), where

LV := GI+0∪I00 ∪ (−HI0) ∪HI0+ .

� GCQV at x̂ if L−
V ⊆ cone (Γ (S, x̂)).

It is worth mentioning that GCQV (resp. ACQV ) is a generalization of the well-known V C-Guignard constraint
qualification (resp. V C-Abadie constraint qualification) defined in [1, 10, 11, 12] (resp. [13, 18]) for smooth (resp.
nonsmooth) MPVCs. Also, GCQW and ACQW are extensions of weakly Guignard and weakly Abadie constraint
qualifications, defined in [13, 14, 18] for nonsmooth MPVCs.

It should be noted that the feasible set of (MPW ) (resp. (MPV )) is not necessarily equal to S, and hence ACQW

(resp. ACQV ) and GCQW (resp. GCQV ) are not equivalent to Abadie and Guignard constraint qualifications for
(MPW ) (resp. (MPV )).

Note that the relation of
L ⊆ LV ⊆ LW ,

is trivially true by the definition, and so L−
W ⊆ L−

V ⊆ L− by (2.2). Thus,

ACQ =⇒ ACQV =⇒ ACQW

⇓ ⇓ ⇓
GCQ =⇒ GCQV =⇒ GCQW

Note that, it is shown in [1] that the converse of implication [ACQV =⇒ ACQW ] is not necessarily true, even in the
smooth case. The following example shows that the converse of the implications [ACQ=⇒GCQ] and [ACQ=⇒ACQV ]
may be false.

Example 3.9. Consider problem (MP), with n = 2 and

f1(x) = x1x2 + x22, f2(x) = x1x2 + |x2|,
G1(x) = x2 − |x1|, H1(x) = x2.

It is easy to check that x̂ = 02 is a properly efficient solution of the considered problem. Since

I00 = {1}, ∂cH1(x̂) = {(0, 1)}, ∂cG1(x̂) = [−1, 1]× {1},

we have

L− = {−(0, 1)}− = R× R+,

L−
V = {−(0, 1)}− ∩

(︂
[−1, 1]× {1}

)︂−
= {02},

L−
W = {(0, 1)}− ∩ {−(0, 1)}− ∩

(︂
[−1, 1]× {1}

)︂−
= {02}.

Above equalities show that ACQ fails whereas GCQ (and so, GCQV and GCQW ) and ACQV (and so, ACQW )
hold at x̂. Thus, the inverse of the following implications do not necessarily hold:

[ACQ =⇒ GCQ] and [ACQ =⇒ ACQV ].

Now, we present some tightened stationarity conditions for MMPVCs, named weakly and VC-stationarity condition,
denoted by WSC and VSC, respectively.

Theorem 3.10. (WSC Under ACQW and GCQW ): Let x̂ be a properly efficient solution to the problem (MP).
(i): Assume that ACQW holds at x̂. Then, there exist some positive scalars λj as j ∈ J , such that

0n ∈
∑︂
j∈J

λj∂cfj(x̂) + cone
(︁
LW

)︁
. (3.11)

If, in addition, cone
(︁
LW

)︁
is closed, we can find some coefficients µi, η̂i and η̃i as i ∈ I, such that (3.3), (3.5),

and the following relations hold:

µi = 0 (i ∈ I+− ∪ I0+ ∪ I0−) , µi ≥ 0 (i ∈ I+0 ∪ I00) , (3.12)

η̃i = 0 (i ∈ I+ ∪ I0−) , η̃i ≥ 0 (i ∈ I0+ ∪ I00) . (3.13)
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(ii): Assume that the objective functions fj as j ∈ J are smooth at x̂ and GCQW holds at x̂. Then, there exist some
positive scalars λj as j ∈ J such that

−
∑︂
j∈J

λj∇fj(x̂) ∈ cone
(︁
LW

)︁
.

If, in addition, cone
(︁
LW

)︁
is closed, we can find some coefficients µi, η̂i and η̃i as i ∈ I, such that (3.8) and

(3.12)-(3.13) hold.

(iii): Assume that the objective and the constraint functions of (MP) are smooth at x̂. If GCQW holds at x̂, we can
find some positive scalars λj as j ∈ J , and some coefficients µi and ηi as i ∈ I, such that the following relation,
(3.9), and (3.12) hold:

ηi = 0 (i ∈ I+) , ηi ≥ 0 (i ∈ I0−) , ηi is free (i ∈ I0+ ∪ I00) . (3.14)

Proof .

(i): Because the proof of (3.11) is exactly the same as the proof of (3.2), we refrain from repeating it. Now, let
cone

(︁
LW

)︁
be closed. Taking K1 = I+0 ∪ I00, K2 = I0, and K3 = I0+ ∪ I00 in Theorem 3.2, and regarding to

(3.11), we deduce that

0n ∈
∑︂
j∈J

λj∂cfj(x̂) +
⋃︂

µi,η̂i,η̃i≥0

{︄∑︂
i∈I

[︂
µi∂cGi(x̂)−

(︁
η̂i∂cHi(x̂)− η̃i∂cHi(x̂)

)︁]︂ ⃓⃓⃓⃓⃓⃓ µi = 0, i ∈ I \ (I+0 ∪ I00)
η̂i = 0, i ∈ I \ I0
η̃i = 0, i ∈ I \ (I0+ ∪ I00)

}︄
.

Since I \ (I+0 ∪ I00) = I+− ∪ I0+ ∪ I0− and I \ I0 = I+ and I \ (I0+ ∪ I00) = I+ ∪ I0−, the last relation implies
that

0n ∈
∑︂
j∈J

λj∂cfj(x̂) +
∑︂
i∈I

[︂
µi∂cGi(x̂)−

(︁
η̂i∂cHi(x̂)− η̃i∂cHi(x̂)

)︁]︂
,

for some non-negative scalars µi, η̂i, and η̃i as i ∈ I with

µi = 0, i ∈ I+− ∪ I0+ ∪ I0−; η̂i = 0, i ∈ I+; η̃i = 0, i ∈ I+ ∪ I0−,

and the proof is complete.

(ii): The proof is exactly the same as the proof of Theorem 3.5.

(iii): Since LW is a finite set, Theorem 2.2 implies that cone
(︁
LW

)︁
is closed. So, part (ii) of this theorem concludes

that
−
∑︂
j∈J

λj∇fj(x̂) ∈ cone
(︁
LW

)︁
.

Tacking K1 = I+0 ∪ I00 and K2 = I0 and K3 = I0+ ∪ I00 in Theorem 3.2, we obtain the result.

□

Theorem 3.11. (VSC Under ACQV and GCQV ): Let x̂ be a properly efficient solution to the problem (MP).

(i): Assume that ACQV holds at x̂. Then, there exist some positive scalars λj as j ∈ J , such that

0n ∈
∑︂
j∈J

λj∂cfj(x̂) + cone
(︁
LV

)︁
.

If, in addition, cone
(︁
LV

)︁
is closed, we can find some coefficients µi, η̂i and η̃i as i ∈ I, such that the following

relations, (3.3), (3.5)-(3.6), and (3.12) hold:

(ii): Assume that the objective functions fj as j ∈ J are smooth at x̂ and GCQV holds at x̂. Then, there exist some
positive scalars λj as j ∈ J such that

−
∑︂
j∈J

λj∇fj(x̂) ∈ cone
(︁
LW

)︁
.

If, in addition, cone
(︁
LV

)︁
is closed, we can find some coefficients µi, η̂i and η̃i as i ∈ I, such that (3.5)-(3.8) and

(3.12) hold.
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(iii): Assume that the objective and the constraint functions of (MP) are smooth at x̂. If GCQV holds at x̂, we can
find some positive scalars λj as j ∈ J , and some coefficients µi and ηi as i ∈ I, such that (3.9)-(3.10) and (3.12)
hold.

Proof . The proof is exactly the same as the proof of Theorem 3.10 with K1 = I+0 ∪ I00, K2 = I0, and K3 = I0+.□

As the final point of this section, we mention that the following implications are straightforward consequence of
the definitions of stationarity conditions:

USC ⇒ VSC ⇒ WSC .

Note that these three stationarity conditions coincide when I00 = ∅.

4 Conclusions and Comparison with Previous Works

In this paper, we have studied a class of MMPVCs which is defined by locally Lipschitz functions. ACQ and
GCQ are introduced for MMPVC, using the Clarke subdifferential, and these constraint qualifications are employed
to establish the well-known Karush-Kuhn-Tucker type necessary criteria, named stationarity condition, of properly
efficiency for MMPVCs. Moreover, we have introduced several other constraint qualifications for our considered
problem, such as ACQW , GCQW , ACQV , and GCQV , and established some new stationarity conditions.

Now, we compare the results established in this article with the results presented in previous researches.

The results derived in the article extend the corresponding results derived in [13, 14, 18] from single-objective to the
setting of multi-objective, and generalize the corresponding results stated in [1, 8, 9, 10, 11, 12, 17] from smooth to the
nonsmooth case. Also, this article extends [23] from convex to locally Lipschitz case, and by adding the stationarity
conditions for properly efficient solutions, it completes the results of [22].

References

[1] W. Achtziger and C. Kanzow, Mathematical programs with vanishing constraints: optimality conditions and
constraint qualifications, Math. Program 114 (2007), 69–99.

[2] A. Ansari Ardali, N. Movahedian, and S. Nobakhtian, Optimality conditions for nonsmooth mathematical pro-
grams with equilibrium constraints, using convexificators, Optimization 65 (2014), 67–85.

[3] A. Ansari Ardali, N. Movahedian, and S. Nobakhtian, Optimality conditions for nonsmooth equilibrium problems
via Hadamard directional derivative, Set-Valued Variat. Anal. 24 (2016), 483–497.

[4] D. Barilla, G. Caristi, N. Kanzi, and H. Soroush, On duality for nonsmooth mathematical problems with vanishing
constraints, Ann. Oper. Res. 356 (2026), 411–426.

[5] T.D. Chuong and D.S. Kim, Optimality conditions and duality in nonsmooth multiobjective optimization problems,
Ann. Oper. Res. 217 (2014), 117–136.

[6] F.H. Clarke, Optimization and Nonsmooth Analysis, Wiley, Interscience, 1983.

[7] G. Giorgi, A. Gwirraggio, and J. Thierselder, Mathematics of optimization smooth and nonsmooth cases, Elsevier,
2004.

[8] S.M. Guu, Y. Singh, and S.K. Mishra, On strong KKT type sufficient optimality conditions for multiobjective
semi-infinite programming problems with vanishing constraints, J. Ineq. Appl. 282 (2017), 9–20.

[9] M. Hassan, J.K Maurya, and S.K. Mishra, On m-stationary conditions and duality for multiobjective mathematical
programs with vanishing constraints, Bull. Malay. Math. Sci. Soc. 45 (2022), 1315–1341.

[10] T. Hoheisel and C. Kanzow, First- and second-order optimality conditions for mathematical programs with van-
ishing constraints, Appl. Math. 52 (2007), 495–514.

[11] T. Hoheisel and C. Kanzow, Stationarity conditions for mathematical programs with vanishing constraints using
weak constraint qualifications, J. Math. Anal. Appl. 337 (2008), 292–310.

[12] T. Hoheisel and C. Kanzow, On the Abadie and Guignard constraint qualifications for mathematical programs
with vanishing constraints, Optimization 58 (2009), 431–448.



12 Hassani Bafrani

[13] S. Kazemi and N. Kanzi, Constraint qualifications and stationary conditions for mathematical programming with
nondifferentiable vanishing constraints, J. Optim. Theory Appl. 179 (2018), 800–819.

[14] S. Kazemi, N. Kanzi, and A. Ebadian, Estimating the Fréchet normal cone in optimization problems with nons-
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