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Abstract

In this paper, we introduce and study y-contractibility and character contractibility of real Banach algebras. We first
show that if (A, ] - ||) is a real Banach algebra with nonempty character space A(A) then A is p-contractibile if and
only if A is p-contractible, where ¢ € A(A) and @ is the conjugate of . We next prove that if (4, ||-||) is a real Banach
algebra and Ac is a suitable complexification of A, then A is character contractibile if and only if Ac¢ is character
contractibile. We also give a hereditary property for 0-contractibility of A. In continue, for a real Banach algebra
A we study relations between the projectivity of Banach left A-modules and left ¢-contractibility of A. Finally, we
investigate the left character contractibility of certain real Banach algebras.
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1 Introduction and preliminaries

The symbol F denotes a field that can be R or C. Let A be an algebra and X be a linear space over F which is an
A-bimodule with the left module action (a,z) — a-z : A x X — X and the right module action (a,z) — z-a :
AxX — X. Alinear map D : A — X over F is called an X-derivation on A if D(ab) = D(a)-b+ a- D(b) for all
a,b € A. For each x € X, the map da x, : A — X defined by dax .(a) =a-z—z-a (a € A), is an X-derivation
on A. An X-derivation D on A is called inner if D = da x . for some z € X.

Let (A, | - ||) be a Banach algebra over F. An A-bimodule X is called a Banach A-bimodule if X is a Banach space
over F with a norm || - || and there exists a positive constant k such that

la- 2| <kllallllzll, - ol <Elall]],

for all a € A and = € X. The set of all continuous X-derivations on A over F is denoted by Zg(A,X). It is known
that Z}(A,X) is a linear subspace of Br(4,X), the linear space of all bounded linear operators from A to X over
F. The set of all inner X-derivations on A over F is denoted by N{(A4,X). Clearly, Ni(4,X) is a linear subspace of
Z1(A,X) over F. The quotient space Z(A,X)/NL(A,X) is called the first cohomology group of A over F with the
coefficients in X and denoted by Hi(A,X). A is called contractible if Hi(A,X) = {0} for all Banach A-bimodules X
over F, i.e., ZL(A, X) = N} (A, X). For a Banach space (X, || - ||) over F, the set of all linear functionals A : A — F is
called the dual space of X and denoted by X*. We know that X* is a Banach space over F with the operator norm.
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Furetheremore, if X is a Banach A-bimodule over F then X* is also a Banach A-bimodule over F with the left module
action (a,\) —> a- A : A x X* — X* and with the right module action (a,\) — A-a: A x X* — X* given by

(a-N(x)=MNz-a), (A-a)(z)=Aa-2z) (ae A eX", zeX).

A is called amenable if HE(A,X*) = {0} for all Banach A-bimodules X over F, i.e., ZL(A,X*) = NE(A,X*). Let
¢ : A — C be an algebra homomorphism from A to C over F. Then ¢ is called a character of A (the zero
homomorphism from A to C, respectively) if p(ag) # 0 for some ag € A (¢(a) = 0 for all a € A, respectively). The
zero homomorphism from A to C is denoted by 0. The set of all characters of A is denoted by A(A). It is known that
A(A) is a subset of Bp(A4, C). If A is a commutative Banach algebra with identity over F, then A(A) is nonempty. It is
not true whenever A is noncommutative. For example H, the set of all quaternion numbers, is a real noncommutative
Banach algebra with identity but A(H) = 0 (see [15, Page 20]). Note that it is possible A(A) = () wherever A has not
identity ( see [11, Examples 2.1.6 and 2.1.7]). It is clear that ¢ € A(A) if and only if g € A(A), where p: A — C is
defined by B(a) = p(a) (a € A).

Let A be a Banach algebra over F and ¢ € A(A) U{0}. We denote by M%(A, ) (ML(A,p), respectively) the
collection of all complex Banach spaces X for which X is a Banach A-bimodule with the right (left, respectively)
module action defined by - a = p(a)z (a -z = ¢(a)z, respectively) for all (a,z) € A x X.

Definition 1.1. Let (B, || - ||) be a complex Banach algebra and let ¢ € A(B) U {0}.

(i) B is called left (right, respectively) p-contractible if HL(B,X) = {0} for all X € ML(B,p) (X € ML(B,yp),
respectively).

(ii) B is called left (right, respectively) @-amenable if HE(B,X*) = {0} for all X € ML(B,¢) (X € ML(B, ),
respectively).

The concepts of left and right p-amenabilitybility and left and right y-contractibility of complex Banach algebras
were first introduced by Hu, Monfared and Traynor in [L0] wh ich modified by Nasr-Isfahani and Soltani in [[17] as the
definition above.

Definition 1.2. Let B be a Banach algebra over F.
(i) For ¢ € A(B) U {0}, it is said that B is @-contractible (p-amenable, respectively) if B is left and right ¢-
contractible (left and right p-amenable, respectively).

(ii) B is called left (right, respectively) character contractible if B is left (right, respectively) o-contractible for all
¢ € A(B)U{0}.

(iii) B is called left (right, respectively) character amenable if B is left (right, respectively) @-amenable for all
v € A(B) U{0}.

(iv) B is called character contractible (character amenable) if B is left and right character contractible (left and right
character amenable).

The concepts of p-contractibility, p-amenability, character contractibility and character amenability of complex Banach
algebras were first introduced by Hu, Monfared and Traynor in [10]. Some properties of character contractibility and
character amenability of complex Banach algebras were studied in [L10], [12], [13] and [17]. The concepts of left and
right p-amenability, p-amenability and character amenability of real Banach algebras were first introduced and studied
in [Il]. We now introduce the concepts of left and right y-contractibility, ¢-contractibility and character contractibility
for real Banach algebras as the following.

Definition 1.3. Let A be a real Banach algebra and let ¢ € A(A) U {0}. We say that A is left (right, respectively)
p-contractible if HE(A,X) = {0} for all X € ML(A, ) (X € ML(A, ¢), respectively) satisfying

i(a-z)=a-(ix) (i(z-a) = (ix) - a,respectively)

for all (a,z) € A x X.

Definition 1.4. Let A be a Banach algebra over F.
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(i) For ¢ € A(A) U {0}, we say that A is p-contractible if A is left and right ¢-contractible.

(ii) A is called left (right, respectively) character contractible if A is left (right, respectively) @-contractible for all
v e A(A)U{0}.

(iii) A is called character contractible if A is left and right character contractible.

For a real linear space (real algebra, respectively) E, a complex linear space (complex algebra, respectively)
E¢ is called a complexification of E if there exists an injective real linear mapping (a real algebra homomorphism,
respectively) J : E — E¢ such that Ec = J(E) @ iJ(E).

Let X be a real linear space. Then X x X with the additive operation and scalar multiplication defined by

(z1,91) + (22, 92) = (21 + 22,91 + ¥2) (21, 22,91,92 € X),
(a+if)(2,y) = (ax — By,ay + fz)  (a,f € R,z,y € X), (1)
is a complexification of X with respect to the injective linear map J : X — X x X defined by J(z) = (2,0), z € X.
Let A be a real algebra. Then A x A with the algebra operations

(@1,b1) + (a2,b2) = (a1 + a2, b1 + b2) (a1,a2,b1,b2 € A),
(a+iB)(a,b) = (ea — Bb,ab + Ba) (o, B €R,a,be A,
(a1,b1)(az2,b2) = (araz — biba, a1be + bias) (a1,b1,az2,by € A), (2)

is a complexification of A with the algebra homomorphism J: A — A x A defined by J(a) = (a,0), a € A.

Let (E,| - ||) be a real normed linear space (real normed algebra, respectively) and let F¢ be a complexification of
E with respect to an injective real linear mapping (real algebra homomorphism, respectively) J : F — FE¢ that is
eqquiped with a norm (an algebra norm, respectively) ||| - |||. We say that ||| - ||| satisfies in the (%) condition if there
exist positive constants k; and ko such that

max{|lal, [|b][} < k1[I (a) + T (B[] < ke max{]la][|b]]},

for all a,b € E. By [b, Proposition 1.1.13], there exists a norm (an algebra norm, respectively) ||| - ||| on E¢ satisfying
in the (%) condition with k; = 1 and ks = 2 where Ec = E x E and J : E — E¢ is defined by J(a) = (a,0), a € E.
Note that the (*) condition implies that (E,|| - ||) is a real Banach space (a real Banach algebra, respectively) if and

only if (Ec, ||| - |||) is complex Banach space (a complex Banach algebra, respectively).
Let (A,|| - ||) be a real Banach algebra, Ac be a complexification of A with respect to an injective real algebra
homomorphism J : A — Ac¢ and ||| ||| be an algebra norm on Ac satisfying the (x) condition. In [4], it is shown that

A is contractible (amenable, respectively) if and only if A¢ is contractible (amenable, respectively). In this paper, we
study left and right ¢-contractibility, ¢-contractibilit and character contractibilit of real Banach algebras and extend
the obtained result in [[l] as fallows. In Section 2, we prove that A is left (right, respectively) ¢-contractible if and only
if A is p-contractible, whenever ¢ € A(A). Moreover, we give a characterization of left and right p-contractibility
of A whenever p € A(A) with = ¢. In Section 3, we show that A is left character (right character, character)
contractible if and only if Ac is left character (right character, character) contractible, respectively. In Section 4, we
give a characterization of the left (right, respectively) 0-contractibility of A. In Section 5, we show that if ¢ € A(A)
and X is a complex Banach space, then A is left ¢-contractible if and only if the real left Banach A-module X, with
the left module action a -z = p(a)x ((a,z) € A x X), is projective. In Section 6, for a complex Banach algebra A we
assume that Ag is A regarded as a real Banach algebra and show that Ag is left character (right character, character)
contractible if and only if A is left character (right character, character) contractible, respectively. In Section 7,
applying certain known results for left character contractibility of complex Banach algebras and some obtain results
in Sections 2-6, we give some results for the left character contractibility of certain real Banach algebras.

2 Relation between ¢-contractibility and @-contractibility
We first investigate the relation between p-contractibility and @-contractibility for a real Banach algebra A, where
v e A(A).

Theorem 2.1. Let (4, ||-||) be a real Banach algebra with A(A) # 0 and let ¢ € A(A). Then the following assertions
hold.



(i) A is left p-contractible if and only if A is left B-contractible.
(i) A is right @-contractible if and only if A is right P-contractible.

(iii) A is p-contractible if and only if A is P-contractible.

Proof . (i). We first assume that A is left @-contractible. Let X € ME(A, %) with the norm || - || such that
i(a-x) =a- (iz), for all (a,z) € A x X. Let X denote X with the scalar multiplication (o, ) — ax2z:Cx X — X
defined by

axzx=ar (aeC,xeX).

It is easy to see that X is a complex Banach space with the norm || - || and a real Banach A-bimodule with the module
actions (a,z2) — a @z : Ax X — X and (a,2) —> 2@ a: A x X — X defined by

aOr=a-z (a€AzxeX),

r@a=¢pla)xzx=p(a)x (xe€X,a€A).

Therefore, X € ME(A, ¢). Moreover, for each (a,z) € (A x X) we have

ix(a0x)=ila0r)=—ila®z)=—(a-(iz)) =a- (—iz) =a- (ir) =a- (i* ).
Hence, by hypothesis we have
Hg(A, %) = {0}. (1)
Assume that d € Z}(A, X). Define the map d: A — X by

d(a) = d(a) (a € A).

It is easy to see that d is a bounded real linear operator from A to X and ||d|| = ||d||. Similar to the argument given in
[, Theorem 2.1], we get d(ab) = d(a) ® b+ a ® d(b), for all a,b € A. Hence, d € Z3 (A, X) and so, by (ﬂ), there exists
z € X such that

d=daxz. (2)

Applying (B), for each a € A we have

d(a) =d(a) =daxe(a) =a@z—-—z0a=a-z— (¢(a) xx)

=a-z—ypla)r=a-rz—Pla)r=a-v—z-a=daxz(a).

Hence, d = da x . Therefore, Hi(A,X) = {0} and so A is left p-contractible.

We now assume that A is left p-contractible. By the necessity part, A is left p-contractible, that is, A is left
p-contractible. Hence, (i) holds.
(ii). It follows similar to (i).
(iii). This follows from (i) and (ii). O

We now characterize the ¢-contractibility of a real Banach algebra A, where ¢ € A(A) with B = .

Theorem 2.2. Let (A,] - ||) be a real Banach algebra with A(A) # () and let ¢ € A(A) with © = . Then the
following assertions are equivalent.

(i) Hi(A,X) = {0} for each real Banach A-bimodule X for which the right module action of A on X is defined by
z-a=¢(a)x, (a,x) € AXX.
(#i) There is an element m € A such that ¢(m) =1 and am = ¢(a)m for all a € A.
(iii) A is left o-contractible.

Proof . (i)=(ii). Assume that (i) holds. It is easy to see that Ker(y) is a real Banach A-bimodule with the module
actions defined by

a-z=ar (a€A, xcKer(p)),
z-a=ga)r (xeKer(p), acA).

Hence, by (i) we have
Hg (A, Ker(p)) = {0}. 3)
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Since ¢ € A(A) and B = ¢, we deduce that p(A) is a real subalgebra of C, {0} is a proper subset of ¢(A) and
©(A) CR. Hence, ¢(A) = R and so there exists by € A with ¢(b;) = 1. Define the map d : A — Ker(p) by

d(a) = aby —¢(a)by (a € A).
It is easy to see that d is a bounded real linear operator from A to Ker(¢). On the other hand, we have

d(a) - b+ a-d(d) = (aby — p(a)by) - b+ a- (bby — p(b)by)
= ¢(b)(aby — ¢(a)b1) + a(bby — (b)b1)
— a(bbr) — pla)p(b)br
= (ab)by — ¢(ab)by
= d(ab),

for all a,b € A. Hence, d € Z}(A,Ker(p)) and so, by (E), there exists x € Ker(¢) such that

d = dj Ker(p),z- (4)
Set m =b; —x. Then m € A and

p(m) =p(by —z) = p(b1) —p(z) =1-0=1.
Let a € A. By the definition of d and applying (H), we have
am = a(by — x) = aby — ax = d(a) + ¢(a)by — ax = dg Ker(y),x(@) + ©(a)by — x
=ax — za — p(a)by —ax = —p(a)r + p(a)b = (a)(by — x) = (a)m.
Hence, (ii) holds.
(if)=-(iii). Assume that (ii) holds. Let X € MR (A4, ¢) and
a-(iz) =i(a-x),

for all (a,z) € A x X. Assume that d € Z}(A, X). By (ii), there exists m € A such that p(m) =1 and am = p(a)m
for all @ € A. This implies that —d(m) € X and for each a € A we have
= (=d(m)) -a = —(a-d(m)) +d(m) -

+p(a)d(m) = —(a-d(m)) + d(p(a)m)
+d(am) = —(a-d(m))+d(a) -m+a-d(m)

dax,—am)(a) =a-(—d

(a)-

(a).

Thus, d = d 4 x _a(m). Therefore, Hg(A, X) = {0} and so A is left ¢-contractible. Hence, (iii) holds.
|

(111):> (i): Assume that (iii) holds. Let (X, ||-||) be a real Banach A-bimodule with the module actions (a,z) — a-x :
AxX— X and (a7x)'—>x-a:A><Z{—>%suchthat

rz-a=pla)r (xe€X, acA).

Set X¢ = XxX. Then X is a complex linear space with the additive and scalar multiplication defined by (E) Moreover,
X¢ is a complexification of X with the injective real linear mapping J : X — X¢ defined by J(z) = (z,0) (v € X).
It is known that there exists a norm ||| - ||| on X¢ satisfying in the () condition with the positive constant k1 = 1 and
ko = 2. Hence, (Xc, ||| - ]|]) is a complex Banach space. It is easy to see that X¢ is a real Banach A-bimodule with the
module actions (a, (z,y)) — a0 (z,y) : A x Xc — X¢ and (a, (z,y)) — (z,y) Da: A x Xc — X¢ defined by

all(z,y) =(a-z,a-y) (a€A, (v,y)¢€Xc),
(z,y)Da=(z-a,y-a) ((z,y) € Xc, a€A).

On the other hand, for all (a, (z,y)) € A x X¢ we have

i(al(z,y)) =ila-z,a-y) = (=(a-y),a v) = (a-(=y),a x)
=al(—y,x) =ali(z,vy).



Hence, by (iii) we have
Hg(A, Xc) = {0}. ()

Assume that d € ZE (A, X). Define the map D : A — X¢ by
D(a) = (d(a),0) (a € A).
It is easy to see that D is a real linear mapping from A to X¢. Moreover, for each (a,b) € A x A we have

D(ab) = (d(ab),0) = (d(a) - b+ a - d(b),0) = (d(a) - b,0) + (a - d(b),0)
= (d(a),0) Db+ a G (d(b),0) = D(a) Db+ a B D(b).

Thus, D is an X¢-derivation on A over R. On the other hand,
[1D(a)l] = [[|(d(a), 0)[]] = 2 < [|ld(a)]| < 2|d]|]|a],

for all @ € A. Hence, D is bounded and [||D]|| < 2||d||. Therefore, D € Zi(A,Xc) and so, by (E), there exists
(z,y) € Xc such that

D= dA,f{C,(z,y)' (6)
We claim that
= daxa (7)
Let a € A. By the definition of D and (E), we have

(d(a),0) = D(a) = da x¢,(z.y)(@)
=al(z,y) — (z,y) HDa=(a-2,a-y)— (x-a,y-a)
=(a-z—z-aa-y—y-a)=(daxaz(a),daxy(a)).
This implies that
d(a) = dax 4(a). (8)

Since (E) holds for all a € A, we deduce that (H) holds. Therefore, Hi (A, X) = {0} and so (i) holds. Hence the proof
is complete. [

Similarly, we obtain the following result.

Theorem 2.3. Let (A, - ||) be a real Banach algebra with A(A) # 0 and let ¢ € A(A) with o = . Then the
following assertions are equivalent.

(i) Hi(A,X) = {0} for each real Banach A-bimodule X for which the right module action of A on X is defined by
a-z=¢p(a)z, (a,z) € AxX.
(i) There is an element m € A such that p(m) =1 and ma = p(a)m for all a € A.
(i) A is right ¢-contractible.

3 Relation between character contractibility of A and Ac

Let (A, ] - ||) be a real Banach algebra, let A¢ be a complexification of A with respect to an injective real algebra
homomorphism J : A — Ac and let |||-||| be an algebra norm on Ac satisfying in the () condition. For ¢ € A(A)U{0},
we define the map p¢c : Ac — C by

po(J(a) +iJ(b) = ¢(a) +ip(b)  (a,be A). (1)
Clearly, oo € A(Ac) if p € A(A) and po = 0 if ¢ = 0. Moreover, the map ¥ : A(A) U {0} — A(Ac) U {0} defined
by
U(p) =vc (peA(A)ufo}), (2)
is bijection and ¥(0) = 0. For ¢ € A(A), ¢¢ is called the character of Ac induced by .

Here, we show that character contractibility of a real Banach algebra (A, | - ||) is equivalent to character con-
tractibility of complex Banach algebra (Ag, ||| - |||)-
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Theorem 3.1. Let (A, || -||) be a real Banach algebra, let Ac be a complexification of A with respect to an injective
real algebra homomorphism J : A — Ag, and let ||| - ||| be an algebra norm on Ac satisfying in the () condition.
Then the following hold.
(i) For ¢ € A(A) U {0}, A is left (right, respectively) o-contractible if and only if Ac¢ is left (right, respectively)
po-contractible.
(i) A is left (right, respectively) character contractible if and only if A is left (right, respectively) character con-
tractible.
(i) A is character contractible if and only if A¢ is character contractible.

Proof . (i). Since the algebra norm ||| - ||| satisfies in the (x) condition, there exist positive constants k; and kg such
that
max{||all, [b]l} < k1[|J(a) + i (O)]| < ko max{]|al], [[b]]}, 3)

for all a,b € A. We first assume that ¢ € A(A) U {0} and A is left ¢-contractible. Let X € MG (Ac, ¢¢) with the
norm || - || and the module actions (¢, z) — ¢ -z and (¢,x) — x - ¢. Similar to the argument given in [, Theorem
3.1], we can show that X € ME(A, ¢). On the other hand, for each (a,z) € A x X we have

i(la@x)=1i(J(a) z)=J(a)- (iz) = a © (ix).

Therefore,
Hg(A,%) = {0}. (4)

Let D € Z{(Ac, X). Define the map d : A — X by
d(a) = D(J(a)) (a€ A).
It is easy to see that d is a real linear operator. On the other hand, we have

d(ab) = D(J(ab)) = D(J(a)J (b))
= J(a) - d(b) + d(a) - J(b)

J(a) - D(J () + D(J(a)) - J(b)
d(a) ©b+a© d(b),

for all a,b € A. Hence, d is an X-derivation on the real algebra A. Since
ko
ld(a)| = 1D (@)l < 1P 17 (@) < =PI lall,

for all a € A, we deduce that d is bounded and ||d|| < %HDH Thus d € Z}(A,X). According to (@), there exists
x € X such that
d=da .. (5)

By the definition of d and applying (B), similar to the argument given in [, Theorem 3.1] we can show that D = d 4. x4
Hence, H(Ac, X) = {0}. Therefore, Ac is left pc-contractible.

We now assume that ¢ € A(A) U {0} and Ac is left pc-contractible. Let X € M (A, ) with the norm || - || and
with the module actions (a,z) — a -z and (a,2) — x - a such that

i(a-x) =a- (iz), (6)
for all (a,2) € A x X. Define the map (J(a) + iJ(b), ) — (J(a) +iJ(b)) D : Ac x X — X by
(J(a)+iJ(b) Dz = (a-z)+i(b-z) (a,b€ Az € X), (7)
and the map (J(a) + iJ(b), z) — 2@ (J(a) + iJ (b)) : Ac x X —> X by
20 (J(a) +iJ(b) = (x-a)+i(z-b) (z€X,abe A). (8)
Applying () and (), we can show that

(a+1iB8)((J(a) +iJ (b)) D z) = ((a+ib)(J(a) +iJ(b))) Dz
= (J(a) +iJ (b)) D ((a+ip)x)



for all (e, 5,a,b,z) € RxR x Ax AxX. Since p € A(A)U{0} and X € MR(A4,¢), we have = - a = p(a)x for all
(z,a) € X x A. This implies that
z B (J(a) +iJ (b)) = pc(J(a) +iJ (b)), (9)

for all z € X and a,b € A. Applying (a) and (E), we get
(a+iB8)(z T (J(a) +iJ(b))) = (o +iB8)x) T (J(a) + iJ (b))
=z ((a+1iB)(J(a) +iJ(b))),

for all (o, 8,2,a,b) e Rx R x X x A x A. Hence, X is a complex Ac-bimodule. Since X is a real Banach A-bimodule,
there exists a positive constant k such that

kllall =l (a € A,z € X), (10)
kllal Nzl (a € A,z € X). (11)

la- 2| <
- all <

Applying (). ([ and (), we get
@ - (J(a) +iJ (b))l < 2kka[[J(a) + 3T (D)[| [,
for all (a,b,z) € Ax A x X. Hence, X is a complex Banach Ac-bimodule and so, by (E)7 X € ME(Ac, ¢c). Therefore,
HE(Ac, %) = {0} (12)
Let d € Z4(A, X). Define the map D : Ac — X by
D(J(a) +iJ(b)) = d(a) + id(b) (a,b € A). (13)

It is easy to show that D is a complex linear operator. According to d € Z}(A, X) and applying (H), (E) and (@), we
can easily show that
D((J(a) +iJ(b))(J(a) +iJ (b)) = D((J(a) +iJ (b)) LI (J(a) +iJ (b))
+ (J(a) +iJ(b)) D D(J(a") +iJ(V)),

for all a,b,a’,b’ € A. Hence, D is a complex X-derivation on Ac. By (@) and (E), we have
[D(J(a) + i (b)|| = [|d(a) + id(b)|| < [|d(a)][ + [|d(b)]]

< dll Nl +{ldll [bl] < 2f[dl max {[lal], [[o]l}
< 2klldl| [[[7(a) +4J (D),

for all a,b € A. This implies that D is bounded and ||D|| < 2k;||d||. Hence, D € Z(Ac, X). According to (@)7 there
exists x € X such that
D=da,xz- (14)

Applying (14), (), (@) and §), we have
d(a) =D(J(a)) =da.xx(J(a)=J(@) ez —zBJ(a)=a-z—x-a=dazx.(a),
for all a € A. Hence, d = da x » and so H}(A, X) = {0}. Therefore, A is left p-contractible.

Similarly, we can show that if ¢ € A(A)U{0} then A is right ¢-contractible if and only if Ac is right pc-contractible.
Hence, (i) holds.
(ii). Since the map ¥ : A(A) U {0} — A(Ac) U {0} defined by (E) is bijection, (ii) follows from (i).
(iii). Clearly, (ii) implies that (iii) holds. OJ

4 A hereditary property of left and right 0-contractibility

A hereditary property of the left O-contractibility of complex Banach algebras studied by Nasr-Isfahani and Soltani
[17, Proposition 3.4(ii)] which is modified as the following.

Proposition 4.1. Let (B, || - ||) be a complex Banach algebra. Then B is left (right, respectively) 0O-contractible if
and only if B has a right (left, respectively) identity.
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Applying Proposition @ and part (i) of Theorem @ for ¢ = 0, we obtain a hereditary property of left and right
0-contractibility of real Banach algebras as following.

Proposition 4.2. Let (A, ] - ||) be a real Banach algebra. Then A is left (right, respectively) O-contractible if and
only if A has a right (left, respectively) identity.

Proof . Take Ac = A x A. Recall that Ac is a complex algebra with the algebra operations defined by (E) and
so it is a complexification of A with respect to the injective real algebra homomorphism J : A — Ac defined by
J(a) = (a,0), (a € A). By [B, Proposition, 1.1.13], there exists an algebra norm ||| - ||| on Ac satisfying in the (x)
condition with k1 = 1 and ky = 2.

We first assume that A is left (right, respectively) O-contractible. By part (i) of Theorem @ for ¢ = 0, the complex
Banach algebra (Ac, ||| -]l]) is left (right, respectively) 0-contractible. Hence, A¢ has a right (left, respectively) identity
(e1,e2) by Proposition §.1. It is easy to see that e; is a right (left, respectively) identity for A.

We now assume that A has a right (left, respectively) identity e. It is easy to see that (e.0) is a right (left,
respectively) identity for Ac. Hence, Ac is left (right, respectively) O-contractible by Proposition @ Therefore, A is
left (right, respectively) O-contractible by part (i) of Theorem for p =0. O

As consequences of Propositions @ and @, we obtain the following results.

Corollary 4.3. Let (A, || -||) be a commutative Banach algebra over F. Then A is left O-contractible if and only if A
is right O-contractible.

Corollary 4.4. Let (A, | - ||) be a Banach algebra over F. Then A is 0-contractible if and only if A has identity.

Corollary 4.5. Let (A, ] - ||) be a complex Banach algebra and let Ag denote A regarded as a real algebra. Then A
is left (right, respectively) O-contractible if and only if Ag is left (right, respectively) 0-contractible.

5 Left ¢-contractibility and projectivity

In this section, we assume that A is a real Banach algebra with A(A) # 0 and ¢ € A(A). We discuss the relation
between left p-contractibility of A and projectivity of real Banach left A-modules.

Let A be a Banach algebra and X be a left Banach A-module over F. We say that X is essential if the linear span
A-Xover Fis dense in X, where A-X={a-2: a€ A, z€X}.

The following result is a modification of [[17, Proposition 4.1] which is useful in the sequel.

Proposition 5.1. Let A be a Banach algebra over F with A(A) # 0, let ¢ € A(A) and let X be a complex Banach
space. Then X is an essential Banach left A-module over F with the left module action (a,z) — a-z: Ax X — X
defined by a -z = p(a)z, (a,z) € A x X.

Let X and ) be Banach spaces over F. We denote by Br(X,92)) the Banach space of all bounded linear operators from
X to Q) over F with the operator norm. We say that T € Bp(X,9) is admissible if ToSoT =T for some S € Br(Q), X).

Let A be a Banach algebra over F and let X and ) be Banach left A-modules over F. We denote by 4Br(%,9)) the
set of all T € Br(X,9) for which T is an A-module morphism. Clearly, 4Br(X,9)) is a closed subspace of Br(X,9))
over F. An operator T' € 4Br(X,9)) is called a retraction if there exists S € 4B(2),X) with T o S = Iy, the identity
self-map on ). In this case, Q) is called a retract of X.

Let A be a Banach algebra and let P be a Banach left A-module over F. We say that P is projective if for any
Banach left A-modules X and ) over F, each admissible epimorphism T' € 4Br(X,2)) and each S € s Br(P,2)), there
exists R € 4Bp(P,X) such that To R = S.

Let A be a Banach algebra and let X be a Banach space over F. Then the projective tensor product AQrX is a
Banach left A-module over F with the left module action determined by

a-(b@zx)=ab@x (a,b€ A,z € X).
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It is easy to see that if X is a Banach left A-module over F, then the linear map 7y : ARpX — X determined by
mr(a®@x)=a-z (a€ Az eX),

is an element of 4Br(A®rX,X) which is called the canonical morphism.

The following result is due to Helemskii which is useful in the sequel.

Proposition 5.2. [§, Proposition I.V.11] Let A be a Banach algebra and let X be an essential left A-bimodule over
F. Then X is projective if and only if the canonical morphism 7 € ABp(A®rX, X) is a retraction.

For a real Banach algebra (A, || - ||) and a complex Banach space (X,]| - ||), we show that X is a projective real
Banach left A-module with a suitable left module action if and only if X is a projective complex Banach A¢-module
with a suitable left module action.

Lemma 5.3. Let A be a real Banach algebra and let X be a complex Banach space. Then the followings hold.

(i) A®rX with the projective norm ||-||, is a complex Banach space whenever the scalar multiplication is determined
by
ala®z) =a®ax (aeC, a€ A, ze€X). (1)

(i) A®rX is a real Banach left A-module whenever the left module action is determined by
a-b®r)=abxx (a,be Az € X).
Moreover,
i(a-0) =a-(ib),
foralla € A and 0 € AQgX.

Theorem 5.4. Let (A, ]| -]|) be a real Banach algebra with A(A) # 0, let ¢ € A(A), let Ac be a complexifiction of A
with respect to an injective real algebra homomorphism J : A — Ag, let ||| - ||| be an algebra norm on Ac satisfying
the (%) condition and let X be a complex Banach space. Then the following assertions are equivalent.

(i) X is a projective real Banach left A-module with the left module action (a,z) — a -z : A x X — X defined by
a-z=¢pla)z, (a,z)eAxX.

(ii) X is a projective complex Banach left Ac-module with the left module action (J(a)+14J(b), z) — (J(a)+iJ(D))-
x: Ac X X — X defined by (J(a) +iJ (b)) -z = poc(J(a) +iJ(D))z, (a,b,x) € Ax AXX.

Proof . Clearly, X is a real Banach left A-module (a complex Banach left Ac-module, respectively) with the left
module action defined in (i) (in (ii), respectively). Hence, X is an essential real (complex) Banach left A(A¢)-module
by Proposition p.1. Let mg : A®rX — X be the real canonical morphism determined by

mra®@z)=a-x (a€ A zxeX),
and let mc : Ac®cX — X be the complex canonical morphism determined by
me((J(a) +iJ(b) @ z) = (J(a) +iJ(b)) -z (a,b€ A,z € X).
It is easy to see that Ac®cX is a real Banach left A-module with the left module action determined by
a-((Jb)+iJ(c)@x)=J(a)  ((JO)+iJ(c)®@z) (a,b,ce Az X).
Define the map T : Ac x ¥ — AQrX by
T(J(a) +iJ(b),z) = (a®@x) + (b® (ix)) (a,be AxeX).
It is easy to see that T is a complex bilinear mapping. Moreover,

IT((J(a) +iJ (b)), 2)[lp = l[(a @ 2) + (b & (ix))ll,
<lla@ x|, + b® (i),
= llallll] + [[o]ll=]
< 2|z max {{[a]], [[[|b]}
< 2k [|z[[[IT (@) + i (B)l];
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for all (a,b,z) € A x A x X. Thus, the real bilinear mapping 7" is bounded and ||T|| < 2k;. Hence, there exists a
bounded complex linear mapping T : Ac@cX — AQrX determined by

T(J(a) +iJ (b)) @ z) = T(J(a) +iJ(b),z) (a,be€ A,z € X).

Moreover, |T|| = ||T||. It is easy to see that Ac®cX is a real Banach left A-module with the left module action
determined by
a-((Jb)+iJ(c)) ®x) = (J(ab) +iJ(ac)) @z (a,b,c€ A,z € X).

Since

T(a- ((J(b) +iJ(c)) @ x) = T((J(ab) +iJ(ac)) @ x) = T((J(ab) + iJ (ac)), z)
=abRzr+tac® (iz)=a- (bR +c® (ix))
a-T((Jb)+iJ(c)),z)=a-T((J(b) +iJ(c) @)

for all (a,b,¢,z) € Ax Ax Ax X, we deduce that T € 4B, (Ac®cX, AQrX). By part (i) of Lemma @, (ABRX, | - IIp)
is a complex Banach space with the scalar multiplication determined by

ala®x)=a®azr (eeCia€ A,z €X). (2)

Moreover,

i(a-0)=a-(if), (3)
for all a € A and 6 € AQrX. It is easy to see that A®rX is a complex Banach left Ac-module with the left module
action determined by

(J(a) +1iJ(b) - (c®@2x) = (ac) @z + (be) ® (ix) (a,c,be A,z € X).
Define the map S : A x X — Ac®cX by
S(a,z)=J(a)@z (a€ Az eX).

It is easy to see that S is a real bilinear mapping. Moreover

1(5(a), )llp = [T (a) @ z[l, < [[IT(a)[l| [zl < IIGH l]]-

for all @ € A and € X. Thus, S is bounded and ||S]| < Z—f Hence, there exists a bounded real linear map
S : ARpX — Ac®cX determined by

Sa®z)=S(a,z)=J) @z (acAuzxeci).

Moreover, ||S|| = ||S]|. Since

Si(a®z)) = S(a® (ix)) = S(a,iz) = J(a) ® (iz)
=i(J(a) ® z) = iS(a,z) = iS(a ® x),

for all a € A and = € X, we deduce that S is a complex linear mapping. Therefore, S € B, (A®rX, Ac®cX). Since

S((J(a) +iJ(b) - (c®z)) =S
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for all (a,b,c,z) € A x A x A x X, we deduce that S € 4.B.(ABrX, Ac®cX).
It is easy to see that

SoT((J(a)+iJ(b) @x) = (J(a) +iJ (b)) @z,

for all a,b € A and x € X. This implies that o
Sol' =1, 5% (4)
Similarly, we can show that
Fod =1L (5)

Since

mro T((J(a) +iJ(D) @) =mp(a®@z+b® (iz)) =a-z+b- (iz)
= p(a)z + (b)(iz) = pc(J(a))z + o (J (b)) (i)
=J(a) -z + J(Ob) - (ix) =J(a) -z + (iJ(b)) -z
=J(a)+iJ (b)) -z =nc((J(a) +iJ(b)) ® z),

for all a,b € A and z € X, we deduce that (mg o T)(#) = mc(8), for all § € Ac®cX. This implies that

mroT = me. (6)
From (a) and (E), we get )

TR = TCc oS (7)
By (H) and the complex linearity of m¢ and S, we deduce that 7g is complex linear. Assume that X is a projective
real Banach left A-module with the left module action

a-x=yla)r (ac€AzxeX).

By Proposition @, X is essential. Therefore, by Proposition @ for F = R, we deduce that 7y is a retraction. Hence,
there exists A € 4B, (X, AQrX) such that

TR © A= Ix (8)
Define the map Ac : X — AQrX by

Ac(z) = Alz) —iA(iz) (z € X).
It is easy to see that A € B.(X, A®rX). Applying (E), we get

Ac(J(a) - z) = Ac(pc(a)z) = Ac(p(a)z)
=Ac(a-2)=Aa- ) —iA(i(a- x))
=A(a-z) —iA(i(J(a) - x)) = Ala - z) —iA((J(a) - (ix))
a-Azx)—ila-A(ix)) =a-Ax) —a- (iA(iz))
=a- (A(z) —iA(iz)) = J(a) - (A(z) — “\(m))
= J(a) - Ac(z),

for all a,b € A and = € X. This implies that

Ac((J(a) +3J (b)) - x) = (J(a) +iJ (b)) - Ac(z),

for all @ € A and x € X. Hence, A¢c € 4.B.(%X, A®gpX). Therefore, %5‘ oAc € aBe(X, Ac®cX) since S e
AcBc(ABRX, Ac®cX). Applying (H) and (E) and according to the complex linearity of mg, we have

T o %(SY oAo)(x) = %(mc 0So Ao)(x) = %(WR oAo)(x) = %TFR(A(JC) —iA(ix))
= £ (ma(A@)) — m=(A(2) = 3 (7=(A()) — ima(A(i2))

— %(x —i(iz)) = Ix(z),
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for all z € X. This implies that ¢ o %(5‘ oA¢) = Ix. Hence, 7c is a retraction. Since X is an essential complex Banach
left Ac-module, we deduce that X is a projective complex Banach left Ac-module by Proposition for F = C. Hence,
(i) implies (ii).

We now assume that X is projective complex Banach left Ac-module. Since the left module action (J(a) +
iJ(b),z) — (J(a) +iJ(b)) -« : Ac X X — X is defined by

(J(a) +iJ(b)) -z =pc(J(a)+iJ(b)z (a,be€ Az € X),

we deduce that X is an essential complex Banach left Ac-module by Propositio;a@ for F = C. Therefore, the
complex canonical morphism 7¢ : Ac®cX — X is a retraction by Proposition for F = C. Thus, there exists
T € 4.B.(X, Ac®cX) such that

mrol = Ix. 9)

Define tha map I : X — AQrX by

I"=ToT. (10)
Applying (), (Ld) and (H), we get

(mr o I")(2) = mr(I"(2)) = me(T(L(x))) = (mr o T)(I(2))
= mc(l'(2)) = (¢ o T)(2) = Ix()

for all x € X. This implies that g o IV = Ix. Hence, 7g is a retraction. Since X is an_essential real Banach left
A-module, we deduce that X is a projective real Banach left Ac-module by Proposition @ for F = R. Hence, (ii)
implies (i). O

A relation between -contractibility of a complex Banach algebra B and the projectivity of certain Banach left
B-modules is given in [17, Theorem 4.3]. We obtain similar result for real Banach algebras as the following.

Theorem 5.5. Let (4, | - ||) be a real Banach algebra with A(A) # 0, let ¢ € A(A). Then the following assertions
are equivalent.

(i) If X is a complex Banach space, then X is a projective real Banach left A-module with the left module action
(a,z) —>a-z: AXxX — X defined by a -2 = p(a)r, (a€ A,z € X).
(i) There is a complex Banach space X such that X is a projective real Banach left A-module with the left module
action (a,z) —r a-x: Ax X — X defined by a -z = p(a)r, (a€ A,z €X).
(i) C is a projective real Banach left A-module with the left module action (a, z) — a-z: A x C — C defined by
a-z=p(a)z, (aeAzxeC).
(iv) A is left p-contractible.

Proof . (i)= (ii). Suppose that (i) holds. To prove (ii), take X = A x A. Then X is a complex algebra with the
algebra operations defined by (R). By [B, Proposition 1.1.13], there exists an algebra norm ||| - ||| on X satisfying

max {[a]l, B[]} < [[[(a, b)|[| < 2max {]a], [|b]},

for all a,b € A. Clearly, (X, ]||-]||) is a complex Banach algebra and so complex Banach space. Define the left module
action (a, (b,¢)) —> a- (b,c) : Ax X — X by

a-(bc)=¢(a)(b,c) (a€ A, (bec)e€X).

It is easy to see that X is a real Banach left A-module with the mentioned left module action. By (i), X is projective.
Hence (ii) holds.

(if)= (iii). Clearly, C is a real Banach A-module with the Euclidean norm and the left module action defined
in (iii). Set Ac = A x A. Then Ac is a complex algebra with the algebra operations defined in (E) and it is a
complexification with the injective real algebra homomorphism J : A — A¢ defined by J(a) = (a,0), a € A. By [b,
Proposition I1.1.13], there exists an algebra norm ||| ||| on A¢ satisfying in the (%) condition with k1 = 1 and ks = 2. By
(ii), there exists a complex Banach space X such that X is a projective real Banach left A-module with the left module
action (a,z) — a-2: AX X — X defined by a -z = ¢(a)x, (a € A,z € X). By Theorem @, X is a projective
complex Banach left Ac-module with the left module action (J(a) 4+ iJ(b),z) — (J(a) +iJ(b)) -z : Ac x X — X
defined by (J(a) +iJ(b)) -z = pc(J(a) +iJ(D)z, (a,b € A,z € X). Therefore, C is a projective complex Banach
left Ac-module with the left module action

(J(a) +iJ(b)) -z = pc(J(a) +iJ(b)z (a,be A,z € C),
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by [17, Theorem 4.3], Hence, C is a projective real Banach left A-module with the left module action
a-z=p(a)z, (ae€ A zeC),

by Theorem @ Hence, (iii) hilds.
(iii)= (iv). By (iii) and Theorem @, C is a projective complex Banach left Ac-module with the left module action

(J(a) +iJ(b) -z = pc(J(a) +iJ(b)z (a,be€ A,z e C).

This implies that Ac is left pc-contractible by [[17, Theorem 4.3]. Hence, A is left p-contractible by part (i) of Theorem
and so (iv) holds.

(iv)= (i). Let X be a complex Banach space. Clearly, X is a real (complex, respectively) Banach left A-module
(Ac-module, respectively), with the left module action a - x = ¢(a)z for all a € A,z € X, ((J(a) +iJ(b)) -z =
wco(J(a)+iJ(b))x for all a,b € A,z € X, respectively). By (iv) and part (i) of Theorem @, we deduce that Ac is left
po-contractible. Therefore, X is a projective complex Banach left Ac-module with the mentioned left module action
by [L7, Theorem 4.3]. Hence, by Theorem p.4, X is a projective real Banach left A-module with the left module action
defined by a -z = p(a)z, (a € A,z € X). Thus (i) holds. O

6 Relation between character contractibility of B and By
Let (B, ]| -||) be a complex Banach algebra with A(B) # () and let Bg denote B regarded as a real algebra. Clearly,
AB)U{B: ¢ e AB)} C ABs).
For each ¢ € A(B), we give a characterization of left ¢-contractibility of B as the following.
Theorem 6.1. Let (B, | -||) be a complex Banach algebra and let Bg denote B regarded as a real algebra. Then the

following assertions are equivalent.

(i) B is left p-contractible.
(i) C is a projective complex Banach left B-module with the left module action (b, z) — b-z : Bx C — C defined
by b-z=¢(b)z, (beB, zeC).
(iii) C is a projective real Banach left Br-module with the left module action (b, z) — b® z : Bg x C — C defined
by b®z=p(b)z, (be B, zeC).
(iv) Bg is left @-contractible.

Proof . (i)= (ii): It follows from [L7, Theorem 4.3].
(ii)= (iii): By (ii), there exists p € pB.(C, B&cC) such that

TTcop = I@7 (1)
where 7¢ : B&cC — C is the canonical morphism. Define the map S : B&cC — Br®rC by
Sa®l)=a®1, (acB).

It is easy to see that S € B]R(B@cC, BR@)R(C). On the other hand, B&¢C and Br®gC are real Banach left Br-module
with the left module actions defined by

a-(b®l)=(ab)®1 (a€ Bg,be B),

a@b®1+c®i)=(ab)®1+ (ac)®i (a,b,c € Br).
Since

Sa-be1)=5(ab)@1l)=(a)@l=a-b®1)=a0Sb®1),
for all @ € B, b € B, we deduce that S € BRBR(B®@C, BR@)R(C). Let mr : Bg®@rC — C be the canonical morphism.
Since
(rroS)(a®1)=mr(Sa®1l))=mr(a®1l)=a61
=pla)l=a-1=mnc(a®1),
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for all a« € B, we have
R 0 S = mc. (2)

It is easy to see that p € p,B,(C, B®¢C). Hence, S o p € p,Br(C, BRgC). By (m) and (E), we have
mro(Sop)=(mroS)op=mcop=Ic.

Therefore, mg is a retraction. Since ¢ € A(Bg) and C is a real Banach left Bg-module with the left module action
(a,2) — adz: Bg x C — C defined by a2z = p(a)z (a € Bg,z € C), we deduce that C is an essential real
Banach left Bgr-module by Proposition for F = R. Hence, C is a projective real Banach left Bg-module with the
left module action defined in (iii) and so (iii) holds.

(iii)= (iv). It follows from Theorem

(iv)= (i). Let X € M{(B,¢) with the module actions (a,z) — a -z and (a,z) — z - a. Clearly, X is a real
Banach Bg-module with the module actions (a,z) — a ® x and (a,x) — 2 © a defined by

a®zr=a-x=p(a)r (a€ B, =€X),
zOa=z-a (x€X, a€ Bg).

Since ¢ € A(Bgr), we deduce that X € Mg (Bg, ). On the other hand,
(r@a)=i(x-a)=(ix)-a=ixrOa

for all z € X and a € B. Hence,
Hy(Bg, X) = {0}, 3)
by (iv). Let D € ZL(B, X). Define the map d : Bg — X by

d(a) = D(a) (a € Bg).
It is easy to see that d € Z3(Bg, X). According to (B), there exists x € X such that
d=dp, %z (4)
Since B = Bg, by (H) we have
D(a) =d(a) =dpy xz(a) =a@zx—z@a=a-z—x-a=dpzxza),
for all a € B. Hence, D = dp x , and so H}(B,X) = {0}. Therefore, (i) holds. O
It is known [L5, Remark 1.2.8] that if B is a complex commutative Banach algebra with identity, then

A(Br) = AB)U{@: ¢ € A(B)}. ()

Here, we give an extension of the mentioned result as the following.

Proposition 6.2. Let (B, | - ||) be a complex Banach algebra with A(B) # () and let Bg denote B regarded as a real
algebra. Then A(Br) = A(B)U{p: ¢ € A(B)}.

Proof . Clearly,

AB)U{F: pe AB)} C A(Bs). (6)
Suppose that ¢ € A(BRr). Then ¢(B) is a real subalgebra of C and {0} is a proper subset of ¢)(B). Thus, /(B) =R
or ¢(B) = C. Therefore, 1 € ¢)(B) and so there exists a; € B with 1(a;) = 1. It follows that

(W(ia1)* = (b(iar)?) = ¥(~a3) = —b(a?) = ~(W(@))* = 1.
Therefore, ¥(ia;) =i or ¢¥(ia;) = —i. If ¥(iay) = 4, then for each a € B we have

Y(ia) = ¢(ar1)(ia) = Y(iara) = P(iar)P(a) = iv(a).
This implies that ¢ ((a +i8)a) = (o +i08)¢(a) for all o, 8 € R and a € B. Hence, ¢ € A(B). If ¢(ia;) = —i, then by
a similar calculation we get ¥(a) = i¢(a) for all @ € B which implies that 1 € A(B). Therefore, 1 € A(B)U{p: ¢ €

A(B)}. Thus,

A(Br) € AB)U{F: ¢ e AB)). (7)
From (E) and (H), we have

A(Br) = A(B)U{g: v € AB)},

and so the proof is complete. [



16

Theorem 6.3. Let (B, ] - ||) be a complex Banach algebra and let Bg denote B regarded as a real algebra. Then B
is left character contractible if and only if Bg left character contractible.

Proof . We firt assume that B is left character contractible. Let ¢ € A(Bg). Then ¢ € A(B) or $ € A(B
by Proposition @ If ¢ € A(B), then B is left ¢-contractible and so Bg is left p-contractible by Theorem

If € A(B), then B is left @-contractible and so By is left @-contractible by Theorem [.1. Therefore, Bg is left
-contractible by part (i) of Theorem R.1. Suppose that ¢ = 0. Then B is left O-contractible and so by Corollary {.5,
Bg is left 0-contractible. Therefore, Bg is left character contractible.

We now assume that By is left character contractible. Let ¢ € A(B). Then ¢ € A(Bg) and so By is left ¢-
contractible. Hence, B is left ¢-contractible by Theorem [.1. Suppose that ¢ = 0. Then Bg is left 0-contractible and
so B is left O-contractible by Corollary @.5. Therefore, B is left character contractible.

7 Applications and examples

Applying some results in previous sections and some known results about the character contractibility for complex
commutative Banach algebras, we obtain the following theorems.

Theorem 7.1. Let (A, | -||) be a commutative real Banach algebra. If A is character contractible, then A is a finite
dimensional real linear space.

Proof . Let A be character contractible. Set Ac = A x A. Then Ac¢ with the algebra operations defined by (E) is
complex algebra which is complexification of A with respect to the injective real algebra homomorphism J : A — Ac
defined by J(a) = (a,0) a € A. Moreover by [, Proposition 1.1.13], there exists an algebra norm ||| - ||| on Ac
satisfying in the (*) condition with the positive constants k; = 1 and ko = 2. Hence, Ac is character contractible by
part (iii) of Theorem B.1. Therefore, Ac is finite dimensional by [10, Theorem 6.10] and so there exists a finite subset
{(a1,b1), -, (an,bn)} of Ac which generates Ac. It is easy to see that A generates by the finite set {a1, b1, -, an,bn}.
Hence, A is a finite dimensional real linear space. [J

Theorem 7.2. Let (A, | -||) be a commutative real Banach algebra with A(A4) # 0 and ¢ € A(A).

(i) If A is p-contractible, then {¢} is an open set in A(A) with the Gelfand topology.
(#i) If A is semisimple and if {¢} is an open set in A(A) with the Gelfand topology, then A is y-contractible.

Proof . Let Ac = A x A and ||| - ||| be an algebra norm on Ac satisfying in the (x)-condition. Recall that for each
1 € A(A), the map ¢ : A x A — C defined by

wC(aa b) = 1/1(0) + Z¢(b) (av be A)a

is an element of A(Ac¢) and the map O : A(A) — A(Ac) defined by ©(v)) = e, 1 € A(A), is a homeomorphism
from A(A) with the Gelfand topology onto A(A¢) with the Gelfand topology.

To prove (i), assume that A is @-contractible. Then Ac is pc-contractible by part (i) of Theorem @ Hence,
{pc} is an open set in A(Ac) with the Gelfand topology by [, Theorem 2.1(i)]. Since {¢} = O~ 1({¢c}) and O is a
homeomorphism, we deduce that {(} is an open set in A(A) with the Gelfand topology. Hence (i) holds.

To prove (ii), assume that A is semisimple and {¢} is an open set in A(A) with the Gelfand topology. Then
Ac is semisimple by [L6, Proposition 2.7.6] and {¢c} is an open set in A(A¢) with the Gelfand topology since
{pc} = O({¢}) and O is a homeomorphism. Thus, Ac is pc-contractible by [, Theorem 2.1(ii)]. Therefore, A is
p-contractible by part (i) of Theorem B.1. Hence, (ii) holds. O

In continue we study character contractibility of certain real Banach algebras.

Let X be a compact Hausdorff space. We denote by Cr(X) the set of all continuous F-valued functions on X.
Then Cp(X) is a commutative Banach algebra over F with unit 1x, the constant function on X with value 1, and
with th uniform norm [ - |[x on X defined by

[fllx =sup{f(z): we X}  (f € Cr(X)).

We write C(X) instead of C¢(X). A complex subalgebra B of C'(X) is called a Banach function algebra on X if B
separates the points of X, 1x € B and B is a unital Banach algebra under an algebra norm || - ||.
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Let B be a Banach function algebra on X. For each z € X, the map e, : B — C defined by ep,(f) =
f(z) (f € B), is a character of B which is called the evaluation character on B at z. It is known that the map
Ep x : X — A(B) defined by Ep x(z) = eps, € X, is an injective continuous mapping. We say that B is natural
if Ep x is surjective.

Let X be a compact Hausdorff space. A self-map 7 : X — X is called a topological involution on X if 7 is
continuous and 7(7(z)) = x for all x € X. Let 7 : X — X be an topological involution on X. Then the map
7 1 C(X) — O(X) defined by 7*(f) = for (f € C(X)), is an algebra involution on C(X) which is called the
algebra involution on C(X) induced by T. Set

CXr)={feCX): 7°(f) =}

Then C(X,7) is a self-adjoint real uniformly closed subalgebra of C(X) containing 1x and separating the points of
X. Moreover, C(X) =C(X,7) @iC(X, ) and

max{|[f[x, [[gllx} < IIf +igllx < 2max{[[f]x,[lglx},

for all f,g € C(X, 7). Furthermore, C(X,7) = Cr(X) is and only if 7 is the identity map on X. A real subalgebra A
of C(X,7) is called a real Banach function algebra on (X, 7) if A separates the points of X, 1x € A and A is a unital
real Banach algebra with an algebra norm || - || on A.

Let A be a real Banach function algebra on (X, 7). For each z € X, the map eq, : A — C defined by
eax(f) = f(x) (f € A) is a character of A. It is easy to see that the map E4x : X — A(A) defined by
Eax(z) =eay (x € X), is an injective continuous mapping from X to A(A) with the Gelfand topology. We say that
A is natural if E4 x is surjective.

If (B,||-||) is a complex Banach algebra on X with 7*(B) = Band A= {f € B: 7*(f) = f}, then A is a real
subalgebra of B, B = A @ iA and there exists a positive constant C' such that

max{|[ |, lgll} < ClIf +igll < 2Cmax{]|f][lg]l},

for all f,g € A. Moreover, (A, | - ) is a real Banach function algebra on (X,7) (see [3, Theorem 2.1]). Note that
(eas)c =epy for all x € X and so A is natural if and only if B is natural.

Theorem 7.3. Let X be a compact Hausdorff space, 7 : X — X be a topological involution on X, let (B, || -||) is a
natural complex Banach function algebra on X with 7*(B) = Band let A={f e B: 7*(f) = f}.

(i) If x € X, then the real Banach algebra (A4, || - ||) is e ,-contractible if and only if = is an isolated point of X.
(ii) The real Banach algebra A is character contractible if and only if X is finite.

Proof . (i). Let z € X. Since B is a complexification of A with the injective real algebra homomorphism J : A — B
defined by J(f) = f (f € A) and there exists a positive constant C such that

max{|| ], lgll} < ClIf +igll < 2Cmax{|| ], [|gll}

for all f,g € A. According to ep , = (ea,5)c, we deduce that A is e4 ,-contractible if and only if B is ep ,-contractible
by part (i) of Theorem B.1. Since B is a natural complex Banach function algebra on X, by [[|, Theorem 2.3|, B is
ep z-contractible is and only if = is an isolated point of X. Hence, (i) holds.

(ii). By part_(iii) of Theorem @, A is character contractible if and only if B is character contractible. On the
other hand, by [[7, Corollary 2.4], B is character contractible if and only if X is finite. Hence, (ii) holds. O

Corollary 7.4. Let X be a compact Hausdorff space, let 7 : X — X be a topological involution on X and let
A=C(X,T).

(1) If x € X, then A is ey z-contractible if and only if x is an isolated point of X.

(i) A is character contractible if and only if X is finite.

Proof . Set B = C(X). Since (B,] - |lx) is a natural complex Banach function algebra on X, 7*(B) = B and
A={feB: 7(f)=f}, by Theorem the result holds. O Let (X, d) be a compact metric space and « € (0, 1].
We denote by Lipp(X,d®) the set of all F-valued functions f on X for which

@) —Iw)

z,y € X,z #y} < oo.
d*(z,y) '

P(x,a2)(f) = sup{
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Then Lipp(X,d*) is an algebra over F containing 1x and separates the points of X. Lipp(X,d®) is called Lipschitz
algebra of order a over F. For a € (0, 1), we denote by lipp(X, d*) the set of all f € Lipg(X,d*) for which

@ = )l

=0.
d(z,y)—0  d*(z,y)

Then lipp(X,d*) is a subalgebra of Lipy(X,d*) over F. The algebra lipg(X,d*) is called little Lipschitz algebra of
order o over F. Tt is known that Lipy(X,d?) C lipp(X,d®) C Lipp(X,d*) C Cr(X) whenever 0 < a < 3. The
Lipschitz algebra Lipy(X,d*) and the little Lipschitz algebra Lipy(X, d%) were first introduced by Sherbert in [18, [19].
We write Lip(X,d®) (lip(X,d®), respectively) instead of Lips(X,d*) (lipc(X,d®), respectively). It is known that
Lip(X,d®) is a natural complex Banach function algebra on (X, d) under the algebra Lipschitz norm || - ||Lip(x o)
defined by

[ fllLip(x,a0) = [Ifllx + Px,a0)(f)  (f € Lipp(X,d®)).
Moreover, lip(X,d®) is a closed subalgebra of (Lip(X,d®),|| - |lLip(x,a~)) Whenever a € (0,1). Also, (lip(X,d®),]|| -
|Lip(x,d~)) is a natural complex Banach function algebra on (X,d). A self-map 7 : X — X is called a Lipschitz
mapping on (X, d) if

d(r(x), 7(y))
p(T) = sup :
7=y

A Lipschitz mapping 7 on (X,d) is called a Lipschitz involution on (X,d) if 7(7(z)) = x for all x € X. It is easy

x
to see that if 7 : X — X is a Lipschitz involution on (X,d) then 7*(Lip(X,d®)) = Lip(X,d®) for a € (0,1] and
7*(lip(X,d*)) = lip(X, d?*) for a € (0,1). Define

r,ye X, x#y}<oo.

Lip(X,d*,7) ={f € Lip(X,d"): 7°(f) = f} (a€(0,]),
lip(X,d*, ) ={f €lip(X,d*): 7°(f)=f} (a€(0,1)).

It is known [3, Theorem 2.7] that if B = Lip(X,d*) (B = lip(X,d®), respectively) and A = Lip(X,d*,7) (A =
lip(X,d*, T), respectively), then B = A @ iA,

max{ || fllLip(x,a0), |9llLip(x,ae) } < (2(T)Nf +igllLip(x,ae)
< 2(p(7))* max{|| fllLip(x,a), |9/l Lip(x,de) }
for all f,g € A and (A,] - |lLip(x,d~)) is a natural real Banach function algebra on ((X,d),7). The real Lipschitz
algebras Lip(X,d®, ) and lip(X, d®, 7) were first introduced in [3].
As an application of Theorem @, we give the following result.

Theorem 7.5. Let (X,d) be a compact metric space, 7 : X — X be a Lipschitz involution on (X,d) and let
A = Lip(X,d*,7) for a € (0,1] or A =lip(X,d*,7) for « € (0, 1).

(i) If x € X, then A is ey z-contractible if and only if x is an isolated point in (X, d).
(i) A is character contractible if and only if X is finite.

Proof . Let B = Lip(X,d®) for a € (0,1] (B = lip(X,d®) for a € (0,1), respectively). Then (B, | - [|Lip(x,d~)) is a
natural complex Banach function algebra on (X, d) with 7*(B) = Band A= {f € B: 7*(f) = f}. Hence, the result
holds by Theorem @ g

Let G be a locally compact group. We denote by M(G) the set of all complex Borel measures on G. It is known
that M (QG) is a complex Banach algebra with the norm

lull = 1ul(@G) (p e M(G)).

Let X be a left Haar measure on G and L'(G) = L'(G, \), the group algebra on G with respect to the measure ),
endowed with the L!(G)-norm

1 llore = /G flax  (feINE)).

A map 7 : G — G is called a topological group involution on G if 7 is a continuous group automorphism on G and
7(7(x)) =z for all z € G.
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Let G be a locally compact group and let 7 : G — G be a topological group involution on G. It is easy to see

that por € M(Q) for all p € M(G). Define

MG, 7)={pe M(G): por = pf}.
It is shown [6, Proposition 2.2] that M (G, ) is a closed real subalgebra of M(G), M(G) = M (G, 1) ®iM (G, ) and

max {||p|, [v[|} < [lp+iv] < 2max {|[u], [[v]|},

for all p,v € M(G, 7). Let A be a Haar measure on G. By [0, Theorem 2.4], Ao 7 = A. Define

LYG, 1) ={f e L}G): for=[}
By [6, Theorem 2.5], L' (G, 7) is a closed real subalgebra of L'(G),

LY(G) = L'(G,7) ®iL' (G, 1),

and
max {|| fllz1 (e l9llzrey } < If +igllzie < 2max{[|fllL1 @), l9llzr @)}
for all f,g € L*(G, 7).

Let G be the dual group of G, the set of all continuous group homomorphisms from G to T={z € C: [z| =1}.
For each p € G, define the map ¢, : L'(G) — C by

%uwaéHBQNMdmm (f € I}(G)).

Then ¢, € A(LY(G)), which is called the induced character by p. It is known [§, Theorem 23.7] that A(LY(G)) =
{op: pE G}. For p € G, define the map Yy M(G) — C by

%wzéﬁﬁam>weM@»

Then ¢, € A(M(G)) and 9| = @,. It is known [9] that if G is discrete, then A(M(G)) = {¢, : p € G}.

L@

Let 7 : G — G be a topological group involution on G. For each p € G, define the maps opr: LYG,7) — C
and ¥, » : M(G,7) — C by

%maﬁ@mwwumww»
%AM=AH5@M)W€M@ﬂ)

We can show that ¢, » € A(LY(G,7)) and ¢, » € A(M(G, 7)) for all p € G. Moreover, (¢p.+)c = @p and (Vpr)c = Uy
for all p € G.

Theorem 7.6. Let G be a locally compact group with a left Haar measure A, let 7: G — G be a topological group
involution on G and let p € GG. Then the following assertions are equivalent.

(i) L*(G,7) is left ¢, -contractible.
(1) M(G,7) is left 1, --contractible.
(#i) G is compact.
Proof . Since L'(G) = LY(G,7) ®iL*(G, 1),

max {|| fllz1 (e l9llzrey ) < If +iglloie < 2max{[|fllLy @), lgllzr @}

for all f,g € LYG,7), ppr € ANLYG.7)) and ¢, = (pp.r)c, we deduce that (i) is equivalent to L'(G) is left
pp-contractible by part (i) of Theorem B.1. Since M(G) = M(G,7) ®iM(G,T),

max {||ull, [V} < llp + vl < 2max {[|p, [|]},

for all p,v € M(G,7) and ¥, = (¢¥p.r)c, we deduce that (ii) is equivalent to M(G) is left ¢,-contractible by part (i)
of Theorem B.]|. Therefore, the result holds by [17, Theorem 6.2]. O
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Theorem 7.7. Let G be a locally compact group with a left Haar measure ), let L*(G) = LY(G,\) and 7 : G — G
be a topological group involution on GG. Then the following assertions are equivalent.

(i) L*(G,7) is left character contractible.
(i) M(G,T) is left character contractible.
(iii) G is finite.

Proof . By the given argument in the proof of Theorem @ and applying part (iii) of Theorem @, we deduce that (i)
((ii). respectively) is equivalent to L'(G) (M(G), respectively) is left character contractible. Hence, the result holds
by [L7, Corollary 6.5]. OJ

Let G be locally compact group, A be a left Haar measure on G and L'(G) = L(G, ). For p € G, we define the

map @, : (L'(G))** — C by
Pp(A) = A(pp) (A€ (LYG)™).
Then ¢, € (LY(G))** and @, is the unique extension of ¢, to (L'(G))** (see [12, Section 2]). Let 7 : G — G be
a topological group involution on G. Since L'(G) is a complexification of L!(G,7) with respect to the injective real
algebra homomorphism J : L}(G,7) — LY(G) defined by J(f) = f (f € L*(G, 7)) and
max { || fllz2 ) l9llere)} < If +igllire < 2max{[|fllyq), 9l @}

for all f,g € L*(G, 1), by [2, Lemmas 2.3 and 2.4], (L'(G))** is a complexification of (L' (G, 7))** with respect to the
injective algebra homomorphism Js : (L}(G, 7))** — (LY(G))** defined by J2(®) = &¢ (@ € (L' (G, 7))**) and

max {[| @[], [[¥]|} < 4[| J2(®) + iJ2(P) | < 32max {[[ ], [V},
for all ®, ¥ € (L'(G,7))**. For p € G, define the function @, , : (L'(G,7))** — C by

Gp.r (@) = §p(22(2)) (P € (LNG, 7))

Then @, , € A(LY(G,7))**) and (P, -)c = @p. This implies that @, . € A((LY(G,7))**) is the unique extension
opr € A(LYG,T))) on (LG, T))*.

Applying part (i) of Theorem @ and [[17, Proposition 6.8], we obtain the following result.
Theorem 7.8. Let G be a locally compact group with a left Haar measure A, let L'(G) = LY(G,\), let 7: G — G

be a topological group involution on G and let p € G . Then (LY(G,7))** is left @, ,-contractible if and only if G is
amenable.

Applying part (iii) of Theorem @ and [17, Proposition 6.10], we get the following result.

Theorem 7.9. Let G be a locally compact group with a left Haar measure A, let L'(G) = L'(G,\) and let 7 : G — G
be a topological group involution on G. Then (L'(G, 7))** is left character contractible if and only if G is finite.

Acknowledgements

The authors would like to thank the referees and editor for their careful reading and valuable comments and
suggestions which helped to improve the manuscript.

References

[1] H. Alihoseini and D. Alimohammadi, Character amenability of real Banach algebras, Int. J. Nonlinear Anal. Appl.
11 (2020), no. 2, 255-284.

[2] H. Alihoseini and D. Alimohammadi, (-1)-weak amenability of second dual of real Banach algebras, Sahand
Communication Math. Anal. 12 (2018), 59-88.

[3] D. Alimohammadi and A. Ebadian, Hedberg’s theorem in real Lipschitz algebras, Indian J. Pure Appl. Math. 32
(2001), no. 10, 1470-1493.



On Character Contractibility of Real Banach Algebras 21

[4] D. Alimohammadi and T. G. Honary, Contractibility, amenability and weak amenability of real Banach algebras,
J. Aanalysis, 9 (2001), 69-88.

[5] F. F. Bonsall and J. Duncan, Complete Normed Algebras, Springer Verlag, New York, 1973.

[6] A. Ebadian and A. R. Medghalchi, Real group algebras, Iranian Journal of Science Technology, Transaction A,
28 (2004), no. A2, 289-298.

[7] M. Essmaili and A. H. Sanatpour, @-contractibility of some classes of Banach function algebras, Filomat 31
(2017), no. 20, 6543-6549.

[8] A. Ya. Helemeskii, The Homology of Banach and Topological Algebras, Kluwer, Dordrecht, 1989.
[9] E. Hewitt and K. Ross, Abstract Harmonic Analysis, Springer, New York, 1970.

[10] Z. Hu, M. S. Monfared and T. Traynor, On character amenable Banach algebras, Studia. Math. 193 (2009), no.
1, 53-78.

[11] E. Kaniuth, A first Course in Commutative Banach Algebras, Springer Verlag, 2009.

[12] E. Kaniuth, A. T. Lau and J. Pym, On ¢-amenability of Banach algebras, Math. Proc. Cambridge Philos. Soc.
144 (2008), no. 1, 85-96.

[13] E. Kaniuth, A. T. Lau and J. Pym, On character amenability of Banach algebras, J. Math. Anal. Appl. 344
(2008), no. 2, 942-955.

[14] S. H. Kulkarni and B. V. Limaye, Gleason parts of real function algebras, Canad. J. Math. 33 (1981), no. 1,
181-200.

[15] S. H. Kulkarni and B. V. Limaye, Real Function Algebras, Marcel Dekker, Inc. New York, 1992.
6] B. Li, Real Operator Algebras, World Scientific Publishing Co., Singapore, 2003.

[17] R. Nasr-Isfahani and S. Soltani Renani, Character contractibility of Banach algebras and homological properties
of Banach modules, Studia Math. 202 (2011), no. 3, 205-225.

[18] D. R. Sherbert, Banach algebras of Lipschitz functions, Pacific J. Math. 13 (1963), no. 4, 1387-1399.

[19] D. R. Sherbert, The structure of ideals and point derivations in Banach algebras of Lipschitz functions, Trans.
Amer. Math. Soc. 111 (1964), 240-272.



	Introduction and preliminaries
	Relation between -contractibility and -contractibility 
	Relation between character contractibility of A and AC
	A hereditary property of left and right 0-contractibility
	Left -contractibility and projectivity
	Relation between character contractibility of B and BR
	Applications and examples

