N
A

On the study of existence of sequential fractional
integro-differential equations with boundary conditions

Panjayan Karthikeyan®*, Kesavan Keerthivasan

Department of Mathematics, Sri Vasavi College, Erode - 638 316, India

(Communicated by Abdolrahman Razani)

Abstract

This paper studies a boundary value problem of sequential fractional integro-differential equations. The uniqueness
results are studied using the classical contraction mapping principle; however, the existence results are proved via
D.O’Regan’s fixed point theorem. We also present an example to illustrate our findings.
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1 Introduction

Fractional differential eqautions is the most prominent approach to inovate the modelling phenomena in domains
such as control, immunology, aerodynamics, viscoelasticity [10} 12} 13} 17, 20} 22}, 23], etc. This unlocks the difficulties
to solve the real-world issues. It mainly deals with the memory effects and dynamical systems see [11, 2, [3], [T5], T8, (251 [26].
To explore the complex models with multi-stage memory, population dynamics and hereditary effects, the concept of
sequential fractional differential equations is the optimal technique to carry out the task. Some recent works related to
sequential and mixed fractional integro-differential equations are given in [4} 6] [7], [8] 9] 141 [T6], 19, 27, 28]. In [5] Ahmad
and Luca studied existence results for the nonlinear Caputo type sequential fractional integro-differential equation and
inclusion:

(DY + pC D7 Ng(x) = flx,g9(x),“ D g(x), I°g(x)), = € (0,1)
(“DY + uD7 Ng(x) € F(x,g(x), I*g(z)), = € (0,1)

subject to the nonlocal boundary conditions
1
9(0) = hlg). (0) = g"(0) =0, al’9(0) = [ g(t)dH (1),
0

Here the authors deals with fractional integro-differential inclusions, which is more effective when the system is
uncertain. In [6] Ahmad et al. studied a sequential fractional differential equations of order v+ 1 with nonlinear three-
point boundary value problem and some existence results are obtained by Banach’s contraction mapping principle and
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Krasnoselskii’s fixed point theorem.

CD”(D+u)y()=f( y(2), 0<z<1, 1<y <2,
y(0) =0, ¥/(0) =0, y(1) =dy(r), 0 <7 < 1.

Further in [2I] Murad et al. discussed the existence and uniqueness using Banach fixed point theorem and Schauder
fixed point theorem for the given boundary value problem

CD(s) = ¢(s,¥

BI(0) +~v9(S) = 6,
AV (0) + v’ (S) = p,
1w (0) + 97 (8) = ¢,

fo k(s,r,9(r))dr,s € 1 =10,95], 2 < a <3,

which is the Caputo fractional derivative involved in the fractional integro-differential equations with some boundary
conditions. For instance, [I1] presents the existence of solutions for a boundary value problem of nonlinear sequential
fractional integro-differential equations of the form

“D*(“DPg)(2) = f(z,9(2),09(2),19(2)),0 < z < 1,
g(1) = g(0) = ¢'(1) = 0.

By exploring these works, we got a foundation to extend our work for studying the behaviour of the solutions of
fractional integro-differential equations with sequential derivative

°DY {08, [ole) = ol 0(:D)] | = 00z 06:), Hel), = € 0.1 (1)
with boundary conditions

ap(0) + Bo(1) =7
$0'(0) + o' (1) = v (1.2)
uo”(0) +vo" (1) =n

where “D7,“D% denote the Caputo fractional derivative of order v and § respectively, 0 < § < 1, 2 < v < 3,

a, B, 7, 0,1, v,u,v and n are constants and 6 : C([0,1],RxR) = R,y : C([0,1],R) — R are given continuous functions
with (0, 0(0)) =0, Ho(z) = [y f(z,w,o(w))dw, A ={(z,w) : 0 <w <z <1}

The existence and uniqueness results for (|1.1) are proved using Banach’s contraction principle, in addition by
adopting D.O’Regan’s theorem, we prove the existence of atleast one solution under several conditions.

The structure of this paper is as follows: Section 2 recalls the essential definitions and theorems that are required
for establishing the main results. In Section 3, we present the existence results related to the mixed fractional integro-
differential equations. A concrete example that illustrates the practical implications of this study is discussed in
Section 4.

2 Preliminaries

This section presents an auxiliary lemma and some fundamental definitions related to fractional calculus. The space
(G, || - II) is a Banach space if G = {g(v) | g(v) € C(]0,1],R)} is the space with the norm ||g|| = sup{|g(v)|,v € [0,1]}.

Definition 2.1. [22] The right and left Riemann-Liouville fractional integrals of order p for a continuous function
h € L1[0,1] are respectively, defined as
1 (' h
I’ _h(v) = / () du,
) Ji (u

I'(p —v)tr

o 1 ¢ h(u)
Bah) =5 || st

where p > 0,T(p) is the Euler Gamma function, provided that the right-hand side is point-wise defined on R
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Definition 2.2. [22] The right and the left Caputo fractional derivative of order p of a function h € AC™[0,1] are
respectively, defined as

“DY_h(v) = (~1)"Z A" (v),

1 v h(")(u)
C n n
Df, h(v) = = p) /0 W ot —du = 1 ?h )(v),

where n = [p] + 1,v > 0,n — 1 < p < n, [p] represents the integer part of the real number p.
Definition 2.3. [22] If p > 0, let h, “ D, h(t),“D{_h(t) € L*[0,1], then

Ig+cDg+h(v) =h(v) +co+c1v+ co® + . ey

I DY h(v) =h(v) +do+di(1 —v) +da(1—v)*+ ...+ dpr(1—0)",
where ¢;,d; € R,i=0,1,...,n—1(n=[p] + 1).

Lemma 2.4. Let Y € C([0,1],R), u € C([0,1],R x R) and Y (0) = 0, then the linear fractional differential system’s
solution enhanced with boundary conditions

DY {9Di,lo(z) =Y (2)]} = pu(z), z€[0,1], 0<d <1, 2<v<3,
a0(0) + Bo(1) = T,

$0'(0) + o' (1) = v,

ug”(0) +vo"(1) =1,

is equivalent to the fractional integral equations

8

LT P __z L [ w)ps
o) =gy [ = 0Pt — s [ |G- 0w+,
5+1 1 z
+Y(1) - g} + §+ - {r(ﬁa) /O (z — w) L I)_p(1)dw + BY (1) — 7 (2.1)
B 1 : 5-3 7 n B
~56-D) {F(d —3) /0 (z —w)°°I]_p(l)dw + A + Y (1) — U] +(5+1)A1} +Y(z2)
Proof .: From u € C([0,1],R x R), we get
o(2) =I5, (I_pu(2) + co+12) + 2 + Y (2)
5 6 L6+1
=15, I]_p(z)+ IO+ l)co + o1 2)61 + e +Y(2). (2.2)
Using the conditions ap(0) + Bo(1) = 7, we get
5 Beo 501 i
BI I pu(1) + T6+1) + T6+2) +(a+ B+ 8Y (1) =1 (2.3)
Applying the boundary conditions ¢o'(0) + ¢’ (1) = v, we obtain
5—1 0 (5 + 1) / | _
0 [I0+ I (1) + T+ 1)00 + F(5+2)Cl +Y (1) = (2.4)

Making use of the boundary condition ug”(0) + vo” (1) = 1, we obtain

5(6—1) (0+1)0 " B
F(§+1)CO+F((5+2)01+Y (D) =n. (2.5)

v [13;2117_“(1) +

Solving the equation (2.3)), (2.4) and (2.5), we get

TG+ 1)
“= 561

|60 - 120 () - () +
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L(6 +2)
CT G M
¢ 1 T—ﬂﬁIW(U—ﬁﬂn—4—£—~%A—J“%7(U—Y%U+Q _ B\
2T 1B 0+1-H 50— 1) Lo+ A1-H RO
where
Ar=(0-1) [Jg+11;_u(1) +Y'(1) - ﬂ — 70 p(1) - Y"(1) + g
Using c¢g, ¢1 and ¢y values in
1 z ) 1 z
o) =gy [ )t~ s | [ o,
o+1 z
+Y%D—Z]+§+1Ay—aiﬁ{réyé(z—wf—ﬁgﬂumw+ﬁyu)—f
ﬁ 1 i S— " n B
Mé_n{mé_m[kzw)?ﬁu@ﬂw+&h+Y(UU]+Q+UA&4)q@

In a similar approach, the converse of the lemma can be derived. [J

Lemma 2.5. [24] Let G be an open set in a closed, convex set C' of a Banach space E. Assume 0 € G. Also assume
that T(G) is bounded and that T : G — C'is given by T' = T} + T», in which T} : G — E is continuous and completely
continuous and T : G — E is a nonlinear contraction.

Then, either

(C1) T has a fixed point ¢ € G; or

(C2) there exist a point o € G and € € (0,1) with o = €T'(p), where G and G respectively, represent the closure
and boundary of G.

Counsider A\, = {p € C([0,1],R) : ||z|| < r}, and indicate the highest number by

B, = max{|6(z, 0, Ho)| : (2,0, Ho) € [0,1] x [—r,7] X [=r,7]}.

Following Lemma 2.4, we express problem ([2.1)) as a fixed point problem ¢ = Fg, where F': X — X is determined
by

Fol) =15 | (2 — w) I (w, p(w), Ho(w))dw + y(z, o(2))

r(%)
P 1
_5@—1er—2

Z(H—l ﬁ 1 z .
- L m{r(a) G0 00,000 Ho(1)du (2.0

[ = w00 000) Ho)du + 685 + (1, 0(0)) -

1
T 1 1
55@-1Jr®_2

+ oA+ 3" (1,0(1)) — Z] +(5/}:1) }

L y(1,0(1)) - ) / (2 —w) P 01, 0(1), Ho(1))duw

Let us define F;,i =1,2: X — X by

= Zé z
FlQ<Z) :ﬁ/o (Z - w)(;—lli)’_e(w’ Q(’LU),H,Q(U)))CZ’LU - 6(6 7 1) |:1—w(51 2) /0 (Z - w)é_gliy—e(l? Q(l)aHQ(l))dw
B LY ATRRY R w

5@£1Jf@12%472wﬁiﬁ?ﬂLgﬂxﬂpunmq}
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and
20 201 T
Faole) =y 00:) = 5 ot + o' (ow) = 2+ - s ey - 3] s
5(517 ) [Ml +y" (L o) = ﬂ +(5A+11)
Clearly,
Fo(z) = Fio(z) + F0(2), z € ]0,1]. (2.9)

3 Existence results

The existence results can be proved based on the following assumptions.

(A1)
|0(z,c(z), He(2)) — 0(2,d(2), Hd(2))| <l[|c —d|+ |Hec— Hd|],Vz € [0,1], I > 0, ¢,d € R;
(A2) For a continuous function ¢ : A x X — X, there exists a constant [; > 0, such that
[€(z,w,¢) — ((z,w,d)| <li|e—d|,Ve,d € X and z,w € A.
(A3) y and y” achieving the condition

|y(0) - y(d)| S h1|C— d|7 hl < )‘;l7 C7d S C([07 1}7R)a hl > 07
|y”(C) - y”(d)| < h2|c - d‘7 Y€ Cs([oa 1])a hQ > 0.

(A4) w = (/\1(l + ll1) + Aohq + /\3h2) < 1.
(A5) there exist constants e; > 0,e2 > 0 and « € [0, 1), such that

00z 0.0)| < €1 +ealo+ AI* for = € 0,1] and h = (H)() = [ 1k, ow))dw
0

(A6)

r 1
su >
TG(O,IZO) /\1(61 + €2|7“ + h|a> 1-— hl)\g — hg)\;;

w=(555) [ S [

i {5(5 — 1)5((1 +8) 5(;6 1)} /0 (Zraiw);g /wl - ;(:)))7_1 e
« 25
N :<a+ﬁ) and \g = [5(5_ 1)ﬁ(a+5) T80 1)}

, where

Theorem 3.1. Let 6 : [0,1] x Rx R — R and y : [0,1] Xx R — R represents a continuous function. Suppose that
(A1)-(A4) holds, then there is a unique solution for the boundary value problem ([1.1J).

Proof .: For ¢,d € X also for all z € [0, 1], based on the asssumptions (A1), (A2) and (A3), it follows that

- su 1 Zz—w‘s_lﬁY w, c(w), He(w)) — 0(w, d(w w))|dw
P Fal < sup {55 [ = ) 0G0l Helw) = 0w, d), )i

8 2
+1y(2, c(2)) — y(z,d(2))| + {5(5 —D(a+p) 006—1)
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; : 2 —w §—3 717 c c _ w
F(5f2)/o( )31 10(1, (1), He(1)) — 6(1,d(1), Hd(1))|d
B ZJ /! "
+ [5(5_1)(a+5) - 5(5_1)}@ (Le(1)) —y"(1,d(1))]

- (aJF:%F@ /0 I _16(1,¢(1), He(1)) — 6(1,d(1), Hd(1))|dw

:
e - s a)}

(l+lh)||0—d||< +5> / (Z_F(“g;é_l /w1 (m;(:iv_ldmdw

8 o Cemw)p St mmwpt
* [5(5—1)(a+ﬂ) 5(5—1)}/0 L -2) /w o)

o 5 20
+ﬁ1|cd|(a+5) + hzllc — d| {5(5_ (a+p5) - (6 — 1)]
<O+ 1) + Aofiy + Azha)||e — d||

Hence,

[Fe — Fd|| < wllc—d]|.

By (A4) we have w < 1, F': X — X is a contraction mapping. Therefore, the contraction mapping principle leads
to the theorem’s conclusion. [J

Theorem 3.2. Let 0 : [0,00) x R x R — R denotes a contlnuous function. Assume (A1)-(A6) holds then there exist

at least o

Proof .:

We ill
Step

ne solution on [0, 1] for the boundary value problem (L.1)).

(A6) gives that, there exists a number ro > 0 such that

To 1
su > )
roe(oI,)oo) Ar(er +ealro +h|®) © 1 —Nhida — ho)s

ustrate the operators Fy and Fy, given in (2.7)) and (2.8]) respectively, fulfill all of the criteria of Lemma 2.4.

1. Fi is completely continuous and continuous. Initially we show that F} (j\ro) is bounded. For given any

t € Ay, We obtain

[F1ol =

L /Z(z —w)’ Y |0(w, o(w), Ho(w))|dw — Z(S/Z(z —w)°3I7_16(1, o(1), Ho(1))|dw
() Jy L= P, el e 36— 1 —2) J, - el e
- v [ o e o). )

- % [ =000 e
! (m—w)'~! B 20 #(z—w)3 ! (m —w)'~!
<5 / / i) MM SE / G 2) / Dy e
1

* (2wt [ w)) 8 (w1 (o w))
" g B) / 0 ) Ty T G e 1) / 6 2) /w Ty e
<B,\i.

Therefore, F} (/_\7“0) is uniformly bounded. For any f1, fo € [0,1], f1 < fa2, we get

Fro(f2)

~ Fio(f) =F(15){ / " [(fz W) (fy - w)ﬁl}m_w(w, o(w), Ho(w))duw

f2 . 1
+ /f1 (fo = w)* 1|0 (w, Q(w),Hg(w))|dw} TS0 DT —2)
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{u-m " (2= 0" = (= 0 1001, o(0), Ho(V)ldw

fa
A [ - w000 000) Ha1)

f
- Wf)r@){/o [(fz O i w)“}flv_lﬁ(l, o(1), Ho(1))|dw

B
(a4 B)d(0 — I'(6 — 2)

fa
+ [ —w>6-1fr_|9<1,g<1>,Hg<1>>|dw} n
f1
{ / [(fz W)t (- w)‘”} 1_16(1, o(1), Ho(1))]dw

f2
+f (fz—w>6-313_|9<1,g<1>,Hg<1>>|dw}

SV R i ERY A
- ORI {(fs - " [(fz W) (fy - w)6_3]dw
w2 /j2(f2 Wt} e {/f i
fa
+ /1 (fo — w)é_ldw}

T+ DRE —%)(i +8)5(0—1) {/of [“2 —w)’ = (fi - w)“} dw + / fQ(fz - w)53dw}

1

|Fio(f2) — Fio(f1)] = 0, as fo— f1 — 0 and is independent of p. Therefore, F; is equicontinuous.

By Arzel-Ascoli Theorem, the property of relatively compactness holds for the set F; (S\TO). Now, assume g, C Ay,
with [|o, — o|| = 0. Consequently, on [0,1] the limit ||o,(z) — 0(z)|| — 0 is uniformly valid. As a result of uniform
continuity of 6(z, g, Hq) on the compact set [0, 1] X [—rg, 0] X [=T0,70], [|0 (2, 0n(2), Hon(2)) — 0(2, 0(2), Ho(2))|| = 0
is uniformly valid on [0, 1]. Thereby as n — oo, ||F1on, — Fi0|| — 0, showing the continuity of Fy. Thus, the proof is
complete.

Step 2. Consider F; : A\, — C([0,1],R) is a contractive operator. According to (A3), for g1, 02 € C([0,1],R), we
obtain

—(a 2;‘S
|Fo01(2) — Foo2(2)| =|y(z, 01(2)) — y(2, 02(2))| + (W) " (1, 01(1)) = 4" (1, 02(1))|
- f 5L 21 (1) = (2, 22(1)

6] B_(a+ﬁ) Z6
<o m(M) + hzllen - 92”((a+6)5(6—1)>

(M2 + haAs)llor — o2
when supremum is taken over z € [0, 1], it produces

|Fo01(2) — Fo02(2)| < Mo |lo1 — 02|], Mo = hida 4+ hoz < 1.

This shows that as My < 1, F5 is contraction.
Step 3. We will show that F' (), ) is a bounded set. Using (A3)

Fy (Ary) < 0Xarg,

for any t € 5\,,0. Thus, the fact that Fj (XTO) is bounded confirms that F’ (j\ro) is a bounded set.
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Step 4. To show that the case (C2) is not satisfied in Lemma 2.5.
In contrast, we consider that (C2) is true. After that, we get 6 € (0, 1) also ¢ € O\, in which ¢ = 0Fp. Thus, we
obtain ||g|| = ¢ and

B (2 — w)‘s*l L (m —w)~!
o) = [ Egi— | R otm. olm) Ho{m)dmdu + y(z.o()

zé : (Z — w)6_3 ' (m - w)7_1 " n 26+1
66 —1) [/0 T —2) /J} e (1, 0(1), Ho(1))dmdw + A1 +y" (1, 0(1)) — U} i m“
B 6 z (Z _ w)6—1 1 (m _ w)fy—l o ) Z
(a+ﬁ){/0 T(5) /w () 0(1,0(1), Ho(1))dmdw + y(1, o(1)) 5
! : (Z — w)6_3 ' (m — w)7_1 " n Al
G [/0 I'(6—2) /J} e 0(1,0(1), Ho(1))dmdw + A1 +y" (1, 0(1)) — U} 4 (5“)}7

for z € [0,1]. Based on assumptions (A4) - (A5), we obtain
ro < )\1(61 + €2|T0 + h|a) + hiAarg + hoAsrp

Thus, we get
To 1

< .
)\1(61 + €2|7”0 + h‘a) T 1— Ry — hols

Based on the assumption of (A6), (C2) does not hold. Thus the operators F; and F; fulfill all the criteria of Lemma
2.5. Therefore, there is at least one fixed point ¢ € A, for the operator F', which is the solution of the problem (1.1)).
Hence the proof. [J

4 Example

Consider the boundary value problem

CD%_ {CD(i_[g(z) —y(z, Q(z))}} =0(z,0(2),Ho(z)), = € [0,1],
50(0) + §o(1) =2 (4.1)
300)+30(1) =7
50 + 3" () =3
where

1 =
0(z,0,Mo) = m <cosg—|—/0 sin o dg) , (4.2)

and 1
f(z,w,q) = ﬁ[(cos z 4 sinw + eqz)]. (4.3)

Here,y=3,0=32a=23=22=1y(z,002) =2+ 745(2‘3-(2(‘@”' Obviously,
ly(z,¢) = y(z,d)| < hafc—d|
with Ay = = and fi; = . Further, A; =0.71745, Ay = 0.590163, A3 = 0.9854266. Then
10(2,c, He) — 0(z,d, Hd)| < l[|c — d| + |He — Hd||

with [ = L

557
|C(Z7bv C) - C(Z7b7 d)‘ < ll‘c - d|
with I; = {; and
w = Al 4+ 1) + Aofiy + Ashe = 0.0708878 < 1.

Thus, every conditions of Theorem 3.1 with 0(z, ¢, Hc) defined by (4.2)) are satisfied and as a result of this, Theorem
3.1 concludes that there is a unique solution for the problem (4.1)).
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5 Conclusion

In this work, we have established both the existence and uniqueness of solutions for a class of integro-differential

equations involving mixed fractional derivatives under specified boundary conditions. The uniqueness of the solution
was derived through the application of the classical contraction mapping principle, while the existence was ensured
using D.O’Regan’s fixed point theorem. These results contribute to the growing theory of fractional differential
equations and provide a solid analytical foundation for further investigations into more complex systems involving
mixed fractional operators.
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