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Abstract

The main goal of this work is to establish the existence of a weak solution in Wﬁ ) (Q) to the boundary problem

—div (a (z, V) +d (@) uluf 7 = f (2, u),
u|6Q = 0)

where Q is a bounded domain in R™, n > 3. The main term a (z, §) = 6‘4(8? &) satisfies: p (+)-uniformly convexity and

p (+)- sub-homogeneousness conditions; d € L*° (2) and d,,, > 0; and f is a real Caratheodory function on €2 x R, which

satisfies the following non-standard growth condition |f (z, s)| < A; (1 + |s|“’(£)_1)7 where ps < ym < vs < pl,, c1 is

np(z)
n—p(x)

a positive constant, and p* (x) = for p (z) < n.
Keywords: elliptic equation, Dirichlet problem, variable exponent space, variational method, variable Lebesgue
space, uniformly convex condition, variable subhomogeneous, weak solution
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1 Introduction

We consider the following elliptic boundary problem

—div (a(z, Vu)) +d(z)u |u\p(m)72 = f(z, u), (1.1)
ulgg =0, .

where € is an open bounded domain in R", n > 3, and 99 is a C?-smooth boundary of 2. We assume that variable
exponent p (+) is log-Holder continuous function on . We assume that p,, = infp(z) > 1 and ps = supp (z) < oc.

We define a function p* (z) = 7225;2) for p(z) < n and p* () = oo for p(z) > n. We assume that d € L™ (2) and

dm > 0. A complete set of conditions is gathered in Section 2.
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Variable exponent growth conditions, when applied to elliptic differential equations and variational problems, have
found widespread application in many recent research areas [, [, [ [6] [7, [8, [, 16, 19]. Background information
on variable exponents and their applications is available in [3] 4]. In [I], the authors analyzed a nonlinear partial
differential equation using anisotropic variable exponent Sobolev spaces. The study aims to determine the number
of positive weak solutions for an elliptic-Kirchhoff equation, contributing to the understanding of complex physical
phenomena like electrorheological fluids. In [8 [], the authors proved the existence of a nontrivial weak solution
to the Schrodinger-Kirchhoff type equations with a fractional magnetic field, utilizing the mountain pass theorem
under specific assumptions on the external force and without assuming the Ambrosetti-Rabinowitz condition. They
also demonstrate that the problem possesses infinitely many large- or small-energy solutions, authors used a Cerami
condition. S.D. Zeng, A.A. Khan, and S. Migorski investigated a generalized quasi-variational inequality that involves
two multivalued operators and two bifunctions within a Banach space framework. They showed the existence of
solutions by coupling the Tychonov fixed point principle with the Kakutani-Ky Fan theorem for multivalued maps.
For additional information, consult the reference list [T} 2], B[4} [5L 6} [7, [8] @) [T0, 1T, [12] 13} 14, 5] 16, 17, 18, 19] and
the sources cited within those works. For some additional interested works, see [20] 21| 22] 23| 24} 25 [26], 27| 28], 29
30, 311, [32].

The present paper investigates the existence of weak solutions to the boundary problem (1.1) under con-

ditions of Section 2. The main term satisfies following variable exponent growth restriction |a(z, &) <
_ )

o (50 () + 1 (x) |§\p(z) 1). The nonnegative functions d, and 6; are such that &y belongs to L30T (Q), and

1 < 61 (-) is locally integrable. Also, we presume the existence of a measurable function A : Q x R* — R

such that a(z, §) = %ﬁ.’&). Our main assumptions on function A are that A is p (-)-uniformly convex and p(-)-
subhomogeneous. A source term f : 2 x R — R is a real Caratheodory function, which satisfies the following growth

condition |f (z, s)| < 43 (1 + |S|V(w)_1), where pg < vm < 75 < p},, and c¢; is a positive constant, and Sobolev

conjugation p* (z) = n"f’;z) for p () < n. Employing variational framework, we establish the existence of a weak

solution to problem (1.1) under the condition of Section 2.

2 Preliminary information and main assumptions

We recall some essential information pertaining to variable exponent spaces. The variable Lebesgue space LP() is
a Banach space consisting of all measurable real-valued functions with the finite norm defined by

- f
f||Lp(A)(Q)—1nf{)\>0 : p</\ <1y,

p(f) = / 1 @) da

where the modular is given by

The generalized Holder inequality is given by

/ £ @) g @) dz < krrot [l ey 9l o

for all f € LPO) (Q) and g € L0 (), with p,, = ess infp(z) and ps = ess supp (z), where ¢ (z) = 22 and
1 1
Pm Ps’

variable Holder constant kg, = 1+
We formulate main assumptions as follows:

1) there is a measurable function A : Q x R™ — R such that A (z, 0) = 0, and the function a (x, &) = %@’5) is

such that the mapping = — a (z, &) is a Lebesgue measurable function for all £ € R™ | and the mapping £ — a (z, §)
is continuous for almost all x € €2;

2) function A is p (-)-uniformly convex, namely,

Az, 7€+ (1= 7)n) + 116 (z) | =P <
<TA(z, )+ (1 -7)A(z, n)

for all 7 € [0, 1], almost all z € Q, and all £, n € R™;
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3) function A is p (-)- subhomogeneous, namely

O§ Z ai(x’ €)§i<p($)A(.’L‘, 6)

ceey

for almost all z € Q and all £ € R™;
4) la(z, &) < co ((50 (x) + 01 () |§|p(w)_1) for almost all z € Q and all £ € R™;

5) Az, €) > o6y (2) [€]P) for almost all z € Q and all £ € R™;
where we denoted cq, vy, V1 are positive real numbers; and Jy, &1 are a pair of nonnegative measurable functions on
p()
€, such that o € L*O-1 (Q) and §; € L} (), §; (-) > 1.

loc
6) the function 7 — f (z, 7) is continuous for almost all z € clos (?) and © — f (x, 7) is Lebesgue measurable for
all 7 € R, and such that

F (@ )] < A (14157

for all s € R and almost all = € clos (), where ps < vm < vs < pi,, and ¢ is a positive constant, where function
p*(z) = ﬁ’;?;) if p (x) < n;

7) there are a constant M > 0 and 6 > pg such that

0 <OF (z, s) <sf(x, s)

for all |s| > M and almost all x € clos (), F (z, s) = f[o o f (@, t)dt;

8) there are positive numbers p and 3 such that

f(z, )

FECEIEE

5

for all s € (=4, 8)\ {0} and for almost all x € Q.

3 Proof of a weak solution to boundary problems for an elliptic equation with variable
exponents

We will prove the following existence theorem.

Definition 3.1. Let X be a Banach space. For functional J : X — R, a weakly continuously differential DJ (u) (v)
is define by
DJ (1) (v) = lim J(u+tv) — J (u)
t—0 t

for all v € X.
The main theorem can be formulated as follows.

Theorem 3.2. Assume that conditions 1)-8) holds. There exists at least one nontrivial weak solution in Wﬁg) () to

the elliptic boundary value problem (|1.1J).

Proof . We define some spaces and numbers:

X_{UGWﬁ(d) Q) : /51 (1:)|Vu|p(m)dx<oo},
Q

||u||—inf{)\>0 : p(V)\u) §1},

||l :inf{)\>0 2 61 ()
Q




and
p1(u) = / 51 (z) |VulP™ da
Q

for all u € X, and we define a number

81 (z) [Vu["™) d
o1 = inf fQ ! (aj) | u| w
fQ |u|P($) da

: ueX\{O}}.

For all u € Wﬁg) (), we denote
I(u)= / A(x, Vu)dz,
Q

T (u) Z/QF(QT, u) dx,
K (u) = /Q d(x) ulP®) da

p(z)
and

with the norm
|DJ (u)|| = sup {|DJ (u) (v)] : vEX, |lvfyx =1}.

Statement (Poincare inequality) 1. For all o1 > 0, the inequality
1 p()
p(u) < — [ & () [Vu["" dx
g1 QO

for all uw € X. The proof is like the classical one. We prove several lemmas.

Lemma 3.3. We have
1)
I(Qj, 75 + (1 - T) 77) + Vl/ 61 (SC) |vulp(1) dx < TI(Q?, 6) + (1 - T)I(LL', 7]),
Q
for all 7 € [0, 1], almost all z € Q, and all £, n € R™;
2) |A(z, &) < co (50 (@) €] + 61 (x) \§|p(w)) for almost all z € 2 and all £ € R™;

3) |F (z, )| < Ay (1 + |s|7(l)> for all s € R and almost all x € clos (), where ps < v < vs < pf,, and ¢3 is a

positive constant, where function p* (z) = n’ﬁgﬁ) if p(z) <mn;

4) for 6 > pg, there is a functions ¢ € L> (Q) and a positive number M such that
) (x)s” < F(z, s)

for all s > M and almost all = € clos ().

Proof . The statement 1) straightforwardly follows from assumption 2).
2) We have

d
A, )] = ‘ [, dA e

/ a; (x, Tf) &dr
[0, 1]

< / la(x, 76)| €] dr

)

< /[0’ | Co (50 (.T) + 51 (:23) Tp(w)fl |€|p(ac)71) |£‘ d
<70 (50 () [£] 4 01 (x) ‘5';0(;:7)) .
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3) is a consequence of 8).

To prove statement 4), we use condition 7). For almost all € Q and all s > M (where M > M), we have

0 < OF(z,s) < sf(x,s).

Rewriting this inequality, we obtain for s > M:

0 flx,s) 1 0
5 F(z,s) F(@s)%F(I’S)'

This differential inequality can be integrated with respect to s from M to s (where s > M ):

°0 1 OF(xz,t)
Zat < = gt
/M = /M F(xz,t) 0Ot at

Evaluating the integrals yields:

Exponentiating both sides gives:

F(z,5) > <M)9 F(a, 1) = p(2)s",

where 1(z) := F(z, M)/M? > 0. This completes the proof of statement (4). The lemma is proven.

From these statements, we obtain the following properties:

1) For a sequence {uy} weakly convergent in WY ) (Q), we obtain that

lim T (ug) =T (u)

k—o0
and
I(u)+ K (u) < likminf (I (ur) + K (ug));
— 00
2) I + K is continuous in X;
3)
D (I (u)+ K (u)) (v) = / a(x, Vu) Vodx + / d(z)u |u|p(m)_2 vdx
Q Q
for all u, v € X
4) I (u)—I(v) > DI (v) (u—wv) for all u, v € X. We show that 4) holds. Indeed, we have

I(up +7(w—up)) —I(up) I((1—7)up+7u) — I (ug)

(1 —7) T (ug) + 71 (w) — T (ug)

=I (u) = I (ux),

<

for all 7 € (0, 1). Taking the limit as 7 — 0, we obtain
DI (ug) (u—ug) < T (u) =1 (ug).
The proof is proven. Now, from (8), we have
f @, 9)) < plsP 7
with some positive numbers p and 8 where s € (=3, 8)\ {0}, and for almost all € Q. Therefore, we have

F(z, s) < — |sP™@

p(z)



for all s € (=3, 8)\{0}. From |F (z, s)| < Az (1 + |s|7(x)), we have

[F (2, 5)] < A |3
for all s € R\ (—0, f) and almost all x € Q. Thence, we have

IF (2, 8)| < Ag |s|"® 4 —E_ |sp@)

p(z)
Therefore, we estimate

T(u) = /Q Pz, u) do

< / <A3|u|7(“’) + “|up(r)> de
Q p(x)

§A3/ |u|7(“)dx+ﬂ/ JulP® dz.
Q Pm Ja

m

Now, we need to estimate [, |u[" @) dz in terms of p;(u) = Jo o1 (z)|Vu[P®) dz. Since §;(z) > 1 almost everywhere

in 2, we have:
Ju(z) )

v() JE ek S R B v(z)
/Q |u " dx < 3801618 <61(x)|Vu(3:)|’Y(”3)> /Q(sl(x)\Vu\ dx.

However, a more precise approach uses the variable exponent Sobolev embedding. Since vg < p7,, the embedding
WO1 P (')(Q) — L71)(Q) is continuous. Moreover, by the Poincaré inequality (Statement 1), we have:

|
|Whmmn§;ﬂGMUVWmmmy

For the «(-)-norm, we use an interpolation inequality. Since p(z) < v(z) < p*(x) and d1(x) > 1, there exists
0(z) € (0,1) such that y(z) = 0(x)p(z) + (1 — 0(x))p*(x). By Holder’s inequality with variable exponents and the
Sobolev embedding, we obtain:

Iy B
/ @ dz < C (/ 51(x)|vu|p<f>dx> +C (/ 51(x)vup<z>dx>
Q Q Q

for some constants «, 8 > 0 and C' > 0 depending on Q, p(-), ¥(-), and the embedding constants.

For simplicity in the mountain pass argument, we use a weaker but sufficient estimate: for any € > 0, there exists
C,. > 0 such that

/Q '@ d < E/Q(Sl(x)|vu|:0(x)dx e /Q 51 (2) | V" das
This follows from Young’s inequality with variable exponents applied pointwise: for almost every x € €,
lu(z)]") < eby ()| Vu(z)|P®) 4+ Coby ()| V()@
Thus, we have:
J(u) = I(u) + K(u) — T(u)

zuo/ 61(:U)|Vu|p(‘”)dm+d—m/ \u|P<r>dx—A3/ |u|v<f>dm—i/ ufP@ dg
Q ps Ja Q Pm Ja

dm
> vop1(u) + ( — M) / |u[P®) dz — Ag <ep1(u) + CE/ 51(I)VU|7(I)dI)
Q Q

Ps Pm

= (vg — Asze) p1(u) + <dm - M) |u|P®) da: — AgCe/ 61 ()| Vu|" @ da.
bs  Pm/) Jo Q

Choosing € > 0 small enough so that ¢ := vy — Aze > 0, and setting ¢ := A3C, we obtain:

J(u) > cp1(u) — 51/ 61 ()| Vu|" @ da + (dm - M) / u|P) da.
Q bs  Pm/ Jo
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For the mountain pass geometry, it suffices to use the weaker estimate (since [, |u|P@)dz > 0):
J(u) > épi(u) — & / 61(z)|Vu"® dz.
Q

This explains the appearance of the term ¢; [, 01 (2)|Vu|"®) dz, where ¢ depends on As, €, and the constant from
the Young inequality with variable exponents. Thus, we have

J(u) =I (u) + K (u) =T (u)
d(x) (z)
= Ax,Vudx—F/iup d:z:—/Fz,udz
| A v [ S8 RX0
21/0/ 8y (x) |VulP™) da + d—m/ |ulP™) do — <A3/ u| "™ da + i / |u|P™) d:r)
Q Ps Ja Q Pm Jq

Sép (u) — & / 51 (z) [V "® da,
Q

where ¢ = vy — m “Ul and ¢; = A3C. Further, we have

I(u)— %D[ (w) (u) =I (u)
1
:/QA(x, Vu) dx — a/Qai (z, Vu) Vudx

2(1—;[%>/QA(:E7 Vu)dx

>vp (1 - %) / 81 () |Vul"™) da
Q
=Aap1 (u)

for almost all u € X. We denote a set = {x eQ : ju(x)] > M} for all w € X. We have

1
af(:lc7 u) — F(x, u) >0
for almost all z € Q, and

gf(m, u) — F(x, u)| < M

for almost all z € Q\Q. Hence, it is

1
GPT (W (W ~T(w = [

Q\Q

> — Mimeas (Q\Q) > —Mimeas (Q) = ¢ () .

(;f (@, u) — F (z, u)) da +/~ (;f (@, u) — F (z, u)) de

Q

We have
K (u) — - DK (u) (u) :/Q (Zé; u?® — ~d(z) |u|p<z>> da
[y
> (psl(x) - ;) /Qd(x) ") dg > 0
since 6 > ps. We estimate
7 (u) - éDJ(u) (u) = <1 (u) — %DI (u) (u)) + <K (u) — %DK (u) (u)) + (;DT (u) (u) — T(u))



Definition 3.4 (Palais-Smale condition). The functional J € C! (X) is said to satisfy the Palais-Smale condition

k—oo k—oo

if each sequence {uy} C E such that the sequence {J (uy)} is bounded, and J (uy) — w, J' (ug) — 0, then we
have that the sequence {uy} contains a convergent subsequence.

We recall the statement of the mountain-pass lemma.

Lemma 3.5 (Mountain-Pass Lemma). Let J be a continuous functional on a Banach space X. Let J be weakly
continuously differentiable and the Palais-Smale condition. Assume J (0) = 0 and there is a positive number r and
w € X such that ||@| y >, J(w) < J(0) and

a=inf{J(u) : ve X, ||lu|y=r}>0.
We denote I' = {g € C ([0, 1], X) : g(0) =0, g(1) =w}. Assume that I' # (). We denote
w =inf {supJ (¢([0, 1])) : g €T}.
Then, wis a critical value of functional J and w > a.

The statement of the existence theorem follows from the next considerations. There exists a @ € X such that

0<a<J(a)=inf{supJ (g ([0, 1])) : g €T},
DJ (@) (v) =0

for all v € X. Thus, we deduce
/ai (x, Vi) Vivdx—i—/ d(z)u|uf "2 vde = / f (z, Va)vdz.
Q Q Q

We obtain that @ # 0 is a general solution. Thus, the existence theorem will be proven if we prove following
Lemmas.

Lemma 3.6. Let assumption 1-8 be satisfied. Then, X is a Banach space.

Proof . We assume that a sequence {uy} is a fundamental in X. We have that it is bounded sequence and

w0 k—oo

lim lim inf / 81 (x) |Vug — Vi [P da = 0.
Q

By Fatou’s lemma, we obtain
/ 51 () [Vu"™ dz < Tim inf / 51 (@) [P @ da = Tim inf py () < oo,
and, applying Fatou’s lemma once more,

lim inf/ 01 () [Vu — Vul|p(z) dr < lim lim inf/ 01 () [Vuy — Vuk|p(m) dr =0,
Q Q

l—o0 l—o0 k—o0

X . N
S0, Uk k—> u and the space X is complete in its norm. [
—00

Lemma 3.7. Let assumption 1-8 be satisfied. Then, a continuous functional J is weakly continuously differentiable
and the Palais-Smale condition.

Proof . We assume that a sequence {uy} C X such that klim J (u) = w and klim [|DJ (ug)|| = 0. We show that the
—00 — 00

> [ for

sequence {uy} is bounded in X. If {uy}is unbounded then there is a subsequence {uk(l)} such that Huk(l) HX >

all [ € N, so,
] oo
T (uw) = [Juw || (CHUW)H?? 5 lps (Uk<z>)||> + 6 ().
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Taking the limit as [ tends to infinity, we conclude that J (uy () tends to infinity, which contradicts to klim J (uy) =
— 00

w. Thus, sequence {ug} is bounded in X. Since {uy} is bounded in X, sequence {uy} converges weakly to some
u € Wﬁg) (Q). We write

I(u) < klim I(ug) = klgl(}lo (T (ug) + J (ug) — K (ug)) =T (u) + w.

— 0
k—oo k—oo
We have ||DJ (ug)|| — 0 and DJ (ug) (v — ug) —> 0. Next, we have

lim DT (ug) (u—ug) = lim [ f(z, ur)(u— ug)dx =0.

k—o0 o k—oo Jq

Thus, we deduce

lim DK (ug)(u—wuk) = lim [ d(z)ug |uk\p(z)_2 (u—wug)dx =0

k—oco k—oo Q
since
/Q d (@) ug [ug "7 (= ug) da < Ko ld]| oo gl oo oy e = unll o ) -
Also, we get
lim DI (ug) (u —ug) = lim (DJ (ug) (v — ug) + DT (ug) (v — ugx) — DK (ug) (u —ug)) =0,
k—oo k—oo
o)

I(u)— lim I (ug)= lim (I(u)—1(ug)) > kli)n;o DI (ug) = 0.

k—o0 o k—o0

Therefore, we conclude
lim T (ug) =1 (u).

k—o0

We show that klim up = win X. Assume contrary then there is a number £ > 0 and a subsequence {uy} such that
—00

|luk — ul|x > ¢ for all k € N. Taking 7 = % in the uniform convexity condition (2), we obtain:

1 1 1 1
5[ (ug) + 5] (u) — 1 (2uk + 2u> > v1p1 (ug — u) > vyePs

for 0 < € < 1. Since we have established that limg_, o I(ug) = I(u), taking the limit superior as k — oo yields:

1 1 1 1
Ps < |3 — _ —
Vi€ hlrcnsup [QI(uk) + 2I(u) I (2uk + 2u)]

1 1 . 1 1
= 100+ 5100 it (G + 5]

k—oc0

1 1
= I(u) — liminf I (2uk + 2u) .

Thus, we obtain:

1 1
I(u) — liminf T <2uk + 2u> > pePs,

k—o0

However, since %uk + %u converges weakly to w in X and I is weakly lower semicontinuous (as established earlier),
we have:

1 1
< T 1 L)
I(u) hkmlan<2uk+2u)

Combining these inequalities gives:

0=1I(u)—I(u) <I(u)—liminf7 (;uk + ;u> <0,

k—o0
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which contradicts v1ePs > 0. Therefore, our assumption that ||ux — u||x > € for all k£ must be false, and we conclude
that limg_ 0o ugp = v in X. Since limg o I(ug) = I(u), we obtain

1 1 1 1
I(u) —liminf T <2uk + 2u> = = limsup (I(u) -1 (uk + u)) > vyePs.

k—o0 k— 00 2 2

However, we have

1 1
I < liminf 7 [ = —
(u) < limin (ﬂk%“)

. . cakl .. . . .
since khm (%uk + %u) e Thus, we get a contradiction 0 > v1ePS, which proves that khm ur = v in X. The
— 00 — 00

functional J satisfies the Palais-Smale condition on X. O

Lemma 3.8. Let assumption 1)-8) be satisfied. Then, we have:

1) J(0) = 0, and there is a pair of positive number r and z such that

a<inf{J(u) : ve X, ||lul|y =r};

2) there is w € X such that ||y > r, J(w) < J (0);
3)the ' ={ge C([0, 1], X) : g(0) =0, g(1) = w} is not empty set.

Proof . 1) Straightforwardly, we have I (0) = K (0) =T (0) =0so J (0) =0.

The second statement follows from
J (u) > ¢py (u) — 61/ 01 () |Vu|w<x) dx > ¢rPs — ¢yr’m > pPs (6 — &17”’"7”5) = q,
Q

where ||u| y = r and we assume that r < 1.

2) We assume that s > 1 and select 0 € CF (), v >0, and © = {x € Q : ¥ (z) > to} with positive measure. We
denote O5 = {x € Q : sv(x) > to} and obtain

/@ F(z, s0)da >/@qu(x) (s0 (2))? da

s

Thus, we have

7(s0) =1 (s0) + K (s0) = | F(@. 50) dx—/Q\@ Pz, s0)dx

<sPSI(0)+ sPSK () — se/ ¥ (2) (3 (2))? do + ¢ meas (Q) .

s

Since 6 > pg we conclude that J (s) "=3 —oco. Thus, there is a number s’ such that ||s'd||y > r and J (s'#) < 0.
Therefore, for w = s'0 € X such that ||@]|y > r and J (0) < J(0).

3) We assume that g € C ([0, 1], X)and define g (s) = sw for all s € [0, 1]. Thus, we conclude g € I'. The lemma
is proven. [J

Thus, the existence of a weak solution to the problem (|1.1)) has been proven, completely. (]
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