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Abstract

In this article, we present a numerical method for solving nonlinear fractional delay differential equa-
tions in Banach space using orthonormal Legendre polynomials. We exploit the orthonormality of
the basis functions to simplify the construction of the operational matrices and reduce the computa-
tional cost of the numerical procedure. Moreover, we present a technique to convert nonlinear terms
to a suitable form for applying in operational matrices based on orthonormality and best approxima-
tion. As a result, the method requires fewer computational operations while maintaining satisfactory
accuracy. To demonstrate the effectiveness of the proposed method we present some examples.
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1. Introduction

Fractional differential equations (FDEs) are an important subject in a wide range of sciences. In
engineering applications such as control theory [2], bioengineering [8], electrochemistry [L1], electro-
magnetic [9], and signal processing [12]. Some applications appear in_medical and health sciences
in [[7], and for applying nonlinear fractional differential equations see [3]. F. A. Rihan et al. devel-
oped delay differential model for tumour-immune response with chemoimmunotherapy and optimal
control [15].

Some researchers have recently investigated on the existence and uniqueness of fractional delay
differential equations (FDDEs) such as, A. Kilbas et al. studied theory and applications of frac-
tional differential equations [5]. Balachandran et al. used existence of solutions for fractional delay
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integro-differential equations [1]. H. Kumar Nashine et al. employed measure of noncompactness
to solvability of fractional dynamic systems[6]. S. G. Samko et al. studied fractional integrals and
derivatives[17]. But in many cases, it is difficult to obtain an exact solution for such equations,
therefore, providing approximate solutions to such problems has been a focus of research. H. R.
Khodabandehloi et al., used shifted Jacobi operational matrix to solve nonlinear fractional variable-
order differential equation [4]. M. I. Syam et al. applied operational matrix to solve fractional delay
differential equations [19]. F.R Savadkoohi et al. employed a fractional multi-wavelet basis to solve
fractional delay differential equations [18]. In this research, we consider fractional delay differential
equations in a Banach space. To approximate the solution, we use operational matrices and a suitable
technique to approximate the nonlinear terms by a orthonormality and best approximation which
lead to acceptable accuracy in numerical results.

The desired nonlinear fractional delay differential equation that is investigated in this research is
as follows,

Dy(t) = y™(t) + By(Bt) + q(t), (1.1)
y(0) =~

where DY is Caputo fractional derivative of order §, withn —1 <6 <n,0 < 3 <1, alson,m € N
and v € R where N and R are sets of natural and real numbers respectively. Moreover, ¢ is a known
function in L?[0, 1] and y is unknown function.

2. Preliminaries and notations

We review some definitions and preliminaries concepts in fractional calculus (for further intro-
duction see[14, 13]).

Definition 2.1. Let 0 <6 <1 andt > 0 then the Riemann—Liouville fractional integral of order 6
is given by

Lft&ds, 0<h<1

Py(t) = "O 0 (t = s)1- (2.1)
y(t),0 =0
and the Caputo fractional derivative of order 6 is defined as
1 Cy(s)
Dy(t) = d -1<9 N 2.2
W0 = =g | Gkds n—1<0<nne (2.

provided that the integral is well-defined, and I'(#) is the Euler gamma function. Some important
properties which will be used in this study are given as follows:

(i) I'y(t) = y(t) if 6=0.

. F(v+1)
I = ———— v ¢ 1>0.
(44) Tt >0, v+1>0
n—1 ;
Diy(0)  oij
(i) 177Dy (1)) = Iy(t) = 3 =P _yoss
= ro+j;+1)
r 1
(iv) Dt = (+1) 70 v > 0.

IF'v—0+1)
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(v) D¢ = 0, where ¢ is a constant.

To approximate the solution of the fractional delay differential equation (IT) in Banach space
L?[0,1], we use operational matrices with Legendre orthonormal polynomials as a basis functions.
The Legendre polynomials via Rodriguez formula on [—1, 1] are in the form,

di

pi(t) = [ = 1)),

and shifted Legendre orthonormal polynomials on [0, 1] can be given as,

) =1

) =V3(2t —1)

) = VB(6t> — 6t + 1)

) = V7(20¢% — 3062 + 12t — 1)

@4(t) = 3(70t* — 140> + 90t — 20t + 1)
) =

V11(252t° — 630t* + 560t — 2102 4 30t — 1)

Furthermore, the orthonormal Legendre polynomials on the interval [0, 1] can be expressed using the
binomial expansion as follows [[16],

oi(t) = V2i+ 1 Z ’+k%tk, te[0,1] (2.3)

3. Error estimation

In this section, we introduce two upper bounds for errors arising in the best approximation.
Lemma 1. Let y : [0,1] — R and y € C™[0, 1] and Q"y denote the orthogonal projection of y
onto X,,, then we have,

s [y
0<t<1

1Q"y —yll <

it is evident that, if number of basis function n increases, then Q"y — .

Proof. Orthogonal projection operator Q" is defined as,

Q" : L*0,1] — X, (3.1)

= api(t), 0<t<1,

where X, is a finite dimension subspace of L?[0, 1] and {;(¢)}?; are orthonormal basis element of
space X,,. Suppose that the residual function is defined as R(t) = (Q™y)(t) — y(t), by applying the
inner product of residual function and basis functions equal to zero, we compute the coefficients of
the approximation,

< R(t),p;(t) >=0, j=1,2,...n
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Thus,

< Q") (), (1) >=<y(t), ¢5(1) >, J=1,2,....n (3:2)

from (B) and orthonormality of functions {¢;(t)}7; concludes that,

<(Q"y(t)), wi(t) >=< YL cipilt), @;t) >=cj,
(3.3)

From (B2) and (B=3) we have,

c;j=<y(t),p;(t)> Jj=12,...,n (3.4)
Substituting (B4) into (B),

(Qny)(t> = Z < y(t)7901(t) > §0i<t>7 1=1,2,...,n.

Thus, (Q™y)(t) is the best approximation of function y(t).
Therefore, the error of (Q"y)(t) is less than or equal to the error of Chebyshev interpolation
polynomial T™y(t) with degree n,

1™ — yl? = / Qy(t) — y(t)Pdt < / Ty (8) — y(0) P,

also, upper bound of error of interpolation is given as,

[Ty (t) = y(O)] < maz|(t —t1)...(¢ = 1)

where 1,9, ..., t,, are zeros of Chebyshev polynomials in the interval [0, 1]. By linear transformation
t= %u + %, concludes that,

1 1 1
= ‘5((u +1) — (ug + 1))5((u +1) — (ug + 1))5((u +1) — (u, + 1))'
1\" 1 |Tu(uw)] 2
= (5) [(u —up).(u—up,)| < o X Tt =
Thus,
1 1/ o9 2
@ =l < [ 1w st < [ (o s 00
0 0 4rnl g<p<1
9 2
— (n)
= su t
ErEd)
equivalently
Ty —y|| < su ™ ()] 0
Q™ =yl < 5 OStglly )l

Lemma 2. Let function y : [0,1] — R and y € C™[0, 1] and Q™y denote the orthogonal projection
of function y onto X,,, then using the Riemann-Liouville fractional integral, the following inequality
holds:

sup [y (1)].

2
1°(0™y) — I? < — =
11°(Q"y) Wl < 4RIl (0 + 1) o<i<1
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Proof: with respect to the Riemann-Liouville fractional integral (21) we have,

@) - 1) = g [ LT gy < o [ G0,

since 0 < s <t <1and (t — 3)9_1 > 0 for 0 < 6 < 1, and similar to the process of the proof of
Lemma.l we can write,

Q) - I'(y)) < ﬁ / (t - 57 Jy(s) — (Qy)(s)|ds

2
su (t—s) 9 Lds
o 4”n'F(0) 0<tl<)1 |y ®) /

2 up )
— u —
4”n'F(9) 0<t1<)1 y 0

2

therefore, inequality (B33) implies that,

2
10" — P < ———— sup |y™(¢
11°(Q"y) — I’ (y)|| < TG ) Ogltlgplly (t)]

for sufficiently large n, the right-hand side tends to zero, hence

1°(@"y) = I(y)ll — 0.

As a result
1I°(Q"y) — I’(y),

that is the approximation I?(Q"y) provides a satisfactory approximation of 1%(y). O

4. Using operational matrices to solve equation ()

In the following discussion, we consider Eq.(I) in two cases m = 1 and m > 2, which are linear
and non-linear fractional delayed differential equations, respectively.

State m = 1.

We approximate the solution in subspaces of L2[0,1] such as spaces X,, so that it can use by
orthonormal Legendre polynomials in the interval [0,1]. This projection operator was given by (B1),
and operational matrix form of it, is given as,

y(t) = Cr®,(t) (4.1)
1 ©1(t)
c t
where C,, = :2 , P, = 902.( ) and
Cn (t)

_ w®, ¢i®))

m /Oy(t)cpi(t)dt, i=1,2..n (4.2)
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also,

y(07) = Zcm‘%‘(t) = (o1, o2+ Con) Pu(t) = Cg, P (t) (4.3)

1
= y(0+)/ @i (t)dt, i=1,2,...,n.
0

Moreover, to approximate y(3t) we use orthonormality of basis elements {y;(/5t)}7; on interval
[0, 51,
Z cippi(Bt) = Crp®u(Bt) (4.4)

where the coefficients of the above relatlon are as follows,

~ ((B), wi(B)) fo (Btei(Bt)dt gf; ()i (t)dr

i3 - = G,
DT80, 0 B0) T 13 o pandt o eiDeit)dr
in which ¢;, i = 1, ...,n are computed by (@) and applying it in (Q) concludes that,
y(Bt) = Cp @ (51). (4.5)

In (@), to project @, (5t) into X,,, we compute @, (5t) in terms of ®,,(¢) as follows,
P, (0t) =

Zn: e1ipi(t)
e1(6t) i e - ey e1()
902('575) _ i;ezi%(t) _ €21 €2n @2'(15) _ B, (1),
©n(Bt) n : €nl " Cnn ©n(t)
gem%(t)
where,
(0;(B), (1) [ o
B = fegllymrney = I = o anao (46)
Also,
quz —Q1,(0). where, 5 = [ atipit)ar (4.7)

By applying Riemann—Llouvﬂle integral operator to ®,(t), elements of operational matrix are com-
puted in the following form,

I, (t) =

I (t) E d1:0i(1) 011 -+ O1p ©1(t)
I9py(t) =t 091« 02y pa(t)



Orthonormality and best approximation to solve non-linear FDDE 7

where A = [05]7-1,

TR -
-[ (G [ f<>)d> et = [ P 0. )

Now, instead directly evaluating the double integral in (A7) and decrease computational operations,
the orthonormality of Legendre polynomial is used in the closed form of (E) In other words,
effecting of Riemann-Liouville integral operator on ¢;(t) is expressed by (R.3) in this form,

I(i(t)) = V2i + 1 Z ’*k%ﬁ(m

TN ik (R T(R+1) g
- 22+1k§%<_1)+ (P T@+ k1) ™ (4.10)

by substituting () into (@) and applying (@) again leads to,
1
5 = [ Patea

0

)i i+k)!  T(k+1 !
=2i+1 Z +k ( k)!(ac!)21“(9<+k+)1)/0 2Ol

- e QR
= vzt Z T+ E+ 1)

VIR i )

TS gy (R T+ 1)
:m,;(_” (= RRPTO R +1)

) L J+L) 1
Va1 Z D e R (4.11)

The entries of matrix A in (), can be computed more conveniently and with less computational
operations in comparison with directly evaluating the double integral in ({4.9).
Applying the Riemann-Liouville fractional integral operator to both sides of Eq. (D), we obtain,

y(t) —y(07) = I"y(t) + BIy(Bt) + I"q(t)
According Eqgs. (£), (@) and (@)—(@) we have,
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O, (t) — O ®,(t) = CT 10, () + BCEEI®,,(t) + QL 17, (1),
therefore, from(@),

CTo,(t) — CL ®,(t) = CTAD,(t) + BOTEAD, (1) + QT A, (1),

(C = CoA = BCLEA = Gy, — @, 8) 8 (t) = 0.

From the linear independence of the basis functions {¢;(t)},, it follows that,

CT —CT'A - BCTEA =CT + QLA

Moreover, we can get an algebraic linear system as follows,

(I, — AT — BATE")C,, = Cp,, + ATQ,,, (4.12)
where [, is identity matrix and arrays of Cp,, £ and A are given by(),(@) and ()
4.1§)

respectively. By solving algebraic linear system ( , we can find an approximate solution of linear
fractional delay differential equation.

State m > 2, m € N.

To solve the nonlinear form of fractional delay differential Eq.(@), we use the operational matrix
(@) to approximate the nonlinear term in the suitable form with the help of ortonormality and best
approximation as follows,

y"(t) = (Z cw(ﬂ) = Zéjm%’(t)- (4.13)

For nonlinear second term of (), we project it in the generated space by {¢;(t)}7_;, as the
last term in () Thus coefficients ¢;,,,’s can be approximated in terms of coefficients ¢;’s in a
nonlinear form,

b = /O (> i)y (0t G=1,2,.n. (4.14)

i=1
Regarding () the matrix form of nonlinear term can be given as,

y"(t) = CL ®,(t),  CT = (E1m, Coms oo Crm)- (4.15)

In the following, by applyving the Rimann-Lioville integral operator on the both sides of equation
(D) for m > 2 and using (@)—( ) and (4.15) we have,

y(t) — y(0%) = I%™(t) + BI%y(Bt) + I°q(t),
CTd,(t) — CL &, (t) = CT 1°®,,(t) + BCTTD, (1) + QLI (1),

from (@) and linear independence of basis functions {p;(¢)}?.; we obtain the following algebraic
nonlinear system,

(CF = ChuA = BOTEA = C, — QEA)D,(t) = 0,

C, — ATCon — BATETC, = Cy, + ATQ,. (4.16)
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For further explanation of the vector arrays C;{ 1, W use () and () forn =2,3 and m = 2,3.

C’2TQ = (C12,C) = (C% + c%, 2¢109),

A 9
C’QTg = (€13, Co3) = (ci3 + 30103, 30%02 + ch),

A~

CA%TQ = (012, Ca2, 032)

—=CaC(3,

203(701 + \/_Cg)), (417)

4 2

ng = (613) é237 é33) -

(c‘z’ +3ci(c5 +c3) + ( c3(21c3 +5¢3)),

2
V5
3

5@(35& + 212 4 28V/5eye5 + 55¢2),

3
3cies + ( c1(7c5 +5¢c3)) + ?(110303 + 502)).

6
V5
In [[10, 18], an operational matrix technique was employed to compute y*(t) as the product of a
coefficient vector and ®(¢) in the form,

YA(t) = (CT D (1)) (CT Dy (1)) (4.18)
=C"9,(t)P,(t)"C
— CTCP, (1) = CT D, (1)
where ®,,(t) is given by (@) and for details see [10, 18]. For comparing the proposed method with
the mentioned references, we consider C%, and E’T in () and () respectively,

C = (c? —V3(e1 — 2¢3)¢0 + V3es(cr — 6ea + 6c3), (4.19)

%? N (_% LB+ %(60\/5 — 785 + 5VI5)cacs + (—2v/3 + 3v5)c2

%)02 + ?(1 —2V3)e3),
§+C1( 5 ( 6+\/_)C2+<1+W_\/_>03> 210( 1(_5+8\/§>C§
+28(15V3 — 15v/5 + V/15)cacs + 5(7 — 84v/3 + 96\/5)c3)>.

As demonstrated, the approach based on the orthogonality concept is considerably easier and requires
significantly fewer computational operations.

+c1((1 —

5. Numerical results

In this section the method is used for solving some numerical examples.

Example 1. Consider the nonlinear fractional delay differential equation with initial value,

Dy(t) = y*(t) + By(Bt) + q(t), 0<t<1, 0<p,0<1
y(0%) =0,
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where
Ocsc(mh)
£ = 2082 _ 32(+3)? T ’
o(t) = " - 9 +
and exact solution is y(t) = Bt’. To compute the approximate solution, we use algebraic non-
t 0= % 0= % =71

£ =0.3 £=0.1 5:0.801
0.0 24x107T 1.0x107%2 4.7x107°*
0.1 2.0x1072 2.1x107% 1.1x10°*
0.2 9.1x1073 6.1x107* 3.1x107°
0.3 5.10x107% 1.8x107% 1.0x107®
0.4 4.03x107* 2.2x107% 1.3x107°*
0.5 4.7x1073 1.9x107% 1.2x107*
0.6 6.4x1073 1.2x107% 1.0x107*
0.7 9.0x1073 2.2x10~* 5.7x107°
0.8 1.2x1072 1.1x107% 5.2x1076
0.9 15x1072 2.7x107% 8.1x107°
1.0 1.9x1072 4.5x10™® 1.7x107*

Table 1: Numerical results of example 1

linear system () by iterative Newton method in subspace X, of L?[0,1]. The absolute errors
are presented in Tablel, for n = 2 and the parameters are chosen arbitrarily as 6 = %, %,% and
B = 0.3,0.1,0.01 respectively. As a sample, for 6 = %,B = 0.01, and start point CT = (0,0),
the approximate solution obtained at the second stage of Newton method is given by y(t) =

0.000474893 + 0.00969584¢, which it’s absolute errors are shown in 4th column of Tablel.

Example 2. Consider the nonlinear fractional delay differential equation with initial value

Do%(t) = y*(t) + By(Bt) +q(t), 0<t<1, 0<p,0<1
y(0%) =0,

where

219087 (26)

q(t) = —t%6% — B*(t8%) + Ta10)

the exact solution is y(¢t) = B8t*. To find the approximate solution, we use algebraic nonlinear system
() by iterative Newton method in subspace X,, of L?[0,1]. The absolute errors are shown in
Table2, for n = 2 and some arbitrary parameters as 6 = %, %,% and 8 = 0.2,0.01,0.001 respectively.
As an example, for § = g,ﬁ = 0.001, and the start point CT = (0,0), the approximate solution
obtained at the fourth stage of Newton method is given by y(t) = —0.000143848 + 0.00100717¢,
which it’s absolute errors are given in 4th column of Table2. Clearly, greater accuracy in the above

examples can be achieved by increasing n.

6. Conclusion

We proposed a numerical method based on orthonormal Legendre polynomials and operational
matrices to solve nonlinear fractional delay differential equations. By employing the orthonormality
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t 0= % 0= % 0=3

=02 =001 pg=0.001
0.0 4.8x1072 1.2x107% 1.4x107*
0.1 1.0x1072 4.5x107* 5.9x107°
0.2 9.4x107* 4.6x107° 3.8x107"
0.3 3.5x107% 3.6x107* 4.0x107°
0.4 51x107% 5.1x107* 6.2x107°
0.5 4.9x107% 53x107* 6.8x107°
0.6 3.4x107% 4.2x10~* 5.7x107°
0.7 83x107* 1.9x107* 3.0x107°
0.8 2.5x107% 1.3x10™* 1.0x107°
0.9 6.6x107% 58x107* 6.6x107°
1.0 1.1x107? 1.1x107* 1.3x107*

Table 2: Numerical results of example 2

of the basis functions and best approximation a suitable technique for nonlinear term to reduce the
computational operations was used. The numerical results are shown the acceptable accuracy. It is
expected that this approach can also be extended to solve other classes of fractional differential and
delay differential equations in future studies.
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