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Abstract

In this paper, we study the linear dynamical properties of a convolution operator on a Sobolev space HJ in the context
of locally compact abelian groups and commutative hypergroups. In particular, we provide sufficient conditions for a
function to be a recurrent point for a sequence (7}, ) of convolution operators on the Sobolev space HS (K), where
K is a compact commutative Pontryagin hypergroup.

Keywords: Sobolev space, convolution algebras, locally compact groups, Pontryagin hypergroups, convolution
operators, topologically recurrent operator
2020 MSC: 43A15, 43A25, 43A65, 47A16, 46E30, 46E35

1 Introduction

Sobolev spaces are important classes of function spaces that were originally introduced in the context of Euclidean
spaces R™ [I]. During the last decades some researchers gave several versions of these spaces. For instance, Sobolev
spaces on metric measure spaces, known as Hajlasz— Sobolev spaces, were introduced in [13, [14]. In 2015, P. Gérka
and E. Reyes in [IT] introduced Sobolev spaces HS (G) on a general locally compact abelian group G, and investigated
its basic properties, where ~ is a function on the dual group G with s > 0. Also, recently some version of Sobolev
spaces have been defined in the context of hypergroup Gelfand pairs in [2]. In the last decade study of linear dynamical
systems has been so much active and many researches have been done on this field; see papers [B [6, [7), [8] 17, [18].

In this paper, we intend to study some linear dynamical properties of the Sobolev space H;(G) For more details
and notions regarding linear dynamics of operators see the monographs [3, [I2]. Precisely, by some bounded regular
measure 7 on a compact abelian group G, we consider a convolution operator T, : f +— v % f, where f € H:j(G),

and we prove that if (), is a sequence in M(G), and (7, ), is asymptotically recurrent on H3(G), then, there is a
strictly increasing sequence (ny) in N such that limy_, o0 v, (G) = 1. Also, for every compact commutative Pontryagin
hypergroup K, we show that if @ # 5 C K is finite and v € Tk with y(§) = 0 for all £ € S, then for any sequence
(k)i € M(K) such that 1 € {1j(§) : k € N} for all £ € S, every function f in H3(K) with f(é)=0forall ¢ ¢S, is

a recurrent point for the sequence (7}, ).
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2 Preliminaries

In this paper, G is a locally compact abelian group with a Haar measure p, the dual of G is denoted by G and m
is the Plancherel measure on G corresponding to . In fact, for every f € L?(G) we have

[|f<s>|2dm<s> - / @) du(z)
G G

where f denotes the Fourier transform of f. For each p > 0, simply we denote LP(G) := LP(G,u) and LP(G) =
LP(G,m).

The set of all functions v : G — [0, 00) for which there is some C, > 0 such that

YEm) < O (1(&) +(n) (2.1)
for all £,n € G, is denoted by T'g.

Example 2.1. Let G := R be the additive group of real line. Then, G =~ R via & — ag, where £(z) = €2™<® for all
x € R. We can show that the function v : G — [0, 00) defined by

7€) =logle +[&]),  (£€G)

belongs to I'. For this, note that for every &,n € G we have
V(€ +n) =log(e+ [ +n])
< log(e + [¢] +[nl)
< log ((e+ [¢])(e + [n])
= log(e + [¢]) + log(e + Inl)
=7(&) +(n).

Hence, v € I'g. Now, fix some s > 0, and consider -, : G — [0, 00) which is defined by:

(&) =1 +1E), (€GB

for all £ € G. Note that for every a,b > 0 and p > 0, if 0 < s < 1, then the function ¢ — t° is concave, which
implies (a + b)* < a® 4+ b*, and whenever s > 1, the function ¢ — ¢° is convex, which implies (“?“’)S < %, S0
(a+b)* <2571(a® + b%). Then,

Vs(§+m) = (1 +[E+n])°
< (L+ (gl + nl)®
< ((TL+ 1€+ (L +nD)”
< Os((1+ €D + (1 + D))
= Cs(715(&) +7s(m)),
where C, =1if 0 < s <1, and C;, = 2°"! if s > 1. Hence, 75 € I'.

Now, we recall the following concept from [I1].

Definition 2.2. Let v € I'¢ and s > 0. Then, the set of all functions f € L?(G) with

1
2

S | A 2
flsier = ([ (14502)" [ @) am©) <
is called the Sobolev space and is denoted by H3(G).
Remark 2.3. In fact,

Hi(G) = {f e L*(G): (1 HQ)% fe L2(é)}.

Note that by [I1 Theorem 2|, for each s > 0, and v € ' with
algebra with pointwise product.

Ty € LNG), (H3(G), |l - | ms(c)) is a Banach
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3 Main Results

Let M(G) be the space of all complex Radon measures on a locally compact group G, and let L!(G) be the space
of integrable functions with respect to the left Haar measure p on G. Then, for every p € M(G) and f € LY(G) we
define

:/f(y_lm)du(y), (f = p)(x /AG zy ™) duly)
G

for all z € G, where Ag is the modular function of the group G. We refer to [9] for more details regarding locally
compact groups. Note that if G is abelian, then Ag =1 and p * f = f % p. In particular,

6o Nle) = [ S0 dsa(0) = fla'a).
Also, the convolution of each f,g € L'(G) is defined by

(9 @) = [ o)1l 2 dy
G
for all z € G. For every u € M(G) and f € L*(G), we have pu* f € L'(G) and

e flle < flpll - 11

where ||u|| is the total variation norm of the measure p. For an abelian group G,

px f(x) =ik - fx) for x € G,

where [i is the Fourier-Stieltjes transform of the measure pu.

Definition 3.1. Let G be an abelian compact group and v € M(G). Then, the convolution operator T, : H3(G) —
H3(G) is defined by

Ty(f) =vx*f
for all f € H3(G).

Lemma 3.2. Let G be an abelian compact group, and fix an element v € M(G). Then, T}, : H3(G) — H3(G) is a
bounded linear operator.

Proof . First, we note that clearly the mapping T}, : H3(G) — H(G) is linear. Let f € H3(G), ie. f e L*(G), and

Iflsier = ( [0+ R <.

This is well-known that T, (f) € L2(G). In fact,
1T ()ll2 = [lv* fll2

-(/ I(V*f)(x)IQdu(x))%
< ( | ( / |f<ylaa>|d|u<y>)2cm<ac>>é

Now, by the Minkowski’s inequality for integrals (see [I0, Theorem 6.19]) we have
1
3
T < [ ([ 16 Pan) ) avi)

= [ ([ 1@r ) o)
= [ 1512 il

= [I£ll2 [VI(G) < o0
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so T,(f) € L*(G). Also,

-

T e = [+ 21T dm(e)
= @+ 16 D@ Pan(e)

G

= [ @+ )T amie).

G

By [9, page 94], we have o € Cy(G), so N := SUp, ¢ [P(§)] < 00, and then

Tl o) < N (145021 F(E) Pm(e)

= N2Hf||?q;(c)'

This implies that B
1T, (s ) < Nl fllms )

hence, T, : H3(G) — H;(G) is well-defined and bounded. [J

Definition 3.3. Let X be a Banach space, and T be a bounded linear operator on X.

1. (T))n C B(X) is called topologically recurrent if for each non-empty open subset U of X there is some n € N
such that
UnT,*(U) # @,

where T, 1 (U) :={z € X : T,,(z) € U}.

n

2. (Th)n C B(X) is called asymptotically recurrent if for each non-empty open subset U of X and any N € N there

is some n > N with
UnT, (U) # 2.

3. An element v € X is called a recurrent point for the sequence (T},), C B(X) if for every € > 0 there is some
large enough n € N such that ||T,,(f) — f]| < e. If v € X is a recurrent point for the sequence (77),,, then we
say that v is a recurrent point for the operator T'.

Example 3.4. Consider the compact abelian unit circle group G := T. Then, G ~ 7 via & — ng, where {(z) = 2"
for all z € T. Fix some number N € N. Now, we define the function v : Z — C with

0 ifn=0,+1,+2, ..., £N
y(n) =

log(e + |n|)  otherwise.

Then, v € I'r, and for every f € H5(T) we have

11wy = Do f@F+ D (1+log?(e + [n)*|f(n).

In|<N In|>N

Pick some a € T with a? # 1 for all j € N, and consider some measure v € M(T) such that ?(n) = a” for all
n=0,%1,+2,...,£N. Then, for every k € N and f € H3(T) we have

()*f(n) = a"* f(n).

>

T (f)(n) =

Assume that R
fe{feH;(T): f(n) =0 for all n with [n| > N}.
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Then,
ITE () = fltremy = D (L))o fn) = f)P + D (1+1og?(e + [n])*|2(n)* f(n) — f(n)?
In|<N In|>N
= > (1+0@)* = 1PIf () (since f(n) =0
In|<N
= > @) = 1P i)
In|<N
The set {a™ : n € N} is dense in T because a is not a root of unity. So, there are ny < ng < ns < ... in N such

that limg_,oo a™™* =1 for all n = 0,41, +2,...,+N, hence

lim ([ T7*(f) = fllzs(r) = 0.
k—o0 v
This implies that every f € {f € H;(T) | f(n) =0 for all n with |n| > N} is a recurrent point for the operator T),.

Recall that if p is the normalized Haar measure on a compact abelian group, then the corresponding Plancherel
measure will be the counting measure.

In the following result, we give some necessary condition for that a sequence of convolution operators to be
asymptotically recurrent on a Sobolev space. The orthogonality of characters of a compact group is basic in this proof.

Theorem 3.5. Let G be a compact abelian group with a normalized Haar measure p. Assume that (v,),, is a sequence
in M(G), and (T, ), is asymptotically recurrent on H3(G). Then, there is a strictly increasing sequence (nj ) in N

n

such that limg_ 00 U, (1) = 1, iee. limg_yo0 vp, (G) = 1.

Proof . Let (7,,), be asymptotically recurrent on H3(G). Note that xg € H5(G). Indeed, since G is compact we
have g € L2(@), and since G is an orthogonal subset of L2(G),

1, ¢&=1

T@=wam#0@=% o

and then
1z = [0+ 2(€) 00y € dm)
— (147" < o0,
where 1 is the constant function one on G. For every € > 0 denote
B(Lie) :={f € H}(G) : [[1 = fllusc) <€}
Then, for every k € N, there is some nj, € N (with n; < ns < ...) such that
B(1; ) (T <3(1; i)) 2o
4 k 4
For each k € N pick some
fr € B(1; %)ﬂf;ﬂi <B(1; 41;)) :

Then, for each k € N,
1
1fe — 1“}1;(@) < I (3.1)

and

~ 1
7, —1H . 2
w0 =1, o < (3.2



By the inequality (3.1)),
(> [0+ 1R dme)
] 2 dm
> [IE=1©F dm(©

=Y 1fu(€) = 1(©)P

ce@
= f@) =17+ D 1f©F
1#££€G
> [f(1) = 1%,
Hence, limy_, f;(l) = 1. Also, for every k € N,
(> [Teu 00 1]
4k vy, K H(G)
2
= [|vn, * fi — 1||H;(G)
2

=5 (13 {’/mc * fi = 11(5)

ced

=Y (1++9?)°

ced

= (1+~(1)%)° |:Vnk * fk}A(l) -1

2

[+ ] (© - 106)

2 2

+ ) (1+7©%)°

1££€G
= W) RO 1| + Y @) @i
1££€@

2

9

~

> (L4+7(1)?)" P (1) f(1) = 1

So, limy 00 7 (1) fr(1) = 1. Therefore, limg_o0 7y (1) = 1. O

Corollary 3.6. Let G be a compact abelian group with a normalized Haar measure p. Assume that v € M(G), and
T, is asymptotically recurrent on H3(G). Then, v(G) = 1.

Proof . For every n € N put v, ;== vxv*...xv (n-times). Then, thanks to the last theorem there are ny < ng < ...
in N such that

1= lim vxv*..+xv(1)= lim o(1)",
k—oo k— o0

and so

1=0(1) = /Gﬁdu(x) =v(G).
]

Definition 3.7. Let X be a Banach space, and let T : X — X be a bounded linear operator.

e The operator T is called topologically mizing if for every pair of non-empty open subsets U,V C X there exists
N € N such that
UNnT "(V)#w@ foralln> N.

e The operator T is called topologically transitive if for every pair of non-empty open subsets U,V C X there exists

some n € N such that
unT—"(V) # @.
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Recall that any function f € L'(G) induces a regular measure fu € M(G). We denote Ty := T},,.
Theorem 3.8. For every w € L*(T), satisfying one of the following conditions:

® SUDpez "UAJ(’H)| < 13
o Ai={teZ: [w(t)| > 1} # @ and sup, ¢4 [(n)| <1,

e for some j € Z, |w(j)| =1 with w(j) # 1,
the operator T, is not topologically mixing on H3(T).

Proof . Assume that w € L*(T).

Case 1: ¢ := sup,¢z|w(n)| < 1. Pick some non-zero function g € H3(T), denote r := %HQHHg(T% and put
U := B(g;7), as an open ball in H5(T). Then, 0 ¢ U. Let f € U. For every n € N we have

L —

170 ey = S0+ (R (T (F) (R

kEZ

= > (k) b (k)" | (k)2

keZ

<82 3" (1 +y(k)2)° | ()

kEZ
= 5 3 -

S0,

T2 () s my < 0™ 1| £l ez m)

for all n € N. Therefore, for every f € U there is some Ny such that for every n > Ny we have Hi’j(f)HH7 (ry <7. On
the other hand, note that for every h € U since ||h — g ms(r) < we have

1Pl sz (ry 2 Nlgllmsry = 1B = gllms ) > Ngllaz @ —r =7

This implies that for every f € U there is some number Ny > 0 such that for every n > Ny, f ¢ TVJ"(U).

Case 2: A:={t€Z: |[w(t)| > 1} # @ and 0 := sup,,¢ 4 [@(n)| < 1. Same as the case one, consider some 0 # g €
H3(T), put 7 := %||g||H§(T), U:=B(g;r), and let f € U. If f(j) # 0 for some j € A, then limy—,o0 || (f) || 5 (r) = 00
because B .

1T (Pl ey = ()" 1f ()2

for all n € N. Also, if for every j € A we have f(j) = 0, then lim,_, ||1~“£(f)||H§(T) = 0 because for every n € N,

I (s my = D (L7 (R)?) [ (k)™ [ F ()

kg A

<O Y (AR F R < 07 | £l oy
kg A

Case 3: for some j € Z, |w(j)| = 1 and @(j) # 1. In this case, consider some g € H3(T) that §(j) = 1 and for
every k # j, g(k) = 0. Denote U := B(g;r), where r := 3 g/l s (m)- Let f € U. Note that

4r® = |lgllips(ry = A +9()*)° 19O = (1 +~()*)°,

and also

>\ = gl ) = (L)) 1 G) = 9D = L+ () 1F () — 1P,

A r 1
|f(])—1|<W:§-



On the other hand, for every n € N we have

keZ

1/2
IT2(F) = gllsmy = (Z(l + (k)% To(f) (k) — 9<k)|2>
> (L4+5()?) 2w (G) " £(5) — 4(5)]
> (L+()») 2 lw()" f(5) — 1.

Since |f(j) — 1| < 3 and 1 # @(j) € T, there exists some N large enough with ()" f(5) —1| > 3, and so

1

TN (f) - Il = (1 + v(4)?)*/? 5 ="

thus, TN (f) ¢ U. O

3.1 Stability of T, in the context of hypergroups

In this subsection, we intend to present some fact regarding the more general situation i.e. ﬁ, on H,j(K ), where
K is a compact commutative hypergroup. Recall that hypergroups are generalization of locally compact groups. For
convenience of readers we recall the definition of hypergroups. Next, M (Z) is the set of complex Radon measures on
a locally compact Hausdorff space Z, and supp(p) is the support of a measure p. Also, §, denotes the Dirac measure.

Definition 3.9. A locally compact Hausdorff space K with * as a convolution on M (K) and « — z~ as an involutive
function on K is called a hypergroup if the followings hold:

(i) (M(K),+,) is an algebra;

(i) for every x,y € K, 0 * d, is a probability measure with compact support;

(ili) (z,y) > 5 * 6, from K x K to M (K) is continuous;

(iv) (z,y) — supp(dy * J,) from K x K to the set of all non-empty compact subsets of K is continuous;
)

(v) &+ 2~ is a homeomorphism from K onto K and for any x,y € K, (0, * d,)~ = d,~ * 6,-. Also, There is some
e € K that for every € K, 65 * 0. = 0 * 0, = 0. Moreover, for any x,y € K, e € supp(d, * ) if and only if
y=x".

Double coset spaces, polynomial hypergroups and locally compact groups are famous examples of hypergroups.
For more examples and details regarding locally compact hypergroups we refere to [4, [I5], [16]. In the sequel, K will
be a hypergroup equipped with a convolution * and involution = — z~. A hypergroup is called Pontryagin whenever
it is commutative, strong, and K is a hypergroup too. In general, if K is compact, then K is discrete. Also, if 7 is
a normalized Haar measure on K, then the Plancherel measure 75 on K corresponding to 7k is as

1 ~
Tz({&}) = ma (£ €q).

See the paper [2] which gives a generalization of Sobolev spaces on hypergroups. In this situation, the relation

will be changed to
[ @t < ¢ (49 +m). (33

Theorem 3.10. Assume that K is a compact commutative Pontryagin hypergroup with a normalized Haar measure
u. Let @ # S C K be finite, and consider some v € T'x with y(§) = 0 for all £ € S. Let (v)r € M(K) such that
1€ {Vk(&): ke N} for all £ € S. Then, any

feQi={feHiK): f(§ =0forall £ ¢ S}

is a recurrent point for the sequence (T, ).
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Proof . First, note that for any f € H3(K),

1 s ey = D1 ©F + Y A+ AU OP
H3 (K) ;g e * 6 ({1} g%d; ¢ * 0g({1})
and by [4, Proposition 2.2.26] for every k € N we have

-

= ~

T, (f)©) =v(©)f (&), (£E€K).

Assume that f € Q. Then,

T 2 _ 2ys|,; ¢ 7 2 1 U £ _f n)|? 1
(1) = a0 = 0+ O IO ~ O 5y + S0+ I 0 5ty
~ 2 2 1

Since 1 € {j(£) : £ €S, k € N} and S is finite, there are ny < ny <ns < ... in N such that limy_oc vp,(§) =1
for all £ € S, hence ~
i 7o, ()~ Pl =0

This completes the proof. [

Corollary 3.11. Assume that K is a compact commutative Pontryagin hypergroup with a normalized Haar measure
u. Let & #£ S C K be finite, and consider some v € T' with v(§) = 0 for all £ € S. Let v € M(K) such that
1e{p(&)*: ke N} forall £ €S. Then, any

fe{feHIK): f(€)=0forall &¢ S}

is a recurrent point for the operator T,.

Corollary 3.12. Assume that K is a compact commutative Pontryagin hypergroup with a normalized Haar measure
p. Let @ # S C K be finite, and consider some v € T'j with v(&) =0 for all £ € S. Let (a,), € K such that

1€ {&(ay) : k € N} for all £ € S. Then, setting T}, := T5 ., forall n € N, any

fe{feHIK): f(§)=0forall ¢S}

is a recurrent point for the operator (T,),.
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