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Abstract

For a polynomial P(z) = a, [](z — z;) of degree n having all zeros in |z| < k,k > 1, it is known that
j=1

2 < k
max |P(z)].
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In this paper, we prove an improvement of this inequality and also extend the same to the polar derivative of a
polynomial, thereby generalizing some Turan-type inequalities for polynomials.
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1 Introduction

For each positive integer n, let P, denote the linear space of all polynomials P(z) := Z ajzj of degree atmost n
§=0
over the field C of complex numbers. If P € P,,, then concerning the estimate of |P’(z)| in terms of |P(z)| on |z| =1,
we have for all z € C, the following famous inequality due to Bernstein [4].
max | P'(z)] < nmax |P(z)|. (1.1)

|2| |z|=1

The result is sharp and equality holds only when P(z) is a constant multiple of ™. This inequality can be sharpened
if there is a restriction on the zeros of P(z). In fact, if P(z) # 0 in |z| < 1, then

max|P'(2)| < 5 max| P(2)] (1.2)
z|=1 z|=1

whereas in reverse direction, if P(z) # 0 in |z| > 1, then

ma}§|P/(z)| > gmzi)i|P(z)| (1.3)

|z|= |2l
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Both the inequalities are sharp and equality in each holds for the polynomials P(z) = az™ 4 3, where |a| = |5|.
Inequality (1.2)) was conjectured by Erdos and later verified by Lax [7], whereas inequality is due to Turén [12].
Inequality has been generalized in various ways and among others, (for references see [1], [8], [9], [10]). Aziz [2]
proved the following generalization of this inequality.

If P(2) = an [] (2 — 2;) is a complex polynomial of degree n with |z;| < k,k > 1, then
j=1

2« k
P’ > P(z)|. 1.4
max| (Z)|_1+k,n;k+‘zj|gl‘g§l (2) (1.4)

|2

2 Basic Lemmas

Lemma 2.1. Let P € P, has all zeros in |z| <1 and Q(z) = 2" P(=), then for |z| =1

| =

Q") < [P'(2)]-
The above lemma follows from a result due to Bernstein [5].

Lemma 2.2. If P(z) is a polynomial of degree n > 1, then for R > 1

‘H‘IZ;D](% |P(z)] < R" ‘mﬁ}f |P(2)| — (R™ — R"_2)|P(0)|7 if n>1 (2.1)
and
max |P(2)] < R |P(2)] = (R = DIPO), if n=1. (2.2)

The above lemma is due to Frappier et al.[6].

Lemma 2.3. If P(z) is a polynomial of degree n having all its zeros in |z| < k,k > 1, then for 0 <1< 1

P(2)| > P l in |P 2.3
max |P(z)] 2 7w max [P(2)] + (kn+1>|ﬂm_li| (=)l (2:3)
2k" 1 k=1 k-1

= an_ - if 2
+1+k”|an 1( n n—2 >’1 "=
and
2k2 K2—-1\ . k(k —1)2 ,
lgllgg\P(Z)l > mlrgglP(Z)l l<,€2+1> lrglnzr}clP(Z)l T el i =2 (2.4)

The above lemma is due to Rather et al.[11].

3 Lemmas and Proofs of Lemmas

Lemma 3.1. Let P € P, has all zeros in |z| <1 and Q(z) = 2"P(=), then for |z| =1

| =

Q'(2) < [P'()].

The above lemma follows from a result due to Bernstein [5].
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Lemma 3.2. If P(z) is a polynomial of degree n > 1, then for R > 1

max |P(2)] < R" max|P(:)] = (R = R*)[PO)] if > 1 (3.1)
and
max |P(2)] < R |P()] = (R = DIPO). if n=1. (3.2)

The above lemma is due to Frappier et al.[6].

Lemma 3.3. If P(z) is a polynomial of degree n having all its zeros in |z| < k,k > 1, then for 0 <1 < 1

2k™ k™ —1 2kn—1 kv -1 k"2 -1
max |P(z)| > max |P(z)| +1 () min |P(z)| + |an_1|< - ), if n>2 (3.3)

|z|=k 14+ k" |z|=1 k41 ] |z|=k 14 kn n n—2
and
2% 21\ . k(k—1)2
mi)li [P(2)] = 1+ 52 Inzfl‘i)ﬂp(zﬂ - l(k;2+> IIZIIHZI}JP(ZN + 1—1—714;2|a1|’ if n=2 (3.4)

The above lemma is due to Rather et al.[11].

4 Main Results

In this paper, we first prove the following result which generalize a result due to Aziz [2].

n
Theorem 4.1. If P(z) = a, [[ (z — z;) be such that all its zeros lie in |z| < k,k > 1, then for 0 <1< 1
j=1

n—1

I« 1 2k 2k
ma P2 2 V0ol + s D | max PG+

n— k)|, 4.1
|2|=1 ] LT+ k2 1+kn|a 1|o(k) (4.1)

A I

— , for m>2
where ¢(k) = (k:n— 1)? n—2
5 for n=2
and 1
1-——, for n>2
2’
wae){ N
1—%, for n=2.

Proof . Since all zeros of P(z) lie in |z| < k,k > 1. Therefore F(z) = P(kz) has all zeros in |z| < 1. Now

n

F(z) = P(kz) = ap,k™ [ (= — %), therefore for F(z) # 0, we have

j=1
n

2F'(2) z
F(z) =2 5

— -
/ k

Hence for the points z = €, 0 < § < 27 with F(2) # 0, we have

ewF/(eiG) B n et
w( ) =S )

j=1

" 1
= Re(Z T, 7k ewzj/k>.

j=1
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Since |z;| < k and for |w| = |[et;| < 1,t; = 2;/k,k > 1, we have

1 1
Re<1 —w> Re(l —e—ietj>
1
= Re <1 — |tj|e—i(9—¢)>

1
- Re<1 Ztjlcos(0 — @) + ift;|sin(6 — ¢)>
L — [t;lcos(8 — ¢)
L5 165 — 20t |cos(0 — 0)
1
1+ |t
_ 1
14|zl

v

That is
(1 —[tjlcos(0 — ¢)) (1 + [t;]) = 1+ [t;]* — 2[t;] cos(0 — ¢).

If (|t;] — [t;]%) cos(0 — ¢) > |t;]® — |t;]. That is cos(d — ¢) > —1, which is true. Therefore for |2| =1,

zF’(z)) - 1 " k
re() 2y e
R ===

This implies for |z| =1

() Fz) ) = &k 1e)
Hence
- k
F’ > F
P62 Y P

Equivalently, we get

kmax |P'(kz)| > (kz
max [P (k)| Zk+|]| I

That is

Im‘a)]i|P’ | > Z maX|P( ). (4.2)

Applying Lemma for P'(z), where P’(z) being a polynomial of degree n — 1, we get for R = k > 1 and for
n>2
max [P'(2)| < k" P max |P'(2)| — (K" — k" 73)|ay). (4.3)

|z|=k |z|=1

Combining (4.2)) and (| , we get

"L max |[P'(2)] — ("7 — k") |ay| > Z P(2)). (4.4)

max |
|2|=1 — k+ |25 Iz1=k

Now using (3.3) of Lemma [3.3|with { =0 and R =k > 1 in (£.4), we get for n > 2

1 1 < 1 2k™ 2k Ya,_q| (k" —1 k" 2-1
max |P’(z)| > (1_k:2>|a1|+k — [ max |P(z)] + la 1|< - )]

|z|=1 nel L 4 |z5] |1+ KT 2=t km+1
j=1
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Equivalently, we get

max |[P'(2)] = $(k)|ar| + — Z | max |P(2) + ek
|z|=1 G =T < k4 [z [ 1+ k2= 1+ fn Ot

where ¢(k) and ¢(k) are defined in the statement of theorem. This proves the theorem for the case n > 2. For the
case n = 2, the result follows on similar lines in view of part second of Lemma [3.2] and Lemma [3:3] Hence proof of
Theorem [£.1] is completed. O

Remark 4.2. Inequality due to Turdn [I2] can be obtained as a special case from Theorem if we put k= 1.
For a polynomial P(z) of degree n, the polar derivative D,, : P, — P, is a function defined as
DoP(z) :=nP(z) + (o — 2) P'(2).

It is to be observed that D p
lim —% (2) = P'(z2).

|| =00 «

Aziz and Rather [3] established the following inequality for the polar derivative of a polynomial.
If P(2) is a polynomial of degree n, having all zeros in |z| < k,k > 1, then for every a € C with |a| > k,

lo| — &
max | Dy P max | P(z)|.
e 1| (2)] = (1 e ‘z‘a1| (2)]

We next prove the following result on the polar derivative of a polynomial having all zeros in |z| < k, k > 1.

Theorem 4.3. If P € P, be such that P(z) has all zeros in |z| < k,k > 1, then for 0 <[ < 1 and for any complex «
with |a| > k

— 2k~
max [ D, P(2)] > (k) inag +aa| + ol =5 Zk+|z|{1+k" x|P(2)| + Hkn\an 16 (k >} (4.5)

where ¢(k) and ¢(k) for both the cases n > 2 and n = 2 are defined in the statement of Theorem

Proof . By given hypothesis all zeros of P(z) lie in |z| < k,k > 1. Also
D,P(z) =nP(z) + (a — 2)P'(2) = aP'(z) + nP(z) — 2P'(2).
Therefore
[DaP(2)| = |af|P'(2)| = [nP(2) — 2P'(2)]
= |a||P'(2)| = Q' (2)I. (4.6)
By using Lemma we get for |z] =1
[DaP(2)] = (Jo] = DIP'(2)].

Now suppose g(z) = P(kz), where all zeros of g(z) lie in |z| < 1. Therefore
| Doy P(k2)| = (lo] = k)| P’ (kz)],

where

max |Deo i P(kz)| = max |DoP(2)| = max InP(z) + (a — 2z) P'(2)].

Hence

max [ Do P()| > (|a] ~ k) max | P/(2). (4.7)
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As D, P(z) is a polynomial of degree at most n — 1, therefore using (3.1)) of Lemma we get for n > 2

‘m‘ax |DP(2)| < k"t |mlaux |DoP(2)] — ("' — k"73)|nag + aay|. (4.8)

Using (4.2)) and (| . in ., we get

k" lmlzix\D oP ()| = (k"1 = k") |nag + aai| > (laf — (Z

Again using of Lemma withl=0and R=%k > 1 in (4.9), we get for n > 2

1 (Ja| — 2k™
Do P()>|1-— P
max | (Z)|‘< k?)'n%mal” o1 Zmzjl{uknfﬂaﬁ ()

+2k:”_1|a | k"—l_k‘”_ -1
1+ gnont n n—2 '

This proves the theorem for the case n > 2. For the case n = 2, the result follows on similar lines in view of part
second of Lemma and Lemma Thus Theorem is completely proved. O If we divide both sides of (4.5)) by
|a| and letting |a| — oo, it reduces to Theorem

Remark 4.4. For k = 1, we get an extension of a result due to Aziz [2] to a polar derivative of a polynomial.
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