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Abstract

We investigate a discrete nonlinear problem governed by a weighted double-phase (p1, p2)-Laplace operator subject to
Dirichlet boundary conditions. By employing direct methods from the calculus of variations, we establish results on
the existence and nonexistence of nontrivial solutions.
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1 Introduction

Let d € N and denote by [1,d]y = {1,...,d} the finite set of integers. We consider the forward difference operator
Ax(t) =z(t+1) — z(t) and, for s > 1, A? the weighted discrete s-Laplacian defined by

Atz(t—1) = A (a(t) |Az(t — 1) Ax(t — 1)) . s>1

In this paper, we investigate the following nonlinear discrete Dirichlet boundary value problem governed by a
weighted double-phase (p1, p2)-Laplace operator :

2

Z( Ara(t 1)) = wb(t) [2(O)P* > () + £t 2(t), ¥t € [Ld]n,

o (F)
£(0) = 2(d+1) =0,

where aj, a9 : [1,d+ 1]y — [0,4+00) and b : [1,d]y — [0, +00) are given functions, 1 < ps < p; < +00 , w > 0 is a real

parameter, and £(t,.) is a continuous function for every ¢ € [1, d]y.

Difference equations and discrete boundary value problems have been intensively investigated over the last decades
due to their broad applicability in numerical analysis, population dynamics, economics, control theory, and the mod-
eling of processes evolving on discrete structures; see, for instance, [Il [13] 18, [30]. In many applications, discrete
models arise either intrinsically, when the underlying phenomenon is governed by a finite lattice or network, or as
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finite-dimensional counterparts of continuous differential equations obtained through discretization procedures. From
a mathematical viewpoint, discrete boundary value problems provide a convenient framework in which variational and
critical point methods can be applied in a finite-dimensional setting, leading to existence and multiplicity results for
nonlinear systems [7], [16].

Among nonlinear operators, the discrete p-Laplacian has received particular attention, as it captures essential
features of nonlinear diffusion and non-Newtonian phenomena while retaining a variational structure. Problems
involving this operator have been investigated using critical point theory; see, for example, [8, [9] 1T}, 22| 23], B1].

In recent years, considerable interest has been devoted to problems governed by double-phase operators, which
combine two different growth conditions characterized by distinct exponents. The prototype of such operators orig-
inates from the seminal work of Zhikov [32], motivated by variational problems arising in nonlinear elasticity and
homogenization theory. In the continuous setting, double-phase energies of the form

/ (VP + a(@)|Val??) dz, 1< ps < p1,
Q

have been extensively studied and have become increasingly relevant, as they naturally appear in the investigation of
stationary solutions to reaction-diffusion systems [10].

The importance of the (p1,ps)-Laplace problem in the nonlinear setting bridges the gap between mathematically
elegant toy models and the messy, non-homogeneous reality of modern materials science. It forces the development of
cutting-edge nonlinear analysis while providing engineers with the mathematical teeth required to simulate everything
from smart fluids to advanced geological anomalies, thereby demonstrating why these types of problems are worthy of
study. Moreover, continuous problems driven by the (p, g)-Laplacian operator have been widely analyzed, yielding a
rich variety of results concerning the existence, multiplicity, and qualitative properties of solutions (see, for instance,
13, @, 15, 6], 12} (15, 17, 19, 20, 24, 25, 26, 27, 28]).

Motivated by these developments, it is natural to investigate discrete counterparts of double-phase problems.
When continuous double-phase models are discretized, or when the underlying framework is intrinsically discrete, one
is naturally led to difference operators with competing growth conditions. In the discrete Dirichlet setting, the authors
of [211, [33], established the existence of at least two positive solutions and, moreover, infinitely many solutions for such
discrete boundary value problems of the form

2
—2
> (—ah =D + a2 *a®) = M (ta(®), Ve Ldn,
j=1

z(0) =z(d+1) =0,

The presence of weights in the discrete operator makes it possible to encode heterogeneity effects analogous to those
induced by spatially dependent coefficients in the continuous setting. Despite this strong conceptual connection, the
analysis of discrete double-phase problems presents specific challenges, as the lack of homogeneity and the coexistence
of different exponents prevent a direct extension of classical results for single-phase discrete p-Laplacian equations.

Inspired by the aforementioned studies, we initiate an investigation into the existence and non-existence of non-
trivial solutions to problem , employing variational methods from critical point theory together with truncation
techniques in an appropriate discrete functional space. In particular, we emphasize the interplay between the weighted
double-phase structure, the parameter w and nonlinear perturbation /.

The structure of this paper is as follows. Section 2 provides some basic preliminaries and introduces the variational
framework associated with problem (P,)). Section 3 is devoted to the statement and proofs of our main results.

2 Mathematical Background and Preliminaries
Problem (P,) is analysed in the finite-dimensional real Banach

Xg={z:[0,d+ 1]y = R| 2(0) = z(d+ 1) = 0},

endowed with the norm .

el = (3 |Aat(t)|s)1/s, s> 1. (2.1)

t=0
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Moreover, for any s > 1, we introduce another standard norm on X, given by

d 1/
Il = (X k)l

Since X, is finite-dimensional, these two norms are equivalent. More precisely, we have

Lemma 2.1. ([I4]) For any x € X4 and s > 1, we have
el < el < dF(d + ) .
We considered the functional B : X4y — R defined by
x) = Zf(t,x(t)), for all z € Xy,

where

F(t,s) = / (t,u)du, forallseR, ¢e]ll,dy.
0
Since / is continuous, the functional B belongs to the class C1 (X4, R) and satisfies

d
= Zﬂ(t, z(t)y(t), forall z,y € Xg.

Let &1,&5,&3 : Xq — R be the functionals defined by

1 4 1 9t 1 &
() = 5 3 (a@lact =), &x(o)= 237 (eald)lBale =), and a(a) = 5w

|P2

(2.3)

(2.6)

(2.7)

A straightforward computation shows that £, &, and &3 belong to C1(X4,R), and their Gateaux derivatives at

x € X4 are given by
d+1

(E1(@),9) =ty T = S @faa(t - D Aalt - Dgle 1)
d+1
(E3(a). o) = tim 2 =3 aalaa(e— 1P st~ )8yt~
(E5(2),y) = lim BT Zb 07 2(t)y (o),

=0
for all y € X4. For each w > 0, we define the functional & : Xy — R associated with problem by
Eu(x) =& () 4+ () — w&s(x) — B(x).
Clearly, £, € C'(X4,R) and its derivative at x € X satisfies
(€L(x),y) = (E1(x),y) + (E3(2), y) — w(&(x),y) — (B'(x),y), forally e X

Using summation by parts, for all x,y € X4, we deduce

d
y) = Zal(t)|A$(t — D2 Ax(t — D)Ay(t — 1) + a1(d + 1)|Ax(d) [P 2 Az (d) Ay(d)

SH

d
= ai(t)|Ax(t — 1) 2Az(t — 1)y Z (t+ 1)|Az(t) P2 Az(t)y(t)

a1 (| Ax(t — )P 2Aa(t — Dyt — DT = ai(d + 1)|Aa(d) [P > Ax(d)y(d)

d
==Y Ala®)Ac( - DAt - 1] y(t).

(2.11)

(2.12)

(2.13)
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Similarly, we obtain

d
(E(@),y) = =Y Alas(t)|Aw(t — 1) Ax(t — 1)] y(t). (2.14)
Consequently, for all z,y € X4, we have
d
(EL@)y) == [A(a()]Az(t — )P 2 Aw(t — 1)) + A (az(t)| Azt — 1)|P* > Ax(t — 1))] y(t)
= (2.15)
—w Y b)) Px()y(t) = Y Lt @(t)y(t).

Since y is arbitrary, we obtain the following result:
Lemma 2.2. The vector x € Xy, is a solution to problem (£, if and only if x is a critical point of the functional &,,.
Let Ay(s,a), [9], be the first eigenvalue of the problem

{_Agx(t —1) =wb(t) |z@®)|* 2 x(t), Vte[l,dy, (2.16)

z(0) =z(d+1) =0,

and (s, a) the positive eigenfunction of problem (2.16) with eigenvalue \y(s,a). Recall that Ay(s,a), is characterised
by

d+1
Y a(®)|Az(t - 1)
Mp(s,a) = glin =1 . (2.17)
z€Xa\{0}
> b))

For b: [1,d]y — [0, +00), we set

— ; +
by = min, b(t) and b = ax, b(t).

In studying problem (P,)), we make the following assumptions:

ot N
(Hy) :  limsup Mtw) < A1(p1, 1) uniformly for all ¢ € [1,d]y;

|z|—+o0 |Ji‘p1_2$

0t 2)r — pLF(t,
(H3) :  there exists s € (p2,p1) with  lim (t2)e = p1F(t, )

= 400 uniformly for all ¢ € [1, d]n;
|z|—+o00 |.CC‘S

(Hj) : lim ft, o)

I s = 0 uniformly for all ¢ € [1, d]n;

(Hy) :  al(t,x) < M (p1,ay)|z|Pr for all t € [1,d]y and = € R.

3 Main results
Theorem 3.1. Assume that the hypotheses (H;) — (Hs) are satisfied. Then for each w > Ay(p2, az), problem (P,

admits at least one nontrivial solution in X.

Proof . We investigate the properties of the associated energy functional &, in order to obtain a solution of (F,).
The coercivity of &, is a crucial ingredient for applying the direct methods of calculus of variations; see [29]. To prove
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that &, is coercive, we argue by contradiction. Assume that there exist a sequence (x,), C X4 and a constant M > 0
such that

|lzp|| — +00, as n— +oo (3.1)
and
Eulzn) < M, for all n € N. (3.2)
Set  y, = ”x”” . Then |y, || = 1. Since Xy is finite-dimensional, up to a subsequence, y, — y in X4 as n — +o0.
Ty,

From (3.2)), we have
E1(xn) + E(xn) < M + w&s(xy) + B(xy), for all n € N.

Using (2.7) and the identity x,, = ||zn]|| yn, we obtain

d

2nlI”" E1(yn) + 20" E2(yn) <M + [[2n P wEs(yn) + Y F(t, l2nl yn(1))- (3.3)
t=1
By hypothesis (H;), there exists R > 0 such that
1 -
Ft,z) < p—)\l(pl,al)mpl, for all t € [1,d]y and |z| > R. (3.4)
1
Combining (3.3)) and (3.4) we obtain
1 M bt Nyally: 1«
E1lyn) + ———E(yn) < - tw—— 4 —\(p1,a I 3.5
1(Yn) T 2(Yn) Tznl? 2 ol 1(p1, 1) [[ynll,, (3.5)
Letting n — 400 and using (3.1]), we deduce that
d+1 R
D ar®lAy(t = 1P < Mi(pra) [lyl5: -
t=1
On the other hand, by the variational characterization (2.17)),
d+1 )
D ar®lAy(t =D = Mi(pr,a) [yl (3.6)
t=1
therefore,
d+1 R
D ar®lAy(t = 1P = Mi(pr,a) [lyl15 -
t=1

Hence equality holds and y is an eigenfunction associated with 5\1(p1, a1). Since this eigenvalue is simple [9], there
exists v > 0 such that y = vp; where ¢; is the eigenfunction associated with 5\1(]01,@1). If v = 0 then y = 0,
contradicting ||y, || = 1, sence v # 0. Assume that v > 0 and so we have x,(¢t) — oo for all ¢ € [1,d]y. By hypothesis
(Haz) given & > 0 there exists Mg > 0 such that

Ut,x)e —pr1 F(t,x) > €lz|®, forallte(l,dlyand for all |z| > M. (3.7

Additionally, we have
(f(t,x)) (@) || — pr1|z|Pr 22 F(t, x) Ut x)r —pr F(t, @)

|x|171 |1~|2p1 - |x‘1’11~

From (3.7)), for all ¢t € [1,d]n we obtain that

Oy (]—'(Lx)) > 3 for all x> M, (3.8)

) = T
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e F(t,2) ¢
, X
Moreover, let z € R such that |z| > || > M. by integrating (3.8)) between = and z such that z > 2 > M, we find
that
F(t F(t 1 1
(t,2) _ (,:17)2_ ¢ — — — |, Vz>uz> M (3.10)
|2[P1 |71 pr—s \[z[Prs fafpre

else, we integrate (3.9) with respect to z and « such that z < 2 < —M¢, we have

]—'(t,m)_]:(t,z)g_/ & g, Ve<a<—M

|I|p1 |Z|p1 |u‘P1—S+1
so, by making a change of variables v = —u > 0, we get
RS [ £ _ =g 1 1 ,
/Z |u|p1—s+1 du = _, wpimstl dv = p1— s \(—x)Pr—s B (—z)pr=s )’
therefore,
f(t7x)_.7-'(t,z)< —£ 11  Va<a< M
el T S s e ) S
% F F
t t — 1 1
(t2) Flhz) =€ _ , Vi<a< M. (3.11)
|2[P2 lz[Pr 7 pr—s \ |z fzfpre '
combining ([3.10) and (3.11)), we deduce that
F(t F(t — 1 1
(t2) Flha), ¢ - V2| > o] > M, (3.12)
|2[P1 [z[Pr T pr—s \ [z fafre

for all t € [1,d]n. By (3.4), for all t € [1,d]y and for all |z| > |z| > max(R, M), we prove that

~

1 1
A(p,a)  F(t ) > £ _ ] (3.13)
p1 |z[Pr pr—s \ [z [a|prs
Letting |z| — oo in (3.13)), for all ¢ € [1,d]n, we find
h\ t
1(pr,a1)  F(t, ) > § —,  V|z| > max(R, M¢);
P1 |z [P (p1 — s)|x[Pr—s

so, for all ¢t € [1,d]y, we have

Sa(pryan)|e? = puF(t ) > %ma V| > max(R, Me). (3.14)

Combining (3.3)), (3.6)) and (3.14) we arrive at

d
> O < 3 (o alea O =170, ()
< di“ (O Az, (t = 1) - zd:]-'(t Zn(t)) (3.15)
41 — ! " pot s n

wbt .
S M+ Do ||x7l||p2 )
and

wbt
oy ool ol < M =2 el -
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According to Lemma [2.1] and taking into account [y, || = 1, we deduce that

1 & wbt 1
— ||z < M+ 7d d+ 1)P2— T, P2
2 (1 —9) el ( )27 |
and
_ 2s bt
ll2n 772 < (plg) (M+ “;Tzd(cu 1)r2= 1) (3.16)

which contradicts (3.1)), since s > p. Therefore, &, is coercive. The space X4 is a finite-dimensional Banach
space, so weak convergence is equivalent to strong convergence. Therefore, to prove that &, is sequentially weakly
lower semicontinuous, it suffices to show that it is continuous. Each component of &, (namely &;,&3,E5 and B) is
continuous, since they are finite sums of continuous functions involving powers and integrals of continuous functions.
Hence, &, being a combination of continuous functionals, is itself continuous. Consequently, &, is sequentially weakly
lower semicontinuous on Xg.

This fact, the direct method of the calculus of variations (minimum principle) [29] yields the existence of a minimizer
I, € X4 such that

Eulin) = nf Eu(x). (3.17)

Moreover, &/ (Z,,) = 0. It must still be demonstrated that the solution is non-trivial. For a given € > 0, hypothesis
(Hg3) leads to the conclusion that there exists a constant p > 0 such that

IF(t,z)] < =|a|P2, for all t € [1,d)y and |z| < p. (3.18)
b2

Let @y = &3 (p2, as) be the normalized eigenfunction (||dy]| = 1) corresponding to Ay (p2, as). For a sufficiently small
real number v €]0, 1] , we define ., = y4; so that

0 <z, (t) <p, for all t € [1,d]n.

Then from ([2.4), (2.11)) and (3.18)), we get

L dl d+1
()| Aty (t — 1) + <Za2 )| Ady (t = 1)[P? —wa |u1|p2>
+e— ||111H§§
P d+1 P2 d e
<af— Z|Au1 t—-1Pr — — (w—)\b D2, a2 )Zb |p2+6—|\u1H
1 t=1 D2 t=1 D2

therefore

Euley) < at T ar |7 = L (i = Aylpanaz) ) o |22 + e a2
D1 D2 2 D2 2

<af T a7 = T [ (10 (oo, ) ) by — ] 2
21 D2 bz

By lemma and the fact that ||| = 1, we have

1
E(x) < —af ()P —
(z) n (t)y 22y

[(w - Xb(pg, a2)) by — 5} NP2,

Therefore, for each w > Xl(pQ, as), if we choose € such that ¢ < (w — ;\b(pg, az))bg, thus

Eu(zy) < a1yt — coyP?, (3.19)
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1 1 .
with ¢; = —af > 0 and ¢ = SPrpn {(w — )\b(pg,ag)> bo — 5} > 0. As ps < p1, and « is assumed to be sufficiently
P2

P1
small, then from (3.19) and recall (3.17)), we deduce that
Eu(zy) <0 = Eu(Tw) < Eulzy) <0=E,(0),

and so Z,, is nontrivial solution to problem (F,]). This completes the proof. O

Theorem 3.2. Assume that hypothesis (Hy) holds. Then for w < 5\1](])2,012), problem li admits no nontrivial
solution in X .

Proof . Assume by contradiction that there exists a nontrivial solution Z, € Xy of problem (P, with w < )\b(pz, az).
Then, testing the weak formulation with y = z,,, we deduce that

d+1 d
D (a1 ()| AZ, (¢ — DIP + ag(t)|AZy(t — 1)P?) —w Y b(t)|du () = Ze (t, oo (£))Z0 (2).
t=1 t=1
According to hypothesis (H4), we obtain
d ~
Zf(taj}w(t))jwu) < Mi(pr,ar) ”i‘ngi )
t=1

implies that,

d+1 d+1
(Z a1 (8)|AZ, (t — 1)P* — A (p1,a1) |55w||£1> <Z as(t)|AZ,, (t —1)P2 — wa |p2> 0.
t=1

As
d+1
> ar ()| Az, (t— DI > Ai(pr,ar) |72
t=1
therefore,

‘P2<0

||M&

(5\ P2, a2) )

We deduce that j\b(pg, a2) —w < 0, which leads to contradiction with w < j\b(pg, az). Therefore, problem 1D does
not have nontrivial solution in Xy for every w < Ay(p2,az). O

We present some examples of functions ¢ : [1,d]y x R — R that satisfy the hypotheses (H; — Hy).
Example 3.3. Let 1<py<s<p;andleta,f:[l,dx— (0,400) be functions such that ,
0 < aft) < A(p1,a1), and 0<pB(t) <1, forall t € [1,d]n.
The function £ : [1,d]y x R — R defined by
Ut,2) = at)|z|”* 22 — |z[* 2z + B(t)|z["* 2z 1n (1 + 2?),
and its primitive given by

1 xT
F(t,z) = O;(t)|x|p1 - ;|x\s + B(t)/ [ulP>"*uln (1 + v?) du,
1 0

satisfy all the assumptions (H; — Hy).
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Example 3.4. Let 1 < ps < s < p; and r > 0 such that p; < r < 2p; —s. Let a, 8 : [1,d]n — (0,4+00) be two
functions such that,

O<a(t)+1< 5\1(p1,a1), and 0<pB(t) <1, for all t € [1,d]n.

The function ¢ : [1,d]y x R — R given by

|x‘r72x

Ut ) = at)|z|P 2z + 5@)m~

satisfy all the assumptions (H; — Hy).

4 Conclusion

In this paper, we investigated a class of nonlinear discrete Dirichlet boundary value problems driven by a weighted
double-phase (p1, p2)-Laplacian operator. By combining variational methods with the spectral properties of discrete
p-Laplacian operators, we established both existence and nonexistence results depending on the range of the real
parameter w.

More precisely, under suitable growth and structural assumptions on the nonlinear term, we proved that the
associated energy functional is coercive and sequentially weakly lower semicontinuous whenever w exceeds a critical
eigenvalue. This allowed us to apply the direct method of the calculus of variations to obtain the existence of at
least one nontrivial solution. The analysis highlights the fundamental role played by the first eigenvalues of the
weighted discrete p-Laplacian operators and the interaction between the two different growth exponents p; and ps.
Two examples were discussed to illustrate the assumptions imposed on the nonlinear term.

On the other hand, we showed that no nontrivial solution exists when the parameter w lies below the corresponding
spectral threshold. This nonexistence result underlines the sharpness of the obtained conditions and reveals a threshold-
type behavior of the problem with respect to the parameter w.

The results presented in this work extend and complement existing studies on continuous and discrete problems
with double-phase structure. They provide a rigorous variational framework for the analysis of nonlinear difference
equations with competing growth conditions. Possible directions for future research include multiplicity and sign-
changing solutions, anisotropic and variable exponent discrete operators, as well as extensions to time-dependent
discrete systems.
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