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Abstract

Let 7 denote the class of analytic functions defined in the open unit disk, and let P be the family of analytic and
univalent functions with positive real part that map the unit disk onto a convex domain. In this paper, we introduce
the new subclasses /Cgf (¢, ¢) and Sgbﬂ (1, @) associated with the Carlson—Shaffer operator. These classes are defined
by means of suitable subordination conditions involving analytic functions related to convex and starlike mappings. We
investigate several geometric properties of functions belonging to these subclasses and establish coefficient estimates
along with other related results. The results obtained in this work generalize and unify various earlier studies in the
theory of analytic and univalent functions.
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1 Introduction

Let o7 be the class of analytic functions f(z) defined in the open unit disk A = {z € C: |z| < 1} and are of the
form

fz)y=z+ Zaszs, z € A. (1.1)
5=2

Let F' and G be two analytic functions in A with F'(0) = G(0). F is said to be subordinate to G, (F' < G) in A if
there exists an analytic function w(z) on A such that

w(0) =0, |w(z)| <1and F(z) = G(w(z)), =z€A.
Also, if G is univalent in A, then

F(z) < G(z) z € Aif and only if F(0) = G(0) and F(A) C G(A).

*Corresponding author
Email addresses: rssr1790@gmail.com (Ramalingam Sathish Srinivasan), sivasaisastha@rediffmail.com (Srikandan
Sivasubramanian), ezhilarasi@sivet.in (Raman Ezhilarasi), tvsudharsan@rediffmail.com (Thirumalai Vinjimur Sudharsan)

Recetved: August 2025  Accepted: June 2026


http://dx.doi.org/10.22075/ijnaa.2026.38882.5533

2 Sathish Srinivasan, Sivasubramanian, Ezhilarasi, Sudharsan

Let P denote the class of an analytic univalent functions 1 defined in A such that ¥ (A) is convex with ¢ (0) = 1
and R((z)) >0, z € A. For (0 <+ < 1), a function f € & is said to be convex of order =, starlike of order =, close-

Zﬁ;i?) >, R (ZJ{;S)) > v, R(f'(2)) > v respectively.

Ma and Minda [I4] defined classes S*(¢) and K(¢) of functions f € 7 satisfying the conditions zﬂg) < ¢(z),p€P

and 1+ ZJ{,/;S) < @(2), ¢ € P respectively. We observe that if ¢(z) = iig; -1<B<A<L1, 8" (%) = S8*(A, B)
and K (HAZ) = K(A, B) are the classes of Janowski starlike functions and Janowski convex functions respectively

1+Bz
[10].

to-convex of order -y if satisfies analytic criteria R <1 +

Kim et al. [12] introduced the class of functions f € & satisfying the analytic condition g:ég < Y(z), ¥ €

P,g € K(¢) and denoted by C(¢, ¢). A function f € & is said to be in the classes CS(1), ¢) and QK (v, @) if satisfies
£z Y(z), Y € P,g € S*(¢p) and @) P(2), ¥ € P,g € K(¢) respectively. The classes CS(¢, ¢) and QK (3, @)

9(2) 9'(2)
are introduced by Bulut [6]. Notice that if ¥(z) = ¢(2) = ﬁj, the classes S*(¢), K(9),C(1, ¢),CS (W, ¢) and QK (¢, ¢)
reduces to class of starlike function S*, class of convex functions K, class of close-to-convex functions C [I1], class of
close-to-starlike functions CS [20] and class of quasi-convex functions QK [19] respectively.

Motivated by the works in [3, [, [5l [6l O] and Senguttuvan et al. [23], (see [24] also), we introduce new classes
/Cf,‘f (¢, ¢) and S;’f(zp, ¢) of analytic functions using Carlson Shaffer operator [1l [7] [8, 22], where the Carlson-Shaffer

linear operator R, 4 : & — 47 is given by

Rp,qf(z) = I(p,q; Z) * f(z) =z+ Z(U)s—laszsa (U)s = - (12)

The function I(p,¢;2) = 2+ .cs Ezgsj 25, pe C,q e C\{0,—1,—2,...} is known as the incomplete beta function.

The term (k)5 is the Pochhammer symbol that can be expanded in Gamma function as

_Dk+s) J1 (s=0)
() = (k) _{n(n+1)...(n+sl) (s eN) (1.3)

Definition 1.1. A function f € &/ is said to be in the class Kgy’qﬁ(w, @) if

’ _ Iz 211
Ry.of(2) + (a— B+ 2ail)(z§p7qf(z) +aB2*Ry f(2) (), 0<B<a<l, (1.4)

where g € K(¢), ¢,¢ € P and R, ,f(2) is given by .

Definition 1.2. A function f € & is said to be in the class S5 (1), ¢) if

(1—a+ B Rpqf(2) + (a — B)2R,, ,f(2) + aB2*R}  f(2)
g(z)

where g € $*(¢), ¢, € P and R, ,f(2) is given by .

<Y(2),0<B<a<]l, (1.5)

Remark 1.3.
i) The classes K{{' (1), ¢) = Ka,p(1, ), S (1, 9) = Sa,p(1h, ¢) were introduced by Bulut [6].
ii) The class IC?:?(M ¢) = C(¢, ¢) was introduced by Kim et al. [12]
ili) For -1 < B < A < 1, the classes IC?:? (HAZ Hz) = C(HAZ Hz) = CCV(A, B), S?:f (”AZ 1+Z) =

1+B2’ 1-2 1+Bz" 1-2 1+B2" 1-2
CcS (Hgi’ }fj) = CST (A, B) were introduced by Mehrok and Singh [I5] [16] and Mehrok et al. [17].
iv) For —1 < B < A <1, the classes ICla”l0 (iigz, }fz) = Qcy(a, A, B),
IC}? (iigz, }fz) = oK (ng’ %fi) = QCV(A, B), Sﬁ’lo (ﬁgz, }fi) = Qst(a, A, B) were introduced by

Altintag and Kilig [2].
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v) For 0 < +,d < 1, the class IC?:? (1+(1_27)2, 1+(1_2‘5)Z) =C (1“1_2“’)27 1+(1_25)Z) = C(v,d) was introduced by

1—z 1—z 11—z 1—=z
Libera [13].

In this paper, we obtain coefficient bounds and associated properties for functions in the classes lCa’ﬂ (¢, ¢) and
SO‘,’B (1, @). Now let us consider the preliminary lemmas for proving our main results.

o0

Lemma 1.4. [21] If the analytic function P(z ZP z°%, z € A is subordinate to the convex function H(z) =
s=1

ZHSZS, z € A, then |Ps| < |Hy| for (s > 1).

s=1

Lemma 1.5. [25] If a function f € K(¢), ¢ € P of the form (1.1)), then

Hk+|¢

las| < k=0 . 5=2,3,....

s!

Lemma 1.6. [25] If a function f € S*(¢), ¢ € P of the form (L.1)), then

Ltk + 16O
las| < % $=2,3, ...

2 Main results

In this section, we determine the coefficient bounds for the classes /Cg;f (¢, ¢) and ng’f(l/), ?).

Theorem 2.1. If f € K“’B(w, @) is of the form 1' then

1 TT e+ 19O o LTI k1o
= oG e ATl = T H; k:(osqu)! ) (2.1)

where s > 2, Q(s,a,8) = [1+ (s — 1)(a— B+ 2a8)+ (s — 1)(s — 2)af].

Proof . Let f € K32 (¢, $). Setting

g(z) =2+ b2" €K(¢), ¢€P,

s=2
by Lemma [1.5] we have
5—2
[I¢+1¢0)
[ba < =y , 5=12,3, (2.2)

Define a function h(z) by

Rpof(2) + (= B+20p)2RY  f(2) + ap2* Ry f(2) _ 1+ i Cm 2™
70 "

h(z) = €A. (2.3)
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In the view of Definition [T.1] we get
h(z) < ¢¥(z), ze€A.

Upon using Lemma we obtain

m!

’ =lem| < W' 0)], (m=1,2,3,..) (2.4)

From , we have
Ryof (2) + (@ = B +2a8)2Ry . f(2) + aB2* Ry f(2) = h(2)g' ()

00 s—1
1+ Z SQ(‘S; a, ﬂ)(@)571a52571 =1+ Z (S - j)cjbs*j 2871'
s=2 s=2 | j=1
Since a; = by = ¢y = 1, by comparing the coefficient of 257!, we get
s—1
sQ(s, a, B)(v)s—1as = Z(s —J)cjbs—;j = sbs + (s — L)erbs—1 + ... + 2¢c5_2ba + co_1.
j=0
The above inequality gives
s—1
(s, @, B)|(v)s-1las| < slbs| + D (s = 5)lellbs s (2.5)
j=1
By applying and (2.4]) in , we have
s—2 s—j—2
[Tk +10'0)) s [T =+’
$Qs,00 A)|(0)sillas] < "= F W O)] | (s = D) T +1
s! = (s —7)!
s—2 s—j—2
[T+1¢'0)) oo LI 100
k=0 / k=0
=5 1 2.
WO | A (26)
j=1
This gives the desired result. [J
Theorem 2.2. If f € S3:7 (1, ¢) is of the form (L.1), then
s—2 s—j—2
X [T +1¢' ) s 1T G+
k=0 / k=0
as| < + ' (0)] | 1+ : , 2.7
e | e O (s=j =1 27

where s > 2,0(s,,8) =[1 —a+ [+ s(a— )+ s(s — 1)af].

Proof . Let f € Sﬁf(z/gqb). Setting

g(z) =2+ b2 €8*(¢), ¢€P,

s=2
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by Lemma [T.6] we have

T+ 16 0)
lbs| < % $=12,3,.... (2.8)

Define a function h(z) by

(1-a+ ﬁ)RP,qf(z) + (a— ﬂ)zR;qf(z) + aﬁz2’Rg7qf(2

M=) = e

):1+Zcmzm, z€A (2.9)
m=1

In the view of Definition we get h(z) < (z), z€ A. Upon using Lemma[L.4] we obtain

‘ h(m™)(0)

m!

’ = lem| < W(0)], (m=1,2,3,...) (2.10)

From , we have
(1= a+ B)Rpof(2) + (a = B)2Ry,  f(2) + aB2’Ry  f(2) = h(2)g(2)

00 o) s—1
I+ Z O(s, a, 5)(”)3—1”5’2871 =1+ Z chbs—j 2>t
s=2 s=2 | j=1
By comparing the coefficient of z°~!, we get
s—1
O(s,a, B)(v)s—1as = chbs,j
j=0
Since a1 = by = ¢g = 1, the above inequality gives
s—1
O(s, @, B)| () s-1llas| < [bs] + D lesllbs—s (2.11)
j=1
By applying (2.8) and ([2.10) in , we have
s—2 s—j—2
[T+1s©D s 1] 100
o) sallas] < =X — 410 =0 1 2.12
(Bl < g WO | Y Ay (212)
This gives the desired result. [J
Corollary 2.3. If f € Ky g(1, ¢) is of the form (1.1f), then
s—2 s—j—2
[Tk +10'0)1) o [T =+l
k=0 k=0
s 1 - , 2.13
o] = Q(s,a, p) s! + s +j:1 s—7—1)! (2.13)

where s > 2,Q(s,a,8) = [1+ (s — 1)(a— F+2a8) + (s — 1)(s — 2)af].

Proof . If we let p =1 and ¢ = 1 in Theorem we get the desired result. [
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Corollary 2.4. If f € QK(v, ¢) is of the form (L.1)), then

5—2 s—j—2
[T+1g' ) " o 11 (E+10'0))
las| < ’“:082(8 ot WJS(Q g . » ’“:OS — T 5> 2. (2.14)

Proof . If welet p=1,¢g=1,a =1 and 8 =0, in Theorem [2.I] we get the desired result. [J

Corollary 2.5. If f € Qcy(a, A, B) is of the form (1.1, then

1 (s — 1)(A— B)
s| < 1 ;82> 2.
|a|_1+(s—1)a + 2 s

Proof . If welet p=1,q=1,8=0, ¥(z) = %ig'z (-1<B<A<1)and ¢(z) = ££, in Theorem we get the
desired result. [

Corollary 2.6. [20] If f € C is of the form , then
las| <'s, s> 2.
Proof . If welet « =0,A4 =1 and B = —1 in Corollary we get the desired result. O
Corollary 2.7. [18] If f € Q is of the form , then
las| <1, s > 2.
Proof . If welet « =1,A =1 and B = —1 in Corollary we get the desired result. [

Corollary 2.8. If f € S, (¢, ¢) is of the form (1.1f), then
s—2 s—jJ
[T+ 10"

1 k=0 / k=0
|as|§®(s7a75) o) + [ O0) | 1+ SR ; (2.15)

where s > 2,0(s,a,8) =[1 —a+ B+ s(a— )+ s(s — 1)af].
Proof . If we let p=1 and ¢ = 1, in Theorem we get the desired result. [

Corollary 2.9. If f € C(¢, ¢) is of the form ({1.1]), then

ﬁ(k+|¢/(0)|) ‘o oy H (k+ |¢'(0)])
o < | = +\¢£ 1N . k:(osﬂ_il)' 5> 2. (2.16)

Proof . If welet p=1,¢g=1,a=1 and 8 =0, in Theorem [2.2] we get the desired result. [J

Corollary 2.10. If f € CS(%, ¢) is of the form (1.1]), then

T1k+16/0)) I ke
as < | g WO 1+ A, 5> 2. (2.17)
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Proof . If welet p=1,¢g=1,a =0 and 3 =0, in Theorem [2.2] we get the desired result. [J

Corollary 2.11. [13] If f € C(v,9) (0 <+, < 1) is of the form (L.1)), then
2(3 —20)(4 — 20)...(s — 20)

s!

las| < [s(1=0)+(y—0)],s = 2. (2.18)

Proof . If we let ¢(z) = w (0<~v<1)and ¢(z) = w (0<d<1)in Corollary we get the desired
result. O

Corollary 2.12. If f € Qs7(a, A, B) is of the form (1.1]), then

CESEES )

<
jas| < 1+ (s—1a

Proof . If welet p=1,q=1,8=0, ¥(2) = ng (-1<B<A<1)and ¢(z) = ££, in Theorem we get the
desired result. [

Corollary 2.13. [20] If f € CS is of the form (1.1)), then
las| < s?, 5> 2.

Proof . If we let « = 0,A =1, B — 1 in Corollary 2.12] we get the desired result. OJ

Motivated by the works of Akbarally et al. [I], we obtain the radius problems for classes lCo‘ﬁ (¢, ¢) and Sg‘,’f (1, @)
in the following theorems.

3 Radius of convexity, starlikeness and close-to-convexity
Theorem 3.1. Let f € Kg:# (¢, ¢) be in the form (L.1). I

(1 =), @ B)|(v)s-1]

|z] < — po , 8> 1, (3.1)
[I+1¢'0)) I k+1g'00
s(s — 1) k=0 - + [y S(O)| 1+ Zg ? k=0 ==

then f is convex of order ~y

Proof . It is enough to show that the values for {1 + Z;,/ES)} lie in a circle centered at w = 1 with radius 1 —~. We

have
Zf”(Z)) ’
1+ -1 <1—xn
‘( f'(z)
o0 s—1
Tyss—Dlealiztt |
1322, slas|lz|
o0 o0
Z s—Dlagllz]* "t < (1 —7) <1 - Zs|as||z|51>
s=2 s=2
oo _ s—1
D=2 8(s —Vlasllz]"
1—7 -
o 8(8—7)IZ\S‘1 1 8 ) . .
This implies 17 il Since f € K5/ (1, ), applying Theorem [2.1f yields condition (3.1). So the
— as )

proof of Theorem [3.1]is completed. [J
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Theorem 3.2. Let f € K27 (1, ¢) be in the form (1.1). If

(1 — "}/)Q(S,Oz,ﬁ”(’v)s_ﬂ

|z] < — pr; , s> 1, (3.2)
| JICEREAQD) IT &+1¢'0))
(S . ’Y) k=0 - + [ LSO)\ 14+ Zj;% k=0 —
then f is starlike of order 7.
/
Proof . We must show that, ZJJ:((? — 1’ < 1—~. We have
z

oo _ s—1
Sals — Dlallel ™y
L= o lasllz]®

(s =l

L—n
of Theorem [3.2]is completed. (I

<

This implies

1
. Since f € IC;‘,‘;qﬁ (1, @), applying Theorem [2.1] yields condition |D So the proof

|as]

Theorem 3.3. Let f € ICZ",‘;qB(w, ¢) be in the form l) If

- 1

(1 =7)(s, @, B)|(v)s-1]

|z| < — R , 8> 1, (3.3)
[T+1¢0) (k+14'(0)])
— (0 s—2 =
s | = + WJ.E B +350 =2 GO

then f is close-to-convex of order 7.

Proof . We must show that, |f'(z) — 1| < 1 — . We have

D slagllzl Tt <1-4
s=2
1 R S 8 : . .
This implies < . Since f € K5/ (¢, ¢), applying Theorem [2.1f yields condition (3.3). So the proof of

‘as

-
Theorem [3.3] is completed. O
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Theorem 3.4. Let f € 83/ (¢, ¢) be in the form (1.1). If

2| <

(1-=7)6(s, a, B)|(v)s—1|

[Tx+1¢'0))

k=0

—Jj—
H (k+14'(0

s(s =)

(s—1)!

+ [¢(0)]

1+Z] 1

then f is convex of order ~

(s—j—1)!

, 8> 1,

Proof . By applying the same procedures used in Theorem [3.I] and also using Theorem [2.2] the proof of theorem is

completed. [J

Theorem 3.5. Let f € 81?7;16(1/),(;5) be in the form 1) If

(1 =7)0(s, @, B)[(v)s-1]

[Tk + 10" )

k=0

2| <

(s=7)

s—j—2

IT E+1¢'0

(s—1)!

then f is starlike of order ~.

s—2 =
+ O] [ 1+ 55

, 8> 1,

Proof . By applying the same procedures used in Theorem the proof of theorem is completed. [

Theorem 3.6. Let f € Sﬁf(m ¢) be in the form 1) If

(1 =7)0(s, @, B)|(v)s—1]

El=
s—2 s—j—2
[Tk +1¢ o)) [T &+l
s | B0+ [O)] | 1+ 50T A=

then f is close-to-convex of order 7.

, 8> 1,

Proof . By applying the same procedures used in Theorem and also using Theorem the proof of theorem is

completed. [J

4 Conclusion

In the current paper, we defined two new classes IC‘X’B (¢, ¢) and S;f;f (1, ®) of analytic functions using Carlson-
Shaffer operator. Results on radius of convexity, starhkeness and close-to-convexity are investigated for functions in
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these new classes. Also, the connection between these new classes and other known subclasses of analytic functions
are obtained as corollaries of our main theorems. As a future work our results may motivate researchers in geometric
function theory to extend this study to other existing and new subclasses of close-to-convex and close-to-starlike

functions.
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