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Abstract

In this paper, we study the convergence of an efficient fixed-point iterative scheme for contraction mappings. The
iterative scheme converges strongly to the fixed point of contraction mappings in Banach spaces. Numerical examples
are also provided to test the efficiency and effectiveness of the proposed iteration. We also prove that the iteration is
the stability and data dependence. Finally, we apply the iteration scheme to find the solution of the nonlinear integral
equation.
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1 Introduction

Fixed point problems have an approximate solution or an existence result. One of the most interesting areas of
numerical analysis nowadays is the study of convergence results and the approximation of fixed points using iterative
approaches. The famous result due to Banach spaces that any contraction operator whose domain is essentially a
closed subset of a Banach space will always admit a unique fixed point and the approximate value of this fixed point
can be found by implementing the Picard iteration [17] on the operator. The Picard iteration is the simple iteration
process and easy as a computation point of view. Since the Picard iteration used in the Banach Contraction Principle
cannot converge to the fixed point of nonexpansive mappings, this problem has been tried to be overcome by defining
new iteration methods. As a result of this approach, many iteration methods have been brought to the literature and
studies on the definition of new iterations have continued to maintain their popularity today. In mathematics, stability
is defined as the property that minor modifications to the structure under study will not impair its ability to function.
In this context, many studies have been carried out on the stability of fixed-point iteration methods. It is possible to
show that the new sequence that will be generated by using another mapping known as the approximation operator
for this iteration approach is also convergent to the fixed point of the approximate operator after showing that the
iterative sequence converges to the fixed point of the used mapping. Data dependency is brought up in this case by
the searches of how close the fixed points of both mappings are to one another and how to calculate this distance.
Researchers have conducted comprehensive evaluations of the qualitative properties of these algorithms, focusing on
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factors such as data dependency, algorithmic stability, and comparative convergence performance(see [8, 7, 12, 16]).
Many iterative schemes have been developed to approximate fixed point. Some of the well-known iterative schemes
Mann [13], Ishikawa [10], Noor [14]. Below are other prominent iteration schemes with which we will numerically
compare the convergence behavior of iteration scheme studied in this paper.

J. Ahmad et al. [1] introduced the following iteration scheme called JK-iteration. Let X be a real Banach space
and K a nonempty subset of X , and T : K → K be a mapping, for arbitrary w1 ∈ K construct a sequence {wn} by⎧⎨⎩ zn = (1− τn)wn + τnT wn,

yn = T zn,
wn+1 = T ((1− κn)T zn + κnT yn),

(1.1)

where {κn}, {τn} ∈ [0, 1]. S. Temir and O. Korkut [19] introduced the following iteration scheme(say TK-iteration).
Let X be a real Banach space and K a nonempty subset of X , and T : K → K be a mapping, for arbitrary w1 ∈ K
construct a sequence {wn} by ⎧⎨⎩ zn = T ((1− τn)wn + τnT wn),

yn = T zn,
wn+1 = T ((1− κn)T wn + κnT yn),

(1.2)

where {κn}, {τn} ∈ [0, 1]. G. A. Okeke et al. [15] introduced the following iteration scheme(say UO-iteration). Let X
be a real Banach space and K a nonempty subset of X , and T : K → K be a mapping, for arbitrary w1 ∈ K construct
a sequence {wn} by ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

zn = T wn

yn = T ((1− νn)zn + νnT zn),
tn = T yn,
un = ((1− τn)tn + τnT tn),
wn+1 = ((1− κn)un + κnT un),

(1.3)

where {κn}, {τn} and {νn} ∈ [0, 1]. G. A. Okeke et al. [16] introduced the following iteration scheme called modified
JK-iteration. Let X be a real Banach space and K a nonempty subset of X , and T : K → K be a mapping, for
arbitrary w1 ∈ K construct a sequence {wn} by⎧⎨⎩ zn = T ((1− τn)wn + τnT wn),

yn = T (T zn),
wn+1 = T ((1− κn)T zn + κnT yn),

(1.4)

where {κn}, {τn} ∈ [0, 1]. Temir [20] introduced a new iteration scheme for multi-valued generalized nonexpansive
mappings. Furthermore, he showed numerically that this iteration scheme converges faster than several existing
iteration schemes for multivalued generalized mappings.

Motivated by these, in this paper, we study the modified iteration scheme presented in [20]. Let X be a real Banach
space and K a nonempty subset of X , and T : K → K be a mapping. This iterative scheme is defined as: for arbitrary
w1 ∈ K construct a sequence {wn} by⎧⎨⎩ zn = (1− τn)wn + τnT wn,

yn = T (T zn),
wn+1 = T ((1− κn)T yn + κnT (T yn)), ∀n ∈ N,

(1.5)

where {τn} and {κn} ∈ [0, 1].

In this paper, we study the convergence, stability and the data dependence of the iteration scheme defined by
(1.5) for contraction mapping in a Banach spaces. This paper contains four sections. In Section 2, we recollect basic
definitions and a detailed overview of the fundamental results. In Section 3, The proposed iterative scheme converges
strongly to the fixed point of contraction mappings in Banach spaces. Numerical examples are also given to test the
efficiency and effectiveness of the proposed iteration. Furthermore we prove the stability and data dependence result of
the iterative scheme for contraction mappings. In section 4, we apply the iteration scheme to find solution of nonlinear
integral equation.

2 Preliminaries

Let X be uniformly convex Banach space and K a nonempty subset of X , and T : K → K be a mapping. A point
w ∈ K is called a fixed point of T : K → K if w = T w. We denote F(T ) the set of a fixed points of T . A mapping
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T : K → K is called contraction if there exists θ ∈ [0, 1) such that

∥T w − T y∥ ≤ θ∥w − y∥

for all w, y ∈ K. If θ = 1 in inequality above, then T is said to be a nonexpansive mapping. A mapping T is called
quasi-nonexpansive if F(T ) ̸= ∅ and ∥T w − p∥ ≤ ∥w − p∥ for all w ∈ K and p ∈ F(T ). It is now well-known that the
set F(T ) is nonempty if T acting on nonempty closed bounded convex subset of a uniformly convex Banach space
(see, Browder [4], Gohde [6] and Kirk [11]). In the sequel, we shall need the following results.

Definition 2.1. ([9]) Let {tn}∞n=1 be an arbitrary sequence in K. Then, an iteration process

tn+1 = f(T , tn), for n = 1, 2, ...

is said to be T -stable or stable with respect to T for some function f , converging to fixed point p, if ϵn = ∥tn+1 −
f(T , tn)∥ for n = 1, 2, ..., we have lim ϵn = 0 ⇔

n−→∞
lim

n−→∞
tn = p.

In what follows, we shall make use of the following well-known lemmas.

Lemma 2.2. ([3]) Let {σn} and {ηn} be sequences of positive real numbers satisfying

ηn+1 ≤ δηn + σn,

n ∈ N and δ ∈ [0, 1). If lim
n→∞

σn = 0 then lim
n→∞

ηn = 0.

Definition 2.3. ([2]) Let T , ˜︁T : X → X be two operators. We say that ˜︁T is an approximate operator for T if, for

all w ∈ X and for a fixed ϵ > 0, we have ∥T w − ˜︁T w∥ ≤ ϵ.

Now we give a useful definition that is used to determine the faster iteration which converge to the same point. The
following definition about the rate of convergence is given by [18] (see also [21]); it directly compares the actual error
sequences, avoiding the potential inconsistency of approaches based on arbitrary upper bounds.

Definition 2.4 ([18]). Let {un} and {vn} be two sequences in a normed space that converge to the same point p.
Then {un} is said to converge faster than {vn} if

lim
n→∞

∥un − p∥
∥vn − p∥

= 0.

In our analysis we obtain explicit upper bounds for the errors of the three iteration schemes directly from the
contraction property and the parameter ranges; these bounds are not arbitrary but reflect the exact asymptotic order.
Moreover, in the linear contraction case T x = θx (so that ∥T x∥ = θ∥x∥ for all x), these estimates become exact
equalities, confirming their sharpness: the true errors cannot be asymptotically smaller than these bounds up to a
multiplicative constant. Consequently, showing that the ratio of the upper bounds tends to zero suffices to guarantee
that the ratio of the true errors also tends to zero, i.e., faster convergence in the sense of Definition 2.4 is established.

3 Convergence rate, stability and data dependence results

In this section, we discuss the convergence rate, stability and data dependence result the iteration scheme defined
by (1.5). First, we prove the following strong convergence theorem.

Theorem 3.1. Let K be a nonempty closed convex subset of Banach space X , T be a contraction mapping with
F(T ) ̸= ∅. For arbitrary chosen w1 ∈ K, {wn} be a sequence generated by (1.5) with real sequences {τn} and
{κn} ∈ [0, 1]. Then {wn}∞n=1 converges strongly to an unique fixed point of T .

Proof . We will prove that wn → p as n→ ∞ from (1.5), we have,

∥zn − p∥ = ∥
(︂
(1− τn)wn + τnT wn

)︂
− p∥

≤ (1− τn)∥wn − p∥+ τnθ∥wn − p∥
= [1− τn(1− θ)]∥wn − p∥. (3.1)
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Similarly, from (1.5) and (3.1), we get

∥yn − p∥ = ∥T (T zn)− p∥
≤ θ2∥zn − p∥
≤ θ2[(1− τn(1− θ))∥wn − p∥] (3.2)

From (1.5) and (3.2) , we get

∥wn+1 − p∥ = ∥T ((1− κn)T yn + κnT (T yn))− p∥
≤ θ[(1− κn)∥T yn − p∥+ κn∥T (T yn)− p∥]
≤ θ[(1− κn)θ∥yn − p∥+ κnθ

2∥yn − p∥]
≤ θ2[1− κn∥yn − p∥+ κnθ∥yn − p∥]
≤ θ2[(1− κn(1− θ)]∥yn − p∥
≤ θ4[(1− κn(1− θ))(1− τn(1− θ))∥wn − p∥]

Considering that {κn} ∈ [0, 1], θ ∈ [0, 1) and (1− κn(1− θ)) < 1, rearranging the above inequality, we get

∥wn+1 − p∥ ≤ θ4[1− τn(1− θ)]∥wn − p∥

By induction, we get

∥wn − p∥ ≤ θ4[1− τn−1(1− θ)]∥wn−1 − p∥
.

.

.

∥w2 − p∥ ≤ θ4[1− τ1(1− θ)]∥w1 − p∥.

Therefore, we obtain

∥wn+1 − p∥ ≤ θ4n
n∏︂

k=1

[1− τk(1− θ)]∥w1 − p∥,

θ < 1 and τk ∈ [0, 1] for k = 1, 2, .... Then we have [1− τk(1− θ)] ≤ 1 for k = 1, 2, .... So, we know that 1− w ≤ e−w

for all w ∈ [0, 1]. Hence we have
∥wn+1 − p∥ ≤ θ4ne−(1−θ)

∑︁n
k=1 τk∥w1 − p∥. (3.3)

Taking the limit of both sides of the above inequality , wn → p as n→ ∞. □

We now analytically compare the convergence behavior of the iteration scheme generated by (1.5) with another
iteration scheme.

Following the discussion in Zălinescu [21], we emphasize that comparisons based solely on upper error estimates
describe the behavior of the associated majorant sequences rather than the exact iterative errors. Therefore, such
estimates provide only an asymptotic indication of the convergence speed unless complemented by matching lower
bounds or sharpness results.

However, in the present setting, the obtained estimates become exact in the linear contraction case, which ensures
that the bounds are asymptotically sharp in that special case.

Theorem 3.2. Let X , K, T with a fixed point p ∈ F (T ) be the same as in Theorem 3.1. For given u1 = w1 ∈ K,
consider the iterative sequences {un} defined by the iteration (1.4) and {wn} defined by the iteration (1.5), where
{κn}, {τn} are real sequences in [ς, 1 − ς] for all n ∈ N and for some ς ∈ (0, 1). Then the iteration scheme generated
by (1.5) exhibits a faster asymptotic convergence rate in terms of the corresponding majorant error bounds.
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Proof . Consider the iteration given in (1.4) and substitute {un} for {wn}. Then we have

∥zn − p∥ = ∥T ((1− τn)un + τnT un)− p∥
≤ θ

(︁
(1− τn)∥un − p∥+ τnθ∥un − p∥

)︁
= θ[1− τn(1− θ)]∥un − p∥. (3.4)

Similarly,

∥yn − p∥ = ∥T (T zn)− p∥
≤ θ2∥zn − p∥
≤ θ3[1− τn(1− θ)]∥un − p∥. (3.5)

From (1.4) and (3.5), we obtain

∥un+1 − p∥ = ∥T ((1− κn)T zn + κnT yn)− p∥
≤ θ

[︁
(1− κn)∥T zn − p∥+ κn∥T yn − p∥

]︁
≤ θ2

[︁
(1− κn)∥zn − p∥+ κn∥yn − p∥

]︁
≤ θ3[1− τn(1− θ)]

[︁
(1− κn) + κnθ

]︁
∥un − p∥.

Since κn, τn ∈ [ς, 1− ς], we obtain

∥un+1 − p∥ ≤ C θ3n
[︁
(1− ς(1− θ))2

]︁n∥u1 − p∥,

for some constant C > 0. Let
kn = θ3n

[︁
(1− ς(1− θ))2

]︁n∥u1 − p∥.

Next, from (1.5), we have

∥zn − p∥ = ∥(1− τn)wn + τnT wn − p∥
≤ (1− τn)∥wn − p∥+ τnθ∥wn − p∥
= [1− τn(1− θ)]∥wn − p∥. (3.6)

Similarly,

∥yn − p∥ ≤ θ2[1− τn(1− θ)]∥wn − p∥. (3.7)

Thus,

∥wn+1 − p∥ ≤ θ3[1− τn(1− θ)]
[︁
(1− κn) + κnθ

]︁
∥wn − p∥.

Hence,
∥wn+1 − p∥ ≤ C θ4n

[︁
(1− ς(1− θ))2

]︁n∥w1 − p∥,

for some constant C > 0. Let
mn = θ4n

[︁
(1− ς(1− θ))2

]︁n∥w1 − p∥.

Therefore,
mn

kn
= θn · ∥w1 − p∥

∥u1 − p∥
→ 0 as n→ ∞.

This shows that the majorant error bound associated with {wn} decays faster than that of {un}, which completes
the proof. □

In order to support the analytical proof of Theorem 3.2 and to verify the efficiency of iterative scheme (1.5), we
give a numerical example:
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Example 3.3. Let us define the mapping T : [0, 100] → [0, 100] by T (w) =
√
w2 − 9w + 54. A direct computation

shows that T is a self-map on [0, 100] and admits a unique fixed point p = 6. Let {κn} = {νn} = {τn} = 0.75 for all
n ∈ N. The iterative process is initialized with w1 = 100. The iterative values generated by the considered schemes
are presented in the numerical comparison tables.

Figure 1: The comparison of the convergences of iteration schemes generated by (1.1),(1.2),(1.3),(1.4), (1.5) to the fixed point p = 6 is
given in Figure 1 with the initial value w1 = 100 for the mapping defined in Example 3.3.

From Figure 1, it can be observed that the iteration scheme (1.5) demonstrates a faster convergence behaviour
compared to several classical iterative schemes. This observation is in agreement with the analytical comparison
obtained in the theoretical part of the paper. Next we prove that the iteration defined by (1.5) is stable with respect
to T .

Theorem 3.4. Suppose that all conditions of Theorem 3.1 hold. Then the iteration process (1.5) is T -stable.

Proof . Let {tn} be any arbitrary sequence in K. tn+1 = f(T , tn) is the sequence generated by (1.5) and ϵn =
∥tn+1 − f(T , tn)∥ for n = 1, 2, ..., in which⎧⎨⎩ rn = (1− τn)tn + τnT tn,

sn = T (T rn),
tn+1 = T ((1− κn)T sn + κnT (T sn))∀n ∈ N.

We have to prove that lim
n−→∞

ϵn = 0 ⇔ lim
n−→∞

tn = p. Suppose lim
n−→∞

ϵn = 0. We prove that lim
n−→∞

tn = p:

∥tn+1 − p∥ ≤ ∥tn+1 − f(T , tn)∥+ ∥f(T , tn)− p∥ (3.8)

≤ ϵn + ∥T ((1− κn)(T sn) + κnT (T sn))− p∥
≤ ϵn + θ[(1− κn)∥(T sn)− p∥+ κn∥T (T sn)− p∥]
≤ ϵn + θ[(1− κn)θ∥sn − p∥+ κnθ

2∥sn − p∥]

and

∥sn − p∥ = ∥T (T rn)− p∥
≤ θ2∥rn − p∥ (3.9)
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and

∥rn − p∥ = ∥(1− τn)tn + τnT tn − p∥
≤ (1− τn)∥tn − p∥+ τnθ∥tn − p∥
= (1− τn(1− θ))∥tn − p∥. (3.10)

Substituting (3.10) in (3.9), we obtain

∥sn − p∥ ≤ θ2[(1− τn(1− θ))]∥tn − p∥. (3.11)

So, we get
∥tn+1 − p∥ ≤ ϵn + θ4[(1− κn(1− θ))(1− τn(1− θ))]∥tn − p∥.

Since {κn} and {τn} ∈ [0, 1], θ ∈ [0, 1) and θ4[(1 − κn(1 − θ))(1 − τn(1 − θ))] < 1, we can easily seen that all
conditions of Lemma 2.1 are fulfilled by above inequality. Hence by Lemma 2.1 we get lim

n−→∞
tn = p.

Conversely, let lim
n−→∞

tn = p, we have

ϵn = ∥tn+1 − f(T , tn)∥
≤ ∥tn+1 − p∥+ ∥f(T , tn)− p∥
≤ ∥tn+1 − p∥+ θ4[(1− κn(1− θ))(1− τn(1− θ))]∥tn − p∥.

By taking the limit as n → ∞ in the above inequality we have lim
n−→∞

ϵn = 0. Hence (1.5) is stable with respect to

T . □

Example 3.5. Let X = [0, 1] endowed with the usual metric. Define a operator T : [0, 1] → [0, 1] by T w = w
2 with

fixed point p = 0. Now we show that T satisfies condition

|T w − T y| ≤ θ|w − y|

with θ = 1
2 . Then for all w, y ∈ [0, 1], we have

|T w − T y| = |w
2
− y

2
| ≤ 1

2
|w − y|.

Let {wn}∞n=1 be the sequence defined by (1.5) with {τn}, {κn} = 1
n+1 .

zn = (1− τn)wn + τnT wn

= (1− 1

n+ 1
)wn +

1

n+ 1

wn

2

= (
2n+ 1

2n+ 2
)wn = (1− 1

2n+ 2
)wn.

Similarly, we get

yn = T (T zn) = (1− 1

2n+ 2
)
wn

4
.
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From (1.5) we get

wn+1 = T
(︂
(1− κn)T yn + κnT (T yn)

)︂
=

(︂
(1− 1

n+1 )(1−
1

2n+2 )
wn

8 + 1
n+1 (1−

1
2n+2 )

wn

16

)︂
2

= (1− 1

n+ 1
)(1− 1

2n+ 2
)
wn

16
+

1

n+ 1
(1− 1

2n+ 2
)
wn

32

=
(︂
2− 2

2(n+ 1)
− 2

n+ 1
+

1

(n+ 1)2
+

1

n+ 1
− 1

2(n+ 1)2

)︂wn

32

=
(︂
2− 2

n+ 1
− 1

2(n+ 1)2

)︂wn

32
.

Take the sequence {vn} defined by {vn} = 1
n+2 . It is easily to see that the sequence {vn} is an approximation of

{wn}. Then we have

ϵn = |vn+1 − f(T , vn)| =
⃓⃓⃓
vn+1 −

(︂
2− 2

n+ 1
− 1

2(n+ 1)2

)︂vn
32

⃓⃓⃓
=

⃓⃓⃓ 1

n+ 3
−
(︂
2− 2

n+ 1
− 1

2(n+ 1)2

)︂ 1

32(n+ 2)

⃓⃓⃓
=

⃓⃓⃓ 1

n+ 3
− 1

16(n+ 2)
+

1

16(n+ 2)(n+ 1)
− 1

64(n+ 2)(n+ 1)2

⃓⃓⃓
=

⃓⃓⃓64(n+ 2)(n+ 1)2 − 4(n+ 3)(n+ 1)2 + 4(n+ 3)(n+ 1)− n− 3

64(n+ 2)(n+ 3)(n+ 1)2

⃓⃓⃓
= |60n

3 + 240n2 + 179n− 61

64(n+ 1)2(n+ 2)(n+ 3)
| → 0 (as n→ ∞).

Thus we have lim
n→∞

ϵn = 0. Hence (1.5) is stable with respect to T .

By using Definition 2.3, we now prove the data dependence result for the iteration process defined by (1.5).

Theorem 3.6. Suppose K,X , T are as in Theorem 3.1. Consider ˜︁T being an approximate operator for the contraction
mapping T with possible numerical error ϵ > 0. Further, {wn} is the sequence (1.5), for T , and define approximate

sequence ξn for ˜︁T as follows: ⎧⎪⎨⎪⎩
ζn = (1− τn)ξn + τn ˜︁T ξn,
υn = ˜︁T (˜︁T ζn),
ξn+1 = ˜︁T ((1− κn)˜︁T υn + κn ˜︁T ˜︁T υn)∀n ∈ N,

(3.12)

where K is a nonempty closed convex subset of a Banach space, w1 ∈ K, {κn} and {τn} ∈ [0, 1], ∀n ∈ N. If T p = p

and ˜︁T ˜︁p = ˜︁p such that lim
n→∞

ξn = ˜︁p then we have ∥p− ˜︁p∥ ≤ θ4+θ3+θ2+2θ+1
1−θ4 ϵ.

Proof . Let us consider (1.5) and (3.12), we have

∥zn − ζn∥ = ∥((1− τn)wn + τnT wn)− ((1− τn)ξn + τn ˜︁T ξn)∥
≤ (1− τn)∥wn − ξn∥+ τn[∥T wn − ˜︁T ξn∥]
≤ (1− τn)∥wn − ξn∥+ τn[∥T wn − T ξn∥+ ∥T ξn − ˜︁T ξn∥]
≤ (1− τn)∥wn − ξn∥+ θτn∥wn − ξn∥+ τnϵ

≤ (1− τn(1− θ))∥wn − ξn∥+ τnϵ. (3.13)
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By using (1.5) and (3.13), we have

∥yn − υn∥ = ∥T (T zn)− ˜︁T (˜︁T ζn)∥
≤ ∥T (T zn)− T (˜︁T ζn)∥+ ∥T (˜︁T ζn)− ˜︁T (˜︁T ζn)∥
≤ ∥T (T zn)− T (˜︁T ζn)∥+ ϵ

≤ θ∥T zn − ˜︁T ζn∥+ ϵ

≤ θ∥T zn − T ζn∥+ ∥T ζn − ˜︁T ζn∥+ ϵ

≤ θ2∥zn − ζn∥+ θϵ+ ϵ. (3.14)

Putting (3.13) in (3.14), then we have

∥yn − υn∥ ≤ θ2[(1− τn(1− θ))∥wn − ξn∥+ τnϵ] + θϵ+ ϵ

≤ θ2[(1− τn(1− θ))]∥wn − ξn∥+ θ2τnϵ+ θϵ+ ϵ. (3.15)

By using (1.5) and (3.15), we have

∥wn+1 − ξn+1∥ =∥T ((1− κn)T yn + κnT T yn)− ˜︁T ((1− κn)˜︁T υn + κn ˜︁T ˜︁T υn)∥
≤∥T ((1− κn)T yn + κnT T yn)− T ((1− κn)˜︁T υn + κn ˜︁T ˜︁T υn)∥
+ ∥T ((1− κn)˜︁T υn + κn ˜︁T ˜︁T υn)− ˜︁T ((1− κn)˜︁T υn + κn ˜︁T ˜︁T υn)∥

≤θ∥(1− κn)T yn + κnT T yn − ((1− κn)˜︁T υn + κn ˜︁T ˜︁T υn)∥+ ϵ

≤θ(1− κn)∥T yn − ˜︁T υn∥+ θκn∥T T yn − ˜︁T ˜︁T υn)∥+ ϵ

=θ(1− κn)∥T yn − T υn + T υn − ˜︁T υn∥+ θκn∥T T yn − T ˜︁T υn + T ˜︁T υn − ˜︁T ˜︁T υn∥+ ϵ

≤θ(1− κn)[∥T yn − T υn∥+ ∥T υn − ˜︁T υn∥] + θκn[∥T T yn − T ˜︁T υn∥+ ∥T ˜︁T υn − ˜︁T ˜︁T υn∥] + ϵ

≤θ(1− κn)[θ∥yn − υn∥+ ϵ] + θκn[θ∥T yn − ˜︁T υn∥+ ϵ] + ϵ

≤θ
[︂
(1− κn)

(︂
θ3(1− τn(1− θ))∥wn − ξn∥+ θ3τnϵ+ θ2ϵ+ θϵ+ ϵ

)︂
+ κn

(︂
θ2∥yn − υn∥+ θϵ+ ϵ

)︂]︂
+ ϵ

≤θ4(1− κn)(1− τn(1− θ))∥wn − ξn∥+ θ4(1− κn)τnϵ+ θ3(1− κn)ϵ+ θ2(1− κn)ϵ+ θ(1− κn)ϵ

+ θ
[︂
κnθ

2
(︂
θ2(1− τn(1− θ))∥wn − ξn∥+ θ2(1− τnϵ+ ϵ] + θϵ+ ϵ

)︂
+ κnθϵ+ κnϵ

]︂
+ ϵ

≤θ4
[︂
(1− κn)(1− τn(1− θ)) + κnθ(1− τn(1− θ))

]︂
∥wn − ξn∥

+ θ4
(︂
(1− κn)τn(1− θ)

)︂
ϵ+ θ3

(︂
1− κn(1− θ)

)︂
ϵ+ θ2

(︂
1− κn(1− θ)

)︂
ϵ+ θκnϵ+ ϵ

=θ4
[︂
(1− κn(1− θ))(1− τn(1− θ))

]︂
∥wn − ξn∥+ (1− κn(1− θ))ϵ

(︂
θ4 + θ3 + θ2 + θ

)︂
+ ϵ

(︂
1 + κnθ

)︂
≤θ4

[︂
(1− κn(1− θ))(1− τn(1− θ))

]︂
∥wn − ξn∥+ ϵ

(︂
θ4 + θ3 + θ2 + 2θ + 1

)︂
. (3.16)

By Theorem 3.1, we have lim
n→∞

wn = p, and by assumption, we have lim
n→∞

ξn = ˜︁p. By using these facts together

with (3.16), we obtain

∥p− ˜︁p∥ ≤
ϵ
(︂
θ4 + θ3 + θ2 + 2θ + 1

)︂
1− θ4

.

□

It is analytically challenging to determine the fixed point of the mapping ˜︁T . Instead of computing this fixed point
directly, estimating the norm of the difference between this fixed point and the fixed point of another mapping T ,
whose fixed point can be easily calculated, provides an approximation for the location of the fixed point of ˜︁T . Let us
now illustrate this with an example.

Example 3.7. Let us define a function ˜︁T w = w
2 + 1

3sinw + 1
4 . Let us examine the convergence to the fixed point of˜︁T using the iteration defined in (1.5), as shown in the table below and in Figure 2. The convergence of the mapping
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Table 1: Sequences generated by (1.5)-iteration processes for mapping ˜︁T .

(1.5)-iteration
w1 0.2000000000
w2 0.8983625793
w3 1.0624726423
w4 1.0875696035
w5 1.0910254682
w6 1.0914938087
w7 1.0915571393
w8 1.0915657005
w9 1.0915668578
w10 1.0915670142
w11 1.0915670354
w12 1.0915670382
w13 1.0915670386
w14 1.0915670387
w15 1.0915670387

Figure 2: Convergence of (1.5)-iteration processes to the fixed point 1.0915670387 of the mapping ˜︁T .

˜︁T to its fixed point is analyzed using the iteration presented in (1.5). Let {κn} = {τn} = 0.75 ∀n ∈ N, w1 = 0.2 initial

point. 1.0915670387 is the fixed point of the mapping ˜︁T .

Let T w = w
2 and choose θ = 1

2 . We then compute the difference between the fixed points to which the mappings˜︁T and T converge. ∥p− ˜︁p∥ = 1.0915670387. This example will now be applied to Theorem 3.6. We get

∥T w − ˜︁T w∥ ≤
⃦⃦⃦⃦
1

3
sinw +

1

4

⃦⃦⃦⃦
≤ ϵ = 0.54785.

We also get

∥p− ˜︁p∥ ≤
ϵ
(︂
θ4 + θ3 + θ2 + 2θ + 1

)︂
1− θ4

=
0.54785

(︂
( 12 )

4 + ( 12 )
3 + ( 12 )

2 + 2
)︂

1− ( 12 )
4

=
0.54785

(︂
0.0625 + 0.125 + 0.25 + 2

)︂
1− ( 1

16 )
=

0.54785
(︂
(2.43375)16

)︂
15

= 2.6(0.54785) = 1.42441.

Thus we obtain
∥p− ˜︁p∥ = 1.0915670387 ≤ 1.42441.
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4 Application to nonlinear integral equation

In this article, our interest is to approximate the solution of the following integral equation (4.3) via of the iteration
scheme defined by (1.5). Let C([a, b]) denote the space of all continuous functions on the interval [a, b], endowed with
maximum norm, ∥w − y∥∞ = maxu∈[a,b]|w(u) − y(u)|; ∀w, y ∈ C([a, b]). In this section we will be interested in the
following delay differential equation:

ẃ(t) = ϕ(t, w(t), w(t− λ)), t ∈ [t0, b], (4.1)

with initial condition
w(t) = ψ(t), t ∈ [t0 − λ, t0]. (4.2)

To achieve our aim, the following axioms are considered:

(1) t0, b ∈ R, λ > 0;

(2) ϕ ∈ C([t0, b]× R2,R);

(3) ψ ∈ C([t0 − λ, b],R);

(4) there exists Lϕ > 0, such that;

|ϕ(t, w1, w2)− ϕ(t, y1, y2)| ≤ Lϕ(|w1 − y1|+ |w2 − y2|, ∀wi, yi ∈ R, i = 1, 2, t ∈ [t0, b];

(5) 2Lϕ(b− t0) < 1.

Next, the (4.1) and (4.2) are reformulated as the following integral equation:

w(t) =

{︄
ψ(t), t ∈ [t0 − δ, t0]

ψ(t0) +
∫︁ t

t0
ϕ(u,w(u), w(u− λ))du, t ∈ [t0, b].

(4.3)

The following result can be found in [5].

Theorem 4.1. Assume that conditions (1-5) are hold. Then the problem (4.1)-(4.2) has a unique solution, say
p ∈ C([t0 − λ, b],R) ∩ C1([t0, b],R) and p = lim

n→∞
T n(w) for any w ∈ C([t0 − λ, b],R).

Next, we will prove that the iteration defined by (1.5) converges strongly to the unique solution of integral equation
(4.3). For this, we give our main result in this section as follows:

Theorem 4.2. Assume that conditions (1-5) are hold. Then the problem (4.1)-(4.2) has a unique solution, say
p ∈ C([t0−λ, b],R)∩C1([t0, b],R). Let {wn} be a sequence generated by the algorithm (1.5) with real sequences {κn}
and {τn} ∈ [0, 1] with

∑︁∞
n=1 τn = ∞. Then {wn} converges to p.

Proof . Let

T w(t) =

{︄
ψ(t), t ∈ [t0 − λ, t0]

ψ(t0) +
∫︁ t

t0
ϕ(u,w(u), w(u− λ))du, t ∈ [t0, b].

(4.4)

be an integral operator with respect to (4.3). Let {wn} be a sequence defined by (1.5) iteration scheme for the operator
(4.4). Denote by p be the fixed point of T . We want to show wn → p as n → ∞. For t ∈ [t0 − λ, t0], it is easy to
see that wn → p as n → ∞. Assume t ∈ [t0, b]. We define zn = (1 − τn)wn + τnT wn; ϖn = T zn; yn = T ϖn; αn =
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T yn; βn = (1− κn)αn + κnT αn; wn+1 = T βn, n ∈ N. Using (1.5) and (4), we obtain

∥zn − p∥∞ =∥(1− τn)wn + τnT wn − p∥∞
≤(1− τn)∥wn − p∥∞ + τn∥T wn − p∥∞

≤(1− τn)∥wn − p∥∞ + max
t∈[t0−λ,b]

⃓⃓
ψ(t0) + τn

∫︂ t

t0

ϕ(u,wn(u), wn(u− λ))du

− ψ(t0)−
∫︂ t

t0

ϕ(u, p(u), p(u− λ))du
⃓⃓

≤(1− τn)∥wn − p∥∞ + τn max
t∈[t0−λ,b]

∫︂ t

t0

|ϕ(u,wn(u), wn(u− λ))du− ϕ(u, p(u), p(u− λ))du|

≤(1− τn)∥wn − p∥∞ + τn max
t∈[t0−µ,b]

∫︂ t

t0

Lϕ(|wn(u)− p(u)|+ |wn(u− λ)− p(u− λ)|)du

≤(1− τn)∥wn − p∥∞ + τn

∫︂ t

t0

Lϕ max
t∈[t0−λ,b]

(|wn(u)− p(u)|+ max
t∈[t0−λ,b]

|wn(u− λ)− p(u− λ)|)du

≤(1− τn)∥wn − p∥∞ + τn

∫︂ t

t0

Lϕ(∥wn − p∥∞ + ∥wn − p∥∞)du

≤(1− τn)∥wn − p∥∞ + 2τnLϕ(b− t0)∥wn − p∥∞
≤(1− τn(1− 2Lϕ(b− t0)))∥wn − p∥∞.

Thus,
∥zn − p∥∞ ≤ (1− τn(1− 2Lϕ(b− t0)))∥wn − p∥∞. (4.5)

Using (1.5), (4) and (4.5), we obtain

∥ϖn − p∥∞ =∥T zn − p∥∞ = ∥T zn − T p∥∞
= max

t∈[t0−λ,b]

⃓⃓
T zn − T p

⃓⃓
= max

t∈[t0−λ,b]

⃓⃓
ψ(t0) +

∫︂ t

t0

ϕ(u, zn(u), zn(u− λ))du− ψ(t0)−
∫︂ t

t0

ϕ(u, p(u), p(u− λ))du
⃓⃓
− ϕ(u, p(u), p(u− λ))du

⃓⃓
≤ max

t∈[t0−µ,b]

∫︂ t

t0

Lϕ

(︁
|zn(u)− p(u)|+ |zn(u− λ)− p(u− λ)|

)︁
du

≤
∫︂ t

t0

Lϕ

(︁
| max
t∈[t0−λ,b]

|zn(u)− p(u)|+ max
t∈[t0−λ,b]

|zn(u− λ)− p(u− λ)|
)︁
du

=

∫︂ t

t0

Lϕ

(︁
∥zn(u)− p(u)∥∞ + ∥zn(u− λ)− p(u− λ)∥∞

)︁
du

=

∫︂ t

t0

Lϕ

(︁
∥zn(u)− p(u)∥∞ + ∥zn(u− λ)− p(u− λ)∥∞

)︁
du

≤2Lϕ(b− t0)∥zn(u)− p(u)∥∞
≤2Lϕ(b− t0)(1− τn(1− 2Lϕ(b− t0)))∥wn(u)− p(u)∥∞.

Thus,
∥ϖn − p∥∞ ≤ 2Lϕ(b− t0)(1− τn(1− 2Lϕ(b− t0)))∥wn − p∥∞. (4.6)

Using (1.5) and (4), we obtain

∥yn − p∥∞ =∥T ϖn − p∥∞ = ∥T ϖn − T p∥∞
= max

t∈[t0−λ,b]

⃓⃓
T ϖn − T p

⃓⃓
= max

t∈[t0−λ,b]

⃓⃓
ψ(t0) +

∫︂ t

t0

ϕ(u,ϖn(u), ϖn(u− λ))du− ψ(t0)−
∫︂ t

t0

ϕ(u, p(u), p(u− λ))du
⃓⃓
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= max
t∈[t0−λ,b]

⃓⃓ ∫︂ t

t0

ϕ(u,ϖn(u), ϖn(u− λ))du− ϕ(u, p(u), p(u− λ))du
⃓⃓

≤maxt∈[t0−µ,b]

∫︂ t

t0

Lϕ

(︁
|ϖn(u)− p(u)|+ |ϖn(u− λ)− p(u− λ)|

)︁
du

≤
∫︂ t

t0

Lϕ

(︁
|maxt∈[t0−λ,b]|ϖn(u)− p(u)|+ max

t∈[t0−λ,b]
|ϖn(u− λ)− p(u− λ)|

)︁
du

=

∫︂ t

t0

Lϕ

(︁
∥ϖn(u)− p(u)∥∞ + ∥ϖn(u− λ)− p(u− λ)∥∞

)︁
du

=

∫︂ t

t0

Lϕ

(︁
∥ϖn(u)− p(u)∥∞ + ∥ϖn(u− λ)− p(u− λ)∥∞

)︁
du

≤2Lϕ(b− t0)∥ϖn(u)− p(u)∥∞
≤4L2

ϕ(b− t0)
2(1− τn(1− 2Lϕ(b− t0)))∥wn − p∥∞.

Thus,
∥yn − p∥∞ ≤ 4L2

ϕ(b− t0)
2(1− τn(1− 2Lϕ(b− t0)))∥wn − p∥∞. (4.7)

Using (1.5), (4) and (4.7), we obtain

∥αn − p∥∞ = ∥T yn − p∥∞ = ∥T yn − T p∥∞
= max

t∈[t0−λ,b]

⃓⃓
T yn − T p

⃓⃓
= max

t∈[t0−λ,b]

⃓⃓
ψ(t0) +

∫︂ t

t0

ϕ(u, yn(u), yn(u− λ))du− ψ(t0)−
∫︂ t

t0

ϕ(u, p(u), p(u− λ))du
⃓⃓

= max
t∈[t0−λ,b]

⃓⃓ ∫︂ t

t0

ϕ(u, yn(u), yn(u− λ))du− ϕ(u, p(u), p(u− λ))du
⃓⃓

≤ max
t∈[t0−µ,b]

∫︂ t

t0

Lϕ

(︁
|yn(u)− p(u)|+ |yn(u− λ)− p(u− λ)|

)︁
du

≤
∫︂ t

t0

Lϕ

(︁
|maxt∈[t0−λ,b]|yn(u)− p(u)|+ max

t∈[t0−λ,b]
|yn(u− λ)− p(u− λ)|

)︁
du

=

∫︂ t

t0

Lϕ

(︁
∥yn(u)− p(u)∥∞ + ∥yn(u− λ)− p(u− λ)∥∞

)︁
du

=

∫︂ t

t0

Lϕ

(︁
∥yn(u)− p(u)∥∞ + ∥yn(u− λ)− p(u− λ)∥∞

)︁
du

≤ 2Lϕ(b− t0)∥yn(u)− p(u)∥∞
≤ 2Lϕ(b− t0)(1− τn(1− 2Lϕ(b− t0)))∥wn(u)− p(u)∥∞.

Thus,
∥αn − p∥∞ ≤ (2Lϕ(b− t0))

3(1− τn(1− 2Lϕ(b− t0)))∥wn − p∥∞. (4.8)

Using (1.5) and (4), we obtain

∥βn − p∥∞ = ∥(1− κn)αn + κnT αn − p∥∞
≤ (1− κn)∥αn − p∥∞ + κn∥T αn − p∥∞

≤ (1− κn)∥αn − p∥∞ +maxt∈[t0−λ,b]

⃓⃓
ψ(t0) + κn

∫︂ t

t0

ϕ(u, αn(u), αn(u− λ))du

−ψ(t0)−
∫︂ t

t0

ϕ(u, p(u), p(u− λ))du
⃓⃓

≤ (1− κn)∥αn − p∥∞ + κnmaxt∈[t0−λ,b]

∫︂ t

t0

|ϕ(u, αn(u), αn(u− λ))du

−ϕ(u, p(u), p(u− λ))du|
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≤ (1− κn)∥αn − p∥∞ + κnmaxt∈[t0−µ,b]

∫︂ t

t0

Lϕ(|αn(u)− p(u)|+ |αn(u− λ)− p(u− λ)|)du

≤ (1− κn)∥αn − p∥∞ + κn

∫︂ t

t0

Lϕmaxt∈[t0−λ,b](|αn(u)− p(u)|+ max
t∈[t0−λ,b]

|αn(u− λ)− p(u− λ)|)du

≤ (1− κn)∥αn − p∥∞ + κn

∫︂ t

t0

Lϕ(∥αn − p∥∞ + ∥αn − p∥∞)du

≤ (1− κn)∥αn − p∥∞ + 2κnLϕ(b− t0)∥αn − p∥∞
≤ (1− κn(1− 2Lϕ(b− t0)))∥αn − p∥∞.

Thus,

∥βn − p∥∞ ≤ (2Lϕ(b− t0))
4(1− τn(1− 2Lϕ(b− t0)))(1− κn(1− 2Lϕ(b− t0)))∥wn − p∥∞. (4.9)

Using (1.5), (4) and (4.9), we obtain

∥wn+1 − p∥∞ = ∥T βn − p∥∞ = ∥T βn − T p∥∞
= max

t∈[t0−λ,b]

⃓⃓
T βn − T p

⃓⃓
= max

t∈[t0−λ,b]

⃓⃓
ψ(t0) +

∫︂ t

t0

ϕ(u, βn(u), βn(u− λ))du− ψ(t0)−
∫︂ t

t0

ϕ(u, p(u), p(u− λ))du
⃓⃓

= max
t∈[t0−λ,b]

⃓⃓ ∫︂ t

t0

ϕ(u, βn(u), βn(u− λ))du− ϕ(u, p(u), p(u− λ))du
⃓⃓

≤ max
t∈[t0−µ,b]

∫︂ t

t0

Lϕ

(︁
|βn(u)− p(u)|+ |βn(u− λ)− p(u− λ)|

)︁
du

≤
∫︂ t

t0

Lϕ

(︁
|maxt∈[t0−λ,b]|βn(u)− p(u)|+ max

t∈[t0−λ,b]
|βn(u− λ)− p(u− λ)|

)︁
du

=

∫︂ t

t0

Lϕ

(︁
∥βn(u)− p(u)∥∞ + ∥βn(u− λ)− p(u− λ)∥∞

)︁
du

=

∫︂ t

t0

Lϕ

(︁
∥βn(u)− p(u)∥∞ + ∥βn(u− λ)− p(u− λ)∥∞

)︁
du

≤ 2Lϕ(b− t0)∥βn(u)− p(u)∥∞.

Thus, from (4.9) we obtain

∥wn+1 − p∥∞ ≤ (2Lϕ(b− t0))
5(1− τn(1− 2Lϕ(b− t0)))(1− κn(1− 2Lϕ(b− t0)))∥wn − p∥∞. (4.10)

From assumption (5) and the fact that (1− κn(1− 2Lϕ(b− t0))) < 1 , (4.10) reduces

∥wn+1 − p∥∞ ≤ (1− τn(1− 2Lϕ(b− t0)))∥wn − p∥∞. (4.11)

Via induction, we obtain

∥wn+1 − p∥∞ ≤
n∏︂

k=1

[1− τk((1− 2Lϕ(b− t0)))]∥w1 − p∥∞.

So, we know that 1− w ≤ e−w for all w ∈ [0, 1]. Hence we have

∥wn+1 − p∥∞ ≤ e−(1−2Lϕ(b−t0))
∑︁n

k=1 τk∥w1 − p∥∞.

Taking the limit of both sides of the above inequality, wn → p as n→ ∞. Hence, the proof is complete. □
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Example 4.3. Consider the first-order linear delay differential equation in a Banach space equipped with the max
norm. For t ∈ [0, 3],

ẇ(t) =
2

19
w(t− 2), (4.12)

with initial condition, for t ∈ [−2, 0],
w(t) = ψ(t) = et. (4.13)

The following conditions are satisfied:

(1) t0 = 0, b = 3;

(2) ϕ ∈ C([0, 3]× R2,R);

(3) ψ ∈ C([−2, 0],R);

(4) there exists Lϕ = 2
19 > 0 such that

|ϕ(t, w1, w2)− ϕ(t, y1, y2)| ≤ Lϕ(|w1 − y1|+ |w2 − y2|),

for all t ∈ [0, 3];

(5) 2Lϕ(3− 0) < 1.

The problem can be reformulated as the integral equation

T w(t) =

⎧⎪⎨⎪⎩
ψ(t), t ∈ [−2, 0],

ψ(0) +

∫︂ t

0

2

19
w(u− 2) du, t ∈ [0, 3].

(4.14)

For t ∈ [0, 2], since u− 2 ∈ [−2, 0], we have w(u− 2) = eu−2, and thus

w(t) = 1 +
2

19
e−2(et − 1), t ∈ [0, 2].

For t ∈ [2, 3], the solution is given recursively by

w(t) = w(2) +
2

19

∫︂ t

2

w(u− 2) du.

No global closed-form expression exists due to the delay term; the solution is therefore characterized via the method
of steps.

Moreover, define T : C([−2, 3],R) → C([−2, 3],R). Then

|T w(t)− T y(t)| ≤
∫︂ t

0

2

19
|w(u− 2)− y(u− 2)| du,

which implies

∥T w − T y∥∞ ≤ 6

19
∥w − y∥∞.

Hence T is a contraction with constant q = 6
19 < 1 and admits a unique fixed point, which coincides with the

solution of the problem.

5 Conclusions

We get some results on the strong of a new modified iteration process (1.5) for contractive mappings in Banach
spaces. In addition, numerical examples are also provided to test the efficiency and effectiveness of the proposed
iteration. We also prove that the iteration is the stability and data dependent. Moreover, we apply the iteration
scheme to find the solution of the nonlinear integral equation. The modified iteration process proposed in this study
can serve as an effective method for nonexpansive and generalized nonexpansive mappings in future research. Further,
in future studies, iteration process can be developed and iteration that converges faster than prominent iterations can
be presented.
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