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Abstract

This paper presents the following new definition which is a natural combination of the definition for
asymptotically double equivalent, double statistically limit and double A2~ sequences. The double
sequence A\? = (\,,,,) of positive real numbers tending to infinity such that

)\m—i-l,n S )\m,n + 17 )\m,n—i-l S )\mm + 17

)\m,n - )\m—i-l,n S /\m,n+1 - /\m+1,n+1’ /\1,1 - 17

and
Lnn={(k,)): m=Dpn+1<k<m, n—Ap,+1<1<n}.

For double A\*—sequence; the two non-negative sequences = (xx,;) and y = (yx;) are said to be
A2 —asymptotically double statistical equivalent of multiple L provided that for every e > 0
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(denoted by x X y) and simply A\?—asymptotically double statistical equivalent if L = 1.
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1. Introduction and preliminaries

In 1993, Marouf [2] presented definitions for asymptotically equivalent sequences and asymptotic
regular matrices. In 2003, Patterson [5] extends these concepts by presenting an asymptotically
statistical equivalent analog of these definitions and natural regularity conditions for non-negative
summability matrices. Later these definitions extended to A—sequences by Savas and Bagarir in []].
This paper extends the definitions presented in [§] to double \*— sequences. In addition to these
definitions, natural inclusion theorems shall also be presented.

2. Definitions and Notations

Now we give a brief history for asymptotical equivalence for single sequences and double sequences.

Definition 2.1. (Marouf, [J]) Two non-negative sequence x = (xy) and y = (yx) are said to be

asymptotically equivalent if
x
lim =% = 1
ko Yk

(denoted by x «~y ).

Definition 2.2. (Fridy, [1]) The sequence x = (xy) has statistic limit L provided that for every
>0,

1
lim—|{k<n: |gy—L|>e}|=0
non
The next definition is natural combination of definitions (2.1]) and (2.2)).

Definition 2.3. (Patterson, [5]) Two non-negative sequence x = (vy) and y = (yx) are said to
be asymptotically statistical equivalent of multiple L provided that for every e > 0,

{k:gn: E—L‘Ze}’:()

Yk
(denoted by x % y ) and simply asymptotically statistical equivalent if L = 1.

lim —
non

Definition 2.4. (Mursaleen, [3]) Let A = (\,) be a non-decreasing sequence of positive real numbers
tending to infinitiy and A\ = 1 and A1 < A\, + 1. A sequence x = (xy) is said to be A\—statistically
convergent or Sx—convergent to L if for every ¢ > 0

1
lim)\—|{ kel,: |xp—L|>¢e}|=0
where I, =[n— X\, + 1,n] forn=1,2,---.
Definition 2.5. (Savas and Basarr, [8]) Let A = (\,) be a non-decreasing sequence of positive

real numbers tending to infinitiy and Ay = 1 and M\,y1 < N\, + 1. The two non-negative sequences
sequences © = (xy) and y = (yx) are Sx-asymptotically equivalent of multiple L provided that

{k:e]n: ﬁ—L‘zg}

Yk
where I, =[n — X\, + 1,n] forn=1,2,--- .

1
lim —

=0

n
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Definition 2.6. (Savas and Basarr, [8]) Let A = (\,) be a non-decreasing sequence of positive
real numbers tending to infinitiy and \y = 1 and A,y 1 < A\, + 1. The two non-negative sequences
sequences x = (x) and y = (yx) are strong A-asymptotically equivalent of multiple L provided that

S| -1 =0
" ker, | UF

where I, = [n— X\, + 1,n] forn=1,2,....
In 1900 Pringsheim presented the following definition for the convergence of double sequences.

Definition 2.7. (Pringsheim, [7]) A double sequence v = (xy;) has Pringsheim limit L (denoted
by P —limx = L) provided that given € > 0 there exists N € N such that |xy, — L| < ¢ whenever
k,l > N. We shall describe such an x = (xy,;) more briefly as ”P-convergent”.

We shall denote the space of all P-convergent sequences by ¢”.By a bounded double sequence
we shall mean there exists a positive number K such that |z;,| < K for all (k,[) and denote such
bounded by [|z([ , o) = supy |2k, < oo. We shall also denote the set of all bounded double sequences
by % . We also note in contrast to the case for single sequence, a P-convergent double sequence need
not be bounded.

Definition 2.8. (Patterson, [6]) The two non-negative double sequences x = (vx;) and y = (Y1)
are said to be asymptotically double equivalent of multiple L provided that for every e > 0,

. Tig
P —lim —= =
ks Yk

(denoted by x & y ) and simply asymptotically double equivalent if L = 1.

Definition 2.9. (Mursaleen and Edely, [4]) A real double sequence x = (zy,) is to be statistically
convergent to L, provided that for each € > 0

1
P—lim—|{(k,0): k<mandl <n,|zg, —L| >e}|=0.
m,n 1MN

In this case we write S* —limx = L or Tpy — L (SL).

Definition 2.10. The two non-negative double sequences x = (zx;) and y = (yg,) are said to be
asymptotically double statistical equivalent of multiple L provided that for every e > 0,

@—L‘ zg}‘ — 0.
Ykl

1
P —1lim —
mn Mmn

{(k,l): E<m andl <n,

L
(denoted by x o y ) and simply asymptotically double statistical equivalent if L = 1.

Definition 2.11. The double sequence \*> = (\,.) of positive real numbers tending to infinity such
that
)\m+1,n S )\m,n + 17 )\m,n+1 S Am,n + 17

)‘m,n - )\m—l—l,n S /\m,n—H - /\m+1,n+17 /\1,1 = 17

and
L ={(k,)): m=Xpn+1<k<m, n—An,+1<1<n}.
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The generalized double de Vallee-Poussin mean is defined by

1
tm,n = tm,n (xk,l) = \ Z Ll 1-

" (kL)€L

Now we give some new definitions which are natural combination of definitions (2.10)) and (2.11)).

Definition 2.12. For double \>—sequence; the two non-negative double sequences x = (xy,;) and
y = (yx,) are said to be N*—asymptotically double statistical equivalent of multiple L provided that
for every e > 0,

P — lim

m,n

{ (k1) € Ly -

T
Tht L‘ > 8}‘ _9
m,n Ykl

L

s
(denoted by x X y ) and simply asymptotically double statistical equivalent if L = 1. Furthermore,
L

S%a

let Sf, denote the set of all sequences x = (xg;) and y = (yr;) such that x > y.

For double A?—sequence; the two double sequences x = (z;;) and y = (yx,;) are said to be strong
A2 —asymptotically double equivalent of multiple L provided that

xZ
L L‘ =0,
Yk,l

P — lim

m,n )‘m,n

(k,D)EImmn

L

N
(denoted by x Xy ) and simply strong A\?>—asymptotically double equivalent if L = 1. In addition,

NL
let N); denote the set of all sequences z = (24,) and y = (yy,) such that z Xy,

3. Main Results

Theorem 3.1. For double \>—sequence;
N, St
(i). (a) Ifx <~ y thenx > y.
(b) N& is a proper subset of S%.
sL, NL,
(ii). If v = (7)) €1 and x >~ y thenx X y .
(iii). Sk NiL = NNz,

Proof . (i).

L

N
(a) If e >0 and 2 & g then

Xz Xz
O D M ey
(e elmm Ykl . Ykl
(k) €lm,ns & |20~ L] >€
x
zg{(k,l)efm,n: ﬁ—L‘zg}.
Ykl

L
Therefore z & Y.
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(b)To show the inclusion is strict, we define z = () as follows:

1 2 3 o [/ Ama] 00
2 2 3 o [/ Amn] 00
[ Amn] [/ Amn] o [ Amn] 00

0 0 0 00

Ty =

552 Nf2
Then x <~ y but the following fails x <~ y.

L
(ii). Suppose that z = (z,) and y = (yx;) are in I and = > y . Then we can assume that

TRl Il < H, for all k and I.
Ykl
Given ¢ > 0
1 Tht _ ‘ _ ! 3 Thi _ ‘
m,n (kD)el Ykl >\m,n Yk,i
s tmn (kD)€L & |22l _[|>e
Yk,
DV R
Amn ' Ykl
(kD)EIm.n & %—L <e
H
< { (k1) € Iy : @—L‘za} +e.
/\m,n Yk,
N},
Therefore x &~ .
(iii). It follows from (i) and (ii). O
In the next theorem we prove the following relation.
2 Sk . . SfZ .
Theorem 3.2. For double \*—sequence; x ~ y implies x < y if
lim inf > 0.
Proof . For given € > 0
{(k,l): kE<mandl <n, %—L' 25} D{ (k1) € Ly e w—L’ 25}.
Yk, Yk,
Therefore
1 Tkl
— s (k): k<mandl<n,|— —L| >¢
mn Yk,
1
z—H (k1) € Ly s |22 — L 25}
mn Ykl
A1
> Zmn {(k,l)e[mm: @—L'zg}‘.
mn Amn Ykl
Taking the limits as n,m — oo in Pringsheim sense and using liminf,, , ﬁ > 0, we get desired

result. This completes the proof. [J
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