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Abstract

In this paper, we study the boundedness and persistence of the solutions, the global stability of the
unique positive equilibrium point and the rate of convergence of a solution that converges to the
equilibrium E = (z, ) of the system of two difference equations of exponential form:

a + e_(bx7l+0yn) - a + e_(byn"‘cmn)
d+ bx, + cy,’ Ynt1 = d + by, + cx,

Tnt1 =

where a, b, ¢, d are positive constants and the initial values xg, yy are positive real values.

Keywords: Difference equations; boundedness; persistence; asymptotic behavior; rate of
convergence.
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1. Introduction and preliminaries

Difference equations have many applications in applied sciences, there are many papers and books
that can be found concerning the theory and applications of difference equations, see [I}, 4 [6] [7] and
the references cited therein. Recently, there has been a great interest in studying the qualitative
properties of difference equations and systems of difference equations of exponential form [3], 10,
11, [12) [15] 17, [1§]. In [3], the authors studied the boundedness, the asymptotic behavior, the
periodic character of the solutions and the stability character of the positive equilibrium of the
difference equation:
Tpi1 = @+ br, e,
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where a, b are positive constants and the initial values x_;, xg are positive numbers.
In [I0], the authors studied the boundedness, the asymptotic behavior, the periodicity and the
stability of the positive solutions of the difference equation:

a+ e in

Yn+1 =
" Py—i_ynfl

where «, [, v are positive constants and the initial values y_;, yo are positive numbers. In [5],
the authors studied the boundedness, the asymptotic behavior and the rate of convergence of the
positive solutions of the system of two difference equations:

a + be™*n a+ be 7 ¥n

xn-‘rl - yn—i-l -
CAYn c+ n

where a, b, c are positive constants and the initial values xq, yo are positive numbers.
In [I3], the author investigate the boundedness, the persistence and the asymptotic behavior of
the positive solutions of the system of two difference equations of exponential form:

Tpi1 = a+br, 1+ cxp_1e
Ynt1 = @+ BYn—1+ VYn-16"""

where a,b,c,a, [, v are positive constants and the initial values z_1, xo, y_1, yo are positive
numbers.

Motivated by these above papers, we will investigate the boundedness, the persistence and the
asymptotic behavior of the positive solutions of the following system of exponential form:

B a + 6_(bzn+Cyn) _ a + 6_(byn+0$n)
d+bx, + ey Yn+l = d + by, + cz,

(1.1)

xn—i—l

where a, b, ¢, d are positive constants and the initial values zq, 3o are positive real values. Moreover,
we establish the rate of convergence of a solution that converges to the equilibrium E = (z, y) of

D).
2. Global behavior of solutions of system (|1.1))

In the following lemma we will show that every positive solution {(z,, yn)}>2, of Eq. (1.1 is bounded
and persists.

Lemma 2.1. Every positive solution of Eq. (1.1)) is bounded and persists.
Proof . Let (z,,y,) be an arbitrary solution of (1.1)). From (|I.1)) we can see that

a+1 a+1
< Ly < cn=1,2, 2.1
Tn S = Y T (2.1)
In addition, from Eq. (1.1)) and Eq. (2.1]) we get

a4 e (b+0)d(a+1) a4 e (b+C)C§a+1)
Ty > y Yn > ,n=273, ... (2.2)

(b+c)(a+1) (b+c)(a+1)

d+—— d+ ——

Therefore, from Eq. (2.1) and Eq. (2.2]) the proof of lemma is complete. O

The next lemma establishes an invariant set for the system (|1.1)).
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_ (b+c)(a+1)
d

Lemma 2.2. Let {(x,, yn)}22, be a positive solution of the system (L.1)). Then [%W? | x

d

a+1

_ (btc)(a+1)
[a-{—e d
(b+c)(a+1) >
d+f d

} is an invariant set for the system ([1.1)).

Proof . It follows from induction. [

The following result will be useful in establishing the global attractivity character of the equilib-

rium of Eq. (L.1)).
Theorem 2.3. [2,[7] Let R = [ay, b1] X [c1, di] and

fZ R—>[a1, 61], g: R—>[Cl, d1]

be a continuous functions such that:

(a) f(x, y) is decreasing in both variables and g(x, y) is decreasing in both variables for each
(z, y) € R;

(b) If (my, My, ma, My) € R? is a solution of

M, :f(mh mz), my :f(Mh Mz) (2 3)
M, Zg(ml, m2), o :g(Mla Mz)

then m; = M; and my = M,. Then the following system of difference equations:
Tn+1 = f($n7 yn)v Ynt1 = g(ﬂfn, yn) (24)

has a unique equilibrium (z, y) and every solution (z,, y,) of the system Eq. (2.4)) with (zo, yo) € R
converges to the unique equilibrium (z, g). In addition, the equilibrium (z, ) is globally asymptot-
ically stable.

Now we state the main theorem of this section.

Theorem 2.4. Consider system Eq. (1.1)). Suppose that the following relation holds true:
d> b+ec. (2.5)

Then system Eq. (1.1) has a unique positive equilibrium (z, y) and every positive solution of Eq.
(1.1)) tends to the unique positive equilibrium (Z, y) as n — oco. In addition, the equilibrium (T, g)
18 globally asymptotically stable.

Proof . We consider the functions

a4+ 6—(bu+cv) a4+ e—(bv—i—cu)

_ = 2.6
f(u, v) d+bu+cv’g(u’v) d+bv+cu (2:6)

where
_ (b+c)(a+1)

at+ea  a+1

d+ (b+c)£§a+1) ’ d

u, v €1 = (2.7)

It is easy to see that f(u,v), g(u,v) are decreasing in both variables for each (u,v) € I x I.
In addition, from (2.6) and (2.7) we have f(u,v) € I, g(u,v) € I as (u,v) € [ x I and so
FrIxI—1, g: IxI—s1.
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Now let my, My, mo, Msy be positive real numbers such that

a4+ e—(bml—l—cmg)

T A+ bmy + cms’
a -+ ef(bm2+cm1)

1 my

2

Moreover arguing as in the proof of Theorem [2.3] it suffices to assume that

a _I_ e—(bM1+CM2)

- d+bM1+CM2’

a + 67(bM2+CM1)

- d—l—bm2+cm17 M2 = d+bMQ+CM1

my < My, my < M.

From ([2.8]) we get

Myd + bmi My + cmo My = a + 6—(137711-|—cmg)7
myd + by My + emy My = a + e_(le"rCMQ)’
Mod 4+ bmaMs + ey My = a + e*(bm2+cm1)’

de + bm2M2 + Cm2M1 =a-+ e*(szJrch).

From ([2.10) we obtain

d(Ml — m1> + ch(mg — MQ) + CMQ(Ml — ml)

o 6—(bM1+CM2)

=€

d(MQ — mg) -+ cMg(ml — Ml) -+ CMl(MQ — mg)
7(bM2+CM1).

= 67(
Then by adding the two relations Eq. (2.11)) we obtain

d(My —my) + d(My — my)

— ef(bm1+cm2+bM1+cM2)+01 [b(Ml o m1> + C(M2 . m2)]

4 e—(bm2+cm1+bM2+cM1)+92 [b(M2 - m2) + C(Ml _ ml)L

—(bmi+cm2)

bma+cmy)

— e

where bmq + cmg < 01 < bMy + cMs, bmo + cmy < 0y < bMy + cM;.

Therefore from Eq. (2.12) we have

(Ml _ ml)(d . bef(bm1+cm2+bM1+cM2)+91 .

+ (M2 _ m2)(d _ Ce*(bm1+cm2+bM1+cM2)+91 _ be*(bm2+cm1+bM2+cM1)+92)

Cef(bmg +cmi+bMa+cMi)+62 )
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(2.8)

(2.10)

(2.11)

(2.12)

(2.13)

Then using (2.5), (2.9) and (2.13), gives us m; = M; and my = Ms. Hence from Theorem [2.3]system
Eq. (L.1) has a unique positive equilibrium (Z, y) and every positive solution of Eq. (|1.1) tends to

the unique positive equilibrium (Z, y) as n — oo. In addition, the equilibrium (z, g) is globally
asymptotically stable. This completes the proof of the theorem. [J

3. Rate of convergence

In this section we give the rate of convergence of a solution that converges to the equilibrium F =
(z, y) of the systems (1.1]) for all values of parameters. The rate of convergence of solutions that
converge to an equilibrium has been obtained for some two-dimensional systems in [§] and [9].
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The following results give the rate of convergence of solutions of a system of difference equations
Xpt1 = [A+ B(n)]x, (3.1)

where x,, is a k-dimensional vector, A € C*** is a constant matrix, and B : Z* — C**¥ is a matrix

function satisfying
|B(n)|| = 0 when n — oo, (3.2)

where |||| denotes any matrix norm which is associated with the vector norm; |||| also denotes the

Euclidean norm in R? given by
x| = ll(z, Yl = V&> + y*. (3.3)

Theorem 3.1. ([I4]) Assume that condition (3.2) holds. If x, is a solution of system (3.1)), then
either x,, = 0 for all large n or
p= tim V] 3.9

exists and is equal to the modulus of one of the eigenvalues of matrix A.

Theorem 3.2. ([I4]) Assume that condition (3.2) holds. If x, is a solution of system (3.1)), then
either x,, = 0 for all large n or

p= lim [ (3.5)

oo |||
exists and is equal to the modulus of one of the eigenvalues of matrix A.
The equilibrium point of the system ([1.1)) satisfies the following system of equations

d+ bx U
T e (3.6)

d+by+cx
The map T associated to the system ([1.1]) is

g =

a + e~ (bztey)
T(z, y) = (f(% y)) _ | d+br+cy . (3.7)

g(l‘, y) a+ e—(by+cx)
d+ by + cx
The Jacobian matrix of T is
JT('I7 y) =
—bla+ (d+ bz + cy + Ve O+ —cla + (d+ bz + cy + 1)e~Cr+w)]
(d + bx + cy)? (d + bx + cy)? (3.8)
—cla + (d+ by + cx + 1)e= v+ —bla+ (d + by + cx + 1)e~Ovter)]
(d+ by + cx)? (d+ by + cx)?
By using the system (3.6]), value of the Jacobian matrix of T" at the equilibrium point £ = (z, ) is
JT(j7 g) =
—bla + (d+bT + cy + 1)e "D —cla+ (d+ bT + cj + 1)e” 07+

(d+bZ + cp)? (d+ b7 + cp)? (3.9)
—cla+ (d+ by + cx + 1)67(@%@] —bla + (d+ by + cT + l)ef(ngrci)]
(d + by + cx)* (d + by + cT)?
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Our goal in this section is to determine the rate of convergence of every solution of the system
(1.1) in the regions where the parameters a, b, ¢, d € (0, o0), (d > b+ ¢) and initial conditions x
and gy are arbitrary, nonnegative numbers.

1 7
Theorem 3.3. The error vector e, = <2§> = <x" x) of every solution (z,y,) # (Z,y) of (1.1)

n Yn — Y
satisfies both of the following asymptotic relations:
lim {/|len|| = |\i(Jr(E))| for some i =1, 2, (3.10)
n—oo
and
- lenall oy .
lim = [N(Jr(E))| for somei=1, 2, (3.11)

e e
where |N\;(Jr(E))| is equal to the modulus of one of the eigenvalues of the Jacobian matriz evaluated
at the equilibrium Jrp(E).

Proof . First, we will find a system satisfied by the error terms. The error terms are given as

a 4+ e~ enteyn) g 4 o= (bT+cy)
T dtbr, +cy,  d+bTtcy
~a(d+ bz + cy) — a(d + br, + cyn)
 (d b, + cyn)(d + 5T + cy)

(d + bz + cy)e~bontevn) — (d + bx,, + cy,)e”O7+D)

(d + bx,, + cy,)(d + bx + cy)
_b<j - xn) + C(g - yn) + [b(f - In) + C(ﬂ - yn)]ei(banrcyn)
(d + bx,, + cy,)(d + bT + cy)
(d + bx,, + cy,)[e~bonteyn) — o= (bT+eh)]
(d + bx,, + cy,)(d + bx + cy)

—b(zn =) = ey = §) + (T — ) + (g — yp)Je” Ot
B (d 4 by, + cyn)(d + bT + cy)
N (d + bx, + Cyn>e—(bi+cgj) [6—(bxn—bi+cyn—cﬂ) _ 1]

(d + bx,, + cyn)(d + bx + cy)
—b(@n = T) = c(yn = ) + [B(F — Ta) + c(F — yn)]e” " T
(d + bx,, + cy,)(d + bT + cy)
(d + by, + cyp)e” D [—b(z, — %) — c(y, — 7)]
(d + bx,, + cy,)(d + bT + cy)

O1 ((zn — 7)) + Oz ((yn — 1))

(d + bx,, + cyn)(d + bx + cy)

—b[a+ e~tmntevn) 4 (d + b, + cy,)e” GTHD)]
B (d+ bz, + cyn)(d + bT + i)
—c[a+ e bentevm) 4 (d 4 bz, + cy,)e” 7TV

Tpy1 — X

(3.12)

i (d + bxy, + cyp)(d + bz + i) (Yn — )
1 —

" (d+ bx,, + cy,)(d + bT + cy) O1 ((z, — 7))
- O (Yn — )

_l’_
(d + bx,, + cy,)(d + bT + cy)
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By calculating similarly, we get

—b [a + 6—(byn+cacn) + (d + byn + an)e—(bg—l-ci)]

Yt U= (d + by + cap)(d + by + cT) (2 = 7)
—c[a+ e tvntemn) 4 (d + by, + cx,)e”OIT)] ( )
(d+ byn + czn)(d + by + cx) ey (3.13)
1
@ n—=T
Tt @t byt (@ =)
1
+ O n - Y
(d + by, + cxp)(d+ by + cx) (v =)
From ({3.12)) and (3.13)) we have
 —blat e bentem) 4 (d+ ba, + cy,)e” GTHD)] )
Tpy1 — TR _ — (:Un - x)
(d + bx,, + cyn)(d + bx + cy)
L= [a + e~ Contevn) 4 (d 4 bx, + cy,,)e” P70 ( 7
(d + bz, + cyp)(d + bT + cp) Yn =Y (3.14)
 =bla+ et 4 (d+ by, + cx,)e” 0] ( 5 '
n - ~ — _ Tp —
Y1 =Y (d + by, + cx,)(d + by + cx)
—c[a+ e tvtern) 4 (d + by, + cx,)e” PVTen)] _
(Yn — )

(d + by, + cn)(d + by + cZ)

Set

1 _ > 2 _
e, =2n— T and e, =y, — Y.

Then system ((3.14]) can be represented as:

1 1 2
Cpi1 N An, + bpe;,

2 1 2
€ni1 N Cne, +dpe,

where
—b[a+ e tontevn) 4 (d+ b, + cy,)e” GTHD)]
n = (d + bz, + cyn)(d + bT + cf) ’
—c[a+ e bmmrevm) 4 (d 4 bz, + cy,)e” PTT)]
b = (d + bz, + cyn)(d + bT + i) ’
—b[a+ e Cvtern) 4 (d 4 by, + ca,)e” OrHen)]
= (d + by, + cxy,)(d + by + cx) ’
g = [a + e~ Cuntern) 4 (d 4 by, + cx,)e” CrHed)]

(d + by + cx,)(d + by + cz)
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Taking the limits of a,, b,, ¢, and d,, as n — oo, we obtain

—bla+ (d+bx + cj + 1)e 7]

lima, = = Ay,
n00 (d+ bz + cij)? !
_ d+ br 741 —(bZ+cy)
lim b, = c[a+( hl w%_—cy—l_— )e ]Z:Bla
n—00 (d+ bz + cy)?
' —bla+ (d+by+ cz 4 1)e”Cite)]
lim ¢, = — = (Y,
n—o0 (d+ by + cx)?
—b d+ by + cz + 1)e(byter)
lmd, — [a+(d+ yJ_rc:c—_k Je ] _ D,
n—o0 (d+ by + cx)?

that is
an:A1+an7 bn:B1+6n7

ancl+7n7 dn:D1+6n7

where o, =+ 0, 8, — 0, v, — 0 and §,, — 0 as n — oo.
Now, we have system of the form (3.1):

Cnt1 = (A + B(n))ena

. Al By _ [ Qn 671
where A = (01 D1) , B(n) = <5n %) and

|B(n)|| = 0asn— oc.

Thus, the limiting system of error terms can be written as:

el el
() -2 (2)
en+1 €n
The system is exactly linearized system of ([1.1]) evaluated at the equilibrium E = (z, y). Then
Theorem [3.1] and Theorem [3.2 imply the result. [J

4. Examples

In order to verify our theoretical results and to support our theoretical discussion, we consider several
interesting numerical examples. These examples represent different types of qualitative behavior of
solutions of the systems ([L.1)). All plots in this section are drawn with Matlab.

Example 4.1. Let a = 20,0 =0.001,c=0.5,d = 0.8, (d > b+ ¢). Then system ({1.1]) can be written

as 20 + e—(0.00lmn+0.5yn) 20 + 6—(0.001yn+0.51n)

0.8 4+ 0.001x,, + 0.5y, Yn1 = 0.8 +0.001y,, + 0.5z,
with initial conditions x¢g = 3 and yy = 6.

Tnt1 = (41)
In this case, the unique positive equilibrium point of the system (4.1)) is given by
(z,y) = (5.579648535, 5.579648535).

Moreover, in Figure 1} the plot of z,, is shown in Figure [1| (a), the plot of y, is shown in Figure
(b), and an attractor of the system (4.1)) is shown in Figure [1| (c).
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(¢) An attractor of the system (4.1))

Figure 1: Plots for the system (4.1])

Example 4.2. Let a = 30,b = 0.0007,¢ = 0.8,d = 0.95,(d > b+ ¢). Then system (l.1)) can be

written as
30 + 67(0.0007xn+0.8yn) 30 + 67(0.0007yn+0.82n)

i1 = Y = 4.2
Tt T 095 1 0.00072, + 0.8y, " T 0.95 1 0.0007y, + 0.8z, (42)
with initial conditions o = 8 and yg = 5.

B 56
5.4
75
7 5
== =S 48
B.5 465
4.4
.
42
s 5EI 10 20 30 40 50 B0 70 80 90 100 4U 10 20 30 40 50 B0 70 B0 90 100
(a) Plot of x,, for the system (4.2) (b) Plot of y,, for the system (4.2))

%/ - |
e L T
gl

Es5 B 65 7 75 El

(¢) An attractor of the system (4.2))

Figure 2: Plots for the system (4.2))
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In this case, the unique positive equilibrium point of the system (4.2)) is given by
(z,y) = (5.557681533, 5.557681533).

Moreover, in Figure |2, the plot of z, is shown in Figure [2[ (a), the plot of y, is shown in Figure
(b), and an attractor of the system (4.2)) is shown in Figure [2| (¢).

Example 4.3. Let a = 20,b = 0.01,¢ = 0.5,d = 0.002,(d < b+ ¢). Then system (1.1) can be
written as
20 4+ ¢ (0-01zn+0.5yn) 20 4 ¢~ (0-01yn+0.525)

0.002 + 0.01z,, + 0.5y, Ynt1 = 0.002 + 0.01y,, + 0.5z,
with initial conditions x¢o = 3 and gy, = 6.

Tnt1 =

(4.3)

9
8
7
B
5
5
4
a
3

1] 10 20 30 a0 50 &0 70 a0 50 100 o 10 z0 30 40 50 B0 70 a0 o0 100
n

(a) Plot of z,, for the system (4.3) (b) Plot of y,, for the system ({4.3])

(¢) Phase portrait of the system (4.3))

Figure 3: Plots for the system (4.3])

In this case, the unique positive equilibrium point of the system (4.3) is unstable. Moreover, in
Figure 3] the plot of x,, is shown in Figure 3| (a), the plot of y,, is shown in Figure 3| (b), and a phase
portrait of the system (4.3 is shown in Figure [3| (c).
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