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Abstract

We define a new subclass of univalent function based on Salagean differential operator and obtain the
initial Taylor coefficients using the techniques of Briot—Bouquet differential subordination in associ-
ation with the modified Sigmoid function. Further, we obtain the classical Fekete-Szego inequality
results.
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1. Introduction

The theory of special functions was overshadowed by many other field like real and functional anal-
ysis, topology, algebra and differential equations. The generalized hypergeometric functions plays
a major role in geometric function theory after the proof of Bieberbach conjecture by de Branges.
Special functions can be categorized into three, namely, Ramp function, threshold function, and
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sigmoid function. The popular type among all is the sigmoid function because of its gradient descen-
dent learning algorithm. It can be evaluated in different ways, most especially by truncated series
expansion. The sigmoid function of the form

G(s)

=17 (ER) (1.1)

is useful because it is differentiable. Sigmoid function can be evaluated in different ways, it can
be done by truncated series expansion [4]. The sigmoid function has very important properties,
including the following

e [t outputs real numbers between 0 and 1.

e [t maps a very large input domain to a small range of outputs.
e [t never loses information because it is a one-to—one function.
e [t increases monotonically.

With all the properties mentioned in [4] sigmoid function is perfectly useful in geometric function
theory.
Let A denote the class of function of the form

) =2+ a2t (1.2)

which are analytic in the open unit disk U = {z € C : |z| < 1}. Let f(z) and g(z) be analytic in U.
We say that f(z) is subordinate to g(z) denoted by f(z) < g(z) if there exists a Schwarz function
¥ (z) where [¢(z)] < 1 and 1(0) = 0 such that

f(z) = g(¥(2)) (2€T).

Also, let g(z) be univalent in U. Then f(z) < ¢(z) if and only if f(0) = ¢(0) and f(U) C g(U). Let
‘H = H(U) denote the class of functions analytic in U. For n a positive integer and a € C, let

Hla,n) = {f € H, f(2) = a+ ap2" + ap 12"+ 1,
with H, = H|0, 1]. Let h be a univalent function in U, with ~(0) = a and let p € H|a, n] satisfying

zp'(2)
p(z) + ———— < h(=2),
) Pp(z) +v )
where 5 and v are complex numbers with 8 # 0. Then the first order differential subordination is
called the ”Briot—Bouquet differential subordination” and a differential equation of Briot—-Bouquet
type is given by
2q'(2)
q(z) + ———— = h(z),
AR TEEEE
where 5 > 0,Re v > 0 and if ¢ is the analytic solution of

2q¢'(z) 1+z

q<z)+5f1(2)+7 1=z
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then
min Re p(z) > minRe ¢(z),

|2|=r |z|=r

see Hille [6l p. 403]. This particular differential subordination has many important applications in
the theory of univalent functions and results concerning dominant and best dominant of the Briot—
Bouquet differential subordination was studied by several authors [10, [13].

Theorem 1.1. (Miller and Mocanu, [9]) Let h be convex in U with Re[Sp(2)+~] > 0. If p is analytic
in U with p(0) = h(0) each p satisfies then

—Zp,(Z) z z z
pe)+ g < he) = p(e) < h2)

A general integral operator of the form

717 = [ 222 [ o0y 60 >dt} ,

was introduced by Miller et al [I0] (also see [9], page 89) and special case of the integral existence
theorem was also considered. Letting ¢(z) =9 =1, a = (8 > 0) and § = (v > 0), we have

Z[f(»)] = [% /0 A t”ldt} ' 2o Ap g

Suitably specializing the parameters, we state various integral operators as illustrated below:
For § = 1, we have the Bernardi operator [3]

1+~

Blf(2)] = () dt

and for § = 1,7 = 1 we have the Libera operator [7] (also see [§] )

=2 [ s

Further by taking 5 = 1 and v = 0 we have the Alexander Integral operator [2]

) :/Oz@dt.

There is an important connection between Briot—Bouquet differential equation and the integral op-
erator F = Zg,[f] which was studied by Miller et al., [10] and defined by

F) =Tl = [ 222 [ e 1dt]

Setting
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then, the Briot—-Bouquet differential equation takes the form
nzp'(z) _ 2f'(2)
Bp(z)+y  f(2)

The relationship allows us to obtain subordination results about integral operators.
We recall the Salagean differential operator D™ f(z) given by Salagean [14] as below:

Df(2) = f(2),
D'f(z) = Df(2) = 2f'(2),

p(2) +

D"f(z) =D(D" ' f(2) = 2(D" ' f(2)) neN={1,23,...},
D”f(z):z+2k”akzk, n € No=NuU{0}. (1.3)

For f(z) € A of the form (1.2)), let S, be the class of n— starlike function [1], if

where D" f(z) be given by (L.3). It is of interest to note that S§ = S* and S; = K the class of
starlike and convex functions respectively.

In this paper, we define a new subclass of univalent function based on Salagean differential oper-
ator and we obtain the initial Taylor coefficients using the techniques of subordination in association
with the modified Sigmoid function. Further, we obtain the classical Fekete-Szego inequality results.

2. Bounds for the class §* based on the modified sigmoid function

Lemma 2.1. (Pommerenke, [12]) If p € P, then |p,,| < 2 for each m, where P is the family of all
functions p analytic in U for which Re (p(z)) > 0, where p(z) =1+ p1z + pp2? +--- for z € U.

The function class P is popularly known as Caratheodory function class.
Let G(z) be a sigmoid function given by (|1.1)) and ¢(z) be the modified sigmoid function as

follows: 5 ] ] ] 17
_ a2t b os Mg 2.1
o) =1 == t5" 51 T " 1s0° T (2.1)

so that ¢(0) =1 and Re ¢(z) > 0. Furthermore, ¢(z) is a modified Sigmoid function and belongs to
class P. The modified sigmoid function also have series representation of the form

o) =1+3 (;}n)m (Z (_nll)nz"> — Qun(2).

For details, see [4]. Let

p(z) =1+ Z Cm 2™
n=1
and
=1
Qim(z) =g(2) =1+ Q—mzm,
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be analytic and univalent in the unit disk. Then, the convolution of p(z) and g(z) is denoted by

00 Cm
p(z)*xg(z) =1+ Z om? = h(z). (2.2)
m=1
Theorem 2.2. Let h(z) =1+ > 7, $=2™ Then h(z) € P.

Proof . Suppose h(z) =1+> 7% | $22™. It is clear that h(0) = 1. We now show that Re (h(z)) > 0.
We have

Because h(z) is analytic in the unit disk U thus, if we choose z = %, then we have

C1 Co
) =1+S 4240
Re (h(2)) +4+16+

Consequently
Re (h(z)) > 0,

hence, h(z) € P. O
Since, h(z) € P, we state the following lemma without proof.
Lemma 2.3. Let i(z) be defined by (2.2). Then |c,,| < 2™
Theorem 2.4. If f € S; ={f € A: z2f'/f(z) < h(2),z € U} and h(z) be given by [2.2), then
lag] <2, asz] <3, Jas| <4, Jas| <5,
Proof . Let f € S;. Then there exists a function h(z) € P such that
2f'(z) = f(2)h(2).
By a simple computation, we have
Z+ 2a92 + a3z + dagzt + bas2® + - -

C C c1a
(o ) e+ 52) 2
—|—<a4+%—|—%a2+%a3>24

2 C1Qy4 CoQl3 03a2> 5
+<a5+16+ a e B

, 2zt and 2%, we get

Comparing coefficients of 22, 23

1

2a2:a2—|—§ (23)
C C

3&3:(134-224-51@2 (2.4)
C3 Co C1

Aay — B2 b 2.5

a4 a4+8+4a2+2a3 (2.5)
C c1a CoQ C3Q

Bas = as + — + —— 4 =2 4 22 (2.6)

16 2 4 8
Therefore from ([2.3)—(2.6)), by using Lemma , we get the desired result. [J
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Remark 2.5. Our results coincides with the results obtained in [5].

Theorem 2.6. If f € S} ={f € A: zf'/f(2) < h(z),z € U} and h(z) is given by (2.2)), then for

any real number A € C

1ley, ¢
S V| I et Y (') G |
o= Al < 5 | - Fea-1)
and .
lasay — a3 a% _ 2 _ o
A= 8  64 192

Proof . From the Theorem [2.4] we have the desired result. O

3. Bounds for the class S (3,7, ¢)

Now we recall the class of analytic functions of fractional power as follows:
From (1.2) we have f(z) =2+ 7, axz" € A hence, for v > 0 by Binomial expansion,

[ =2"|1+y Z ap?" + w (Z aka_l)

k=2 k=2

By using (|1.3), simple computation yields

—1
Dn+1[f(z>]'y — +,}/2n+1a22'y+1 + <,}/3n+1a3 4 7(72‘ )2n+1a§) L2

—1 —2 —1
+ (74”+1a4 - 16l 3)'(7 )2"“@% + %2@@2”“3”“) 2 (3.2)

Definition 3.1. For g € [0,1), v > 1, we let S}(5,7), be the subclass of A if

79”+1Lf(2)'y)
Re(—— BN Y S 5 (eUneN).
(Tt ( )
Remark 3.2. For § = 0,7 =1, f is a n—starlike functions class studied in [I].

Definition 3.3. Let v > 1 and ¢ € H|[1, n] be the sigmoid function of the form (2.1)). We say that
a function f belongs to the class Sk(f3,7, ¢), if f satisfies the following equation

(1 - B)z¢'(2)
B+ 1 -p)e(z) +1

Df(R)
Drf (=)

where z € U and n € N.

=B+ (1-08)¢(2) + (0<B<1),

The bound for the coefficients of the functions belonging to the class S¥(5,v, ¢) are given in the
following theorem.
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Theorem 3.4. Let f € S(B,7,¢) and ¢(z) € P. Then

1
< — R
ol < (- 9)| 4.
2A — 42 A —y(y - 1)
< (1 — 2 Y
‘a?’l—( 6) 8’)/314.8 )

1- 3 / / I ! !
|aa] < 45(375T§J)30{ 37°(y = DA'B = 37%(y = 1)(vA' = 4yA =y + 1)(A'B' = ")

+[7?(y = 1) (v = 2)B + 12¢4*A’B + 127° AB)|

+ |(74A’ —4ytA -3 4 VQ)AB'| } + 1 -0

247C"

where
A=2" B =3"(2),C=4"(3) and A’ = 2" B' = 3" ' =2"3",

unless otherwise stated.
Proof . Suppose f € S(8,7,¢) and v > 1. By Definition and since ¢(z) € P we have

(1 - B)z¢'(2)
B+ (1=pB)d(z) +1

DHf )]
Drf(2)]

Also, from ([2.1) we have

=0+ (1 =5)e(z) +

B+(1—B)p(z) =1+ 3 - 2_45’23 * 12;0%5 - 17;33;(?)2«7 -

Now by (1.2) we have f(z) = 2+ > o, arz® hence,

2
o o 1 (o0 B
f(z)"=2" [1 + v Z apz" 1+ —7(72! ) (Z agz® 1)
k=2 k=2

From (3.3]), we have

CFLELERY

DMWﬂ@P=DWﬂ@WO“H1‘m“”+1+ﬁ+u—5w@)

From (3.2)), we have

~1
D" ()] = 27 + 92" a2 + (73"*1@3 + %Tﬂag) 22

-1 -2 —1
+ (,}/4n+1a4 + 7(7 3)‘(7 )2n+10,3 + ’7(72 )2a2a32n+13n+1) Z"/+3 4o (34)
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and

(1 - B)z¢'(2) )

DS ()] <@ +(1=5)o(z) + 1+ B+ (1—B)é(2)

1-— —1 1-— 1 — B)?
=27+ (2", + 1-5 24 [ ~3"as + =1 )2"a2 + 1-5 2"y — (1-5) 2+2
7 2 7 21 2Ty 2
—1 -2 1-— 1-— —1
+ (ara, + (v =Dy )Qnag N 573%3 L=l )znag
3! 2 2 21
+2asa;3 51 2"3 i 72" ay 51 1 200 (3.5)
Equating the coefficients of 27!, 27%2 and 27" in (3.4 and (3.5)), we have
v2"  ay = 2"ay + —2 —p
-1 -1 1-— 1—1)?
73n+1a3 4 7(7 ) 2n+1a§ — fygna:s + 7(7 ) 2”@% + /87211@2 o ( 5) ’
21 21 2 2
-1 -2 -1
74n+1a4 + v(y ;'(’Y )2n+1 3 34 (v )2a2a32n+13n+1 _
-1 -2 1-— -1
7477,@4 + 7(7 3)|(’7 )2na§) + ( 5 ﬁ) ’73”&3 + 7(72 )2a2a32n3n
(1=F)vvy=1) ., o (1—=5) (1-6) (1-p)
2"aqs — 2"qy — — .
T or  © 0 g T2y 4

Hence, by a simple computation, we get
1-p
2y(2ntt —2)

05 = (1— B)? —v(y — 1) +%2m — 4P 2nt —2n
3= 873 (2n 1 — 2n)(3n+1 — 3n) )

g =

(1-5)° )( 3(<n D@t — 3”)>

" 7(4”“ B - TPE -3
N —3y(y — 1)[(y27F" — 14y (27! — 27) — y 4 1)(27+137 1 — 2n3n)]>
4n+1 A8~3 (201 — 2n)2(3n+1 — 3n)
1273(271 — 2M)2(37F1 — 37) — 1293(27+ — 27) (371 — 37)
S ﬁw( 159721 — 23— 37) )
(=8P (102 = 4@ —27) — P £ @ — 23"
s By -2 - 3) )

(1= B (—(y— 1)y — 23+ — 37 (1-8)
" @)( )‘

7(4n+1 _ 48,)/3(2n+1 _ 2n)2(3n+1 _ 3n) 24,-}/(4n+1 _ 4n)’
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or equivalently
(1-p)° { 3 +1/9n+1
3 —1)2" (3T — 3"
7(4n+1 _ 4n)[48,y3(2n+1 _ 2n)2 (3n+1 _ 3n)] ( v (7 ) ( ))
+(=3y(y = D[(72"F = 14y (27F! = 27) — 4 + 1)(27F137 T — 2"37)))
+ (_12,}/3(271"!‘1 o 2n)2(3n+1 . 377,) . 1273(2714-1 . 2n)(3n+1 o 3n)>
+ ([73271-%-1 _ 473(271-1—1 _ 2”) _ ,YS + 72](271—1-1 _ 2n)(3n+1>)

+ (-1 =Dy =23 - 37) |

ay =

)
24y (471 — 4n)

Now, the assertions follow from the above equations. This is the end of proof. [

Setting n = 0 in Theorem [3.4] we state the following bounds for starlikeness:

Corollary 3.5. Let f € S;(8,7,¢). Then

1-8
< 7
|a2|— 27 )
1 -3y
2
293 + 6372 —11y)] 1-7
< (1-25)° ( )
s < (1= 6) 2881 72+

Also, the bounds for a function f which is n—starlike is as stated below:
Corollary 3.6. Let f € S(8,1,¢). Then

15
27
(1-5)
8 Y
91— p)°* , (1-5)
48 * 2

Proof . Setting v =1 in Corollary [3.5], we get the desired result. O

las| <

las| <

lag| <

Remark 3.7. |as| and |as| agree with the result of Murugusundaramoorthy and Janani [I1], but
there is a shift on |a4| as a result of the turning of f(z).

Similarly, we sate the bounds for convexity and n—convexity.

Corollary 3.8. If f € S{(5,7,¢), then

1 —
|ag| < 4—ﬁ>
o
1 -5y
< (1-p)?
as] < (1— B)? 6y + 57672 —78y| 1-5
= 27684~ 288 "
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Proof . Setting n =1 in Theorem [3.4] we get the desired result. O

Corollary 3.9. Let f € S;(5,1,¢). Then

]__
ol <+
(1-p5)?
<
las| < =5
1-6)* 1-p
< .
] < =5+ g

Proof . Setting v =1 in Corollary [3.8] the result follows. O

In the following theorem, we obtain the sharp upper bounds of the Fekete-Szego functional |ag —
oa3] and |agay — a3] for the function class SF(8,, ¢).

Theorem 3.10. Let f € S:(B,7,¢) and 0 € R. Then

|a3 - Uag‘ <

(L= P) |(GAA =4y A® —qA+ A)
42 A2 2B '

Proof . From the Theorem [3.4] we have

o, (I=BA 4y A+l ((1-B))
80 = 8v2AB 7 (2vA) )

Thus )
(1-5)
4~2 A2

2
_ <
lag — oaz| < 5B

(vA" —4yA—~v+ 1)A —0‘

and concluding the proof. [

Remark 3.11. If f € §}(5,~, ¢), then for o = 1, we have

o (1=0)2 (A —4yA—~y+1)A
a5 — a3] < 42 A2 2B -1
< (1-8)2|(yA —4vA -~ +1)A—-2B
— 4yA2 2B '

Remark 3.12. If f € S§(5,7, ¢), then for o = 1, we have

(1-5)
4~2?

las — a3| <

1—"7y
Rk

Setting v = 1 in the above remark we have the result stated in [11].
Theorem 3.13. If f € S}(B,7, ¢), then

(1-p)°
48v2 AC

2672 (y = 1)A'B+2v(y = 1)(y = 2)B

2
<
lasay — az] < 1PAE

1-(1-p)
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- ((1- p) {‘67(7 —1)(A'B —40;1814’ —4dyA—~v+1) ‘
vtA°B
243 A%B + 2473 AB — 2AB/ (3 A — 493 A — 3 ++?%)
+ ‘ 4v3A2B
372 [A(A"—8A —2) + (8A+16A% +1)|C
* ' 3v2AB? ‘

L [(6v4 = 21946y + 1)C
32 AB? '

Proof . The proof follows from Theorem O

4. Conclusion

The Bieberbach Conjecture and the Fekete-Szegd functional for a certain class of Caratheodory
function were presented. Also, by appropriate selection of the values of n, v, and 5, bounds and
functionals for a Briot—Bouquet type of differential equation in the space of modified sigmoid function
were established.
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