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Abstract

Let G be an abelian group with a metric d, £ be a normed space and f : G — £ be a given function.
We define difference Cs 1 f by the formula

Csif(z,y) =3f(x+y) +3f(xr —y) +48f(x) — f(Bx +y) — f(3x —y)

for every z,y € G. Under some assumptions about f and Cs;f, we show that if Cs; f is Lipschitz,
then there exists a cubic function C : G — & such that f — C is Lipschitz with the same constant.
Moreover, we study the approximation of the equality Cs; f(x,y) = 0 in the Lipschitz norms.
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1. Introduction

The approximation of the Cauchy and Jensen functional equations in the Lipschitz norms were stud-
ied by Tabor [23, P4]. Czerwik and Dhutek [7] studied the approximation of the quadratic functional
equations in Lipschitz spaces. The concept of stability in Lipschitz spaces of several functional equa-
tions such as bi-quadratic, tri-quadratic, cubic, bi-cubic and quartic functional equations has been
studied by Nikoufar et al.; see for instance |6, 8] and [I5]-[19].

Let G be an abelian group and £ be a vector space. A cubic ({2, 1}-cubic) difference and a
{3, 1}-cubic difference of a function f : G — & are defined by

Conf(z,y) = fRx+y)+ f(2r —y) —2f(x +y) —2f(z —y) — 12f(x)
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and
Csif(z,y) = fBx+y)+ f(Bx —y) —3f(x +y) —3f(x —y) — 48f(x),

respectively. The equality Co1 f(x,y) = 0 is called a cubic functional equation and every solution of
the last functional equation is said to be a cubic function; see [I0]. The stability of cubic functional
equation in Banach spaces and Lipschitz spaces were investigated by Jun and Kim [I0] and Ebadian
et al. [8], respectively.

Also, the equality Cs;f(z,y) = 0 is called a {3, 1}-cubic functional equation. Park and Jung
[22] proved that the {3, 1}-cubic functional equation is equivalent to cubic functional equation and
investigated the stability of {3, 1}-cubic functional equation on abelian groups to a Banach space.

In this present paper, under some assumptions about f and Cs;f, we show that if Cs;f is
Lipschitz, then there exists a cubic function C : G — &€ such that f — C is Lipschitz with the same
constant. We also investigate the approximation of {3, 1}-cubic functional equation in the Lipschitz
norms. Finally, we bring several open problems related to this concept.

2. Main results

All over this paper, we use notations G and & for arbitrary Abelian group and vector space, unless
they are otherwise specified. Let S(€) be a given family of subsets of £. We say that this family is
linearly invariant (see [[]) if it is closed under the addition and scalar multiplication defined as usual
sense and translation invariant, i.e., x4+ A € S(E), for all z € £ and A € S(). One can easily check
that due to properties of S(€) it contains all singleton subsets of £. In the special case, for a normed
vector space &, the family of all closed balls with center at zero is denoted by C'B(E).

By B (G, S(€)) we denote the family of all functions f : G — &€ with Imf C V for some V' € S(&).
It is easy to verify that B (G, S(&)) is a vector space.

Definition 2.1. [23] We say that B (G, S(E)) admits a left invariant mean (LIM, in short) if the
family S(E) is linearly invariant and there ezists a linear operator M : B (G, S(E)) — £ such that

(i) if Im(f) CV for someV € S(E), then M[F]| € V;
(i1) if f € B(G,S(E)) and a € G, then M [f*| = M[f], where f(-) = f(- + a).
Definition 2.2. [7,23] Letd : GxG — S(E) be a set-valued function such that for each x,y,a € G,
d(z+a,y+a)=d(a+z,a+y)=d(z,vy)
and a function f : G — € is said to be d-Lipschitz if
f(@) = fly) € d(z,y).

Theorem 2.3. Assume that S(E) is a linearly invariant family such that B(G,S(E)) admits LIM.
If f G — & is an odd function and Cs1f(.,y) : G — & is d-Lipschitz for every y € G, then there
exists a cubic function C : G — & such that f —C is ﬁ d-Lipschitz. Moreover, if Im(Cs1f) C A for
some A € S(E), then Im(f —C) C £ A.

Proof . Let M : B(G,S(€)) — £ be a LIM. We define O(gx,z) :G — & by

1 1
C(Bx,z) (y) = RC&J(% y) — @Q&,J(%y)
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for all x,y, z € G. Consider the function F, : G — & given by

Fuly) = 3/ (Ba+9) + 1 fGa—y) = 1 fla+y) — 1 fla—y)

for all a,y € G. By the oddness of f, we have ﬁcg,lf(O,y) = f(0). We will prove that F, €
B(G,S(€)). In fact, for each y,a € G we have

Fily) = /(3o + ) + /B —y) = o/ (@ +y) — 2o =)

= %63,1]0(07 y) — %C:mf(% y) + f(z) = f(0)
= Clom () + f(z) = £(0).
Since Im/(C?

(r.) C =d(z, z) for all y, z € G, it follows that F, € B(G,S(€)) for all a € G. Thus we
may define C : G — £ by the formula

C(x) = M(F,), (x€g).

We will verify that f — C is ﬁ d-Lipschitz. By properties of the mean M, it is easy to see that if

f:G — & is constant, then M (f) = Imf. Furthermore,

(f(x) = C(x)) = (f(2) = C(2)) =

forall z,z € G. So, f —C is 4—18 d-Lipschitz. Now, we show that C is a cubic function. We have the
equalities

C(3z +2) +C(3z — 2)
= M[F3m+z (y)] + M[F3m_z(y>]
1

=M
{48

1 1 1
f(9x—i—3,z—|—y)+£f(9x—|—32—y)—Ef(?sx—i—y—kz)—1—6f(31:+z—y)1

+M[%f(9x—32+y)+%8f(9x—32—y)—%f(3x—z+y)—1—16f(3x—z—y)}.
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On the other hand,

3C(x + z) + 3C(x — z) + 48C(x)

= 3M[Fyy(y)] + 3M[Fo—.(y)] + 48M[F(y)]

= M[Fy1:(y + 62)] + M[Fop2(y — 62)] + M[Foi.(y))]

+ M[F,_.(y + 6x)] + M[F,_.(y — 6x)] + M[F,_.(y)]

+ 3M[F,(y +4x + 2)] + 3M[F,(y + 4z — z)]
+ 3M[F,(y — 4z + 2)| + 3M[F,(y — 4z — 2)]
+6M[F,(y+ 2z + 2)] + 6M[F,(y + 2z — z)]
+6M[F,(y — 2z + 2)| + 6M[F,(y — 22 — 2)]
+6M[F,(y+ 2)] + 6M[F,(y — 2)]

=M %f(9x+3z+y)+%f(—3x+3z—y)—1—16]”(7:c—|—z+y)—%f(—5x+z—y)}

+M _%f(—?)x%—?)z—i-y)—f-%f(Qx—i—Sz—y)—%f(—5x+z+y)—%f(7x+z—y)}
+M _%f(3x+3z+y)+4i8f(3x+32—y)—%f(x—I—z—l—y)—l—l(),f(xﬁLz—y)]
+ M _%f(Qx—Sz—l—y)%—%f{—?)x—?)z—y)—1—16f(—5a:—z—y)—1—16f(7x—z+y)]

+M _%f{—3x—3z~l—y}+%f(9x—3z—y)—1—16f(—5:1:—z—y)—1—16f(7x—z—y)}

+M _%f(Bx—3z+y)+4—;f(3x—3z—y)—1—16f(x—z—|—y)—1—16f(x—z—y)}
+3M _4—18]”(7x—|—y—|—z)+%f(—:c—y—z)—%f(5x+y+z)—1—16f(—3x—y—z)_
+3M _4—18f(7x—|—y—z)+%f(—x—y+z)—%f(5m+y—z)—1i6f(—3x—y+z)_

- ) -
+3M _4—18f(—x+y+z)+%f(7x—y—z)—%f(—?)x—ky—l—z)—ﬁf(fm—y—z)_

- ) -
+3M _4—18f(—x+y—z)+4—18f(7x—y+z)—%f(—?)x—l—y—z)—ﬁf(fw—y—f—z)_
+6M _4—18f(5x+y+z)~|—4—18f($—y—z)—%f(3w+y+z)—1—16f(—x—y—z)_
+6M _4—18f(ar+y+z)+%f(5m—y—z)—%f(—x—i—y—i—z)—%f(&t—y—z)_

- ) -
+6M _4—18f(:c+y—z)+%f(5x—y+z)—Ef(—x+y—z)—%f(3x—y+z)_

+6M _4—18f(5x+y—z)+%f(x—y+z)—%f(Bery—z)—%f(—x—erz)_

+6M _4—18f(3x+y+z)+4i8f(3x—y—z)—1—16f(x+y+z)—1—16f(x—y—z)]

+6M _4—18f(3x-|—y—z)+%f(3x—y+z)—1—16f(x—|—y—z)—%f(x—y—kz)}.
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By properties of the linear operator M and oddness of f, one gets
3C(x+ 2) +3C(x — 2z) + 48C(x) = C(3z + z) + C(3x — z).

To finish the proof, assume that ImCs;(f) C A for some A € S(£). Then we have

1
A.

1
[m(4—8C3,1(f)) - @

So, f(y) —C(y) = M(ﬁcg,’lf(y, )) € ﬁA, for all y € GG. Thus,

1

as required. [

Corollary 2.4. Let (€] . ||) be a normed space. Assume that S(E) is a family of closed balls such
that B(G, S(E)) admits LIM. Let f : G — & be an odd function and g : G — R, satisfy the inequality

| Cs1f(y,2) = Canf(z,2) |I< gly — 2)

for all z,y, 2z € G. Then there is a cubic function C : G — £ with

forall z,y € G.

Proof . We put d(x,y) = g(z —y)B(0, 1) for all z,y € G, where B(0, 1) is the closed unit ball with
center at zero, and make use of Theorem 223. [J

3. The approximation in the Lipschitz norms

In this section, we study the approximation of the {3, 1}-cubic functional equation in the Lipschitz
norms. Before that, we recall the following definition.

Definition 3.1. [23] Let (€, | . ||) be a normed space.

(i) A function f: G — & is called Lipschitz function if

I f(@) = f(y) < Ld(x,y)

for all x,y € G and for a constant L € R,. We denote the smallest constant possesing this
property by lip(f). Let Lip(G,E) be the space of all bounded Lipschitz functions with the norm

I F =l F Nlswp +lip(f)

for all f € Lip(G,E). Moreover, by Lipy(G,E) we denote the space of all Lipschitz functions
f G — & with the norm defined by the formula

I f llo=Il £O) || +Lip(f)-
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(ii) A function w : Ry — Ry is the module of continuity of the function f : G — &, if for every
0>0andz,y € g,
dlz,y) <o = | flz) = f(y) < w(d).

(iii) A group (G,d,d') is said to be a metric pair if d is a metric in abelian group G and d' is a
metric in G X G such that

d'((a, ), (a,y)) = d'((z,a), (y,a)) = d(z,y)
foralla,xz,y € G.

Theorem 3.2. Let (G,d,d') be a metric pair and let (€,] . ||) be a normed space. Assume that S(E)
is a family of closed balls such that B(G,S(E)) admits LIM. Let f : G — &€ be an odd function. If
Cs1f € Lip(G x G,E), then there is a cubic function C : G — & such that f —C € Lip(G,&) and

1
| f=Cllp< 18 | Caif llLip -

Furthermore, if C31f € Lip®(G x G, &), then there is a cubic function C : G — & such that f —C €
Lip®(G, &) and
1

| f—=C L=< 8 | Cs0f |l ipo -

Proof . Suppose that Cs;f € Lip(G x G, ). Let w: Ry — Ry be defined by w(z) := lip(Cs 1 f)z,
for all z € G. Since C31f € Lip(G x G, E), it follows that

I Csf (2, y) = Canf (m, k) ||< lip(Csa f)d' (2, ), (m, k) = w(d'((x,y), (m, k)))

for all z,y,m,k € G. This means that w is the module of continuity of the function Cs;f. Define
d: G x G — S(€) by the formula

d(z,y) :={ inf w(r)}B(0,1)

r>d(z,y)
for all z,y € G. Since w is the module of continuity, it follows that

C ,x)—C z,x) ||< inf w(r) = inf w(r
| Cs1f(y,2) = Cs1f(z,2) || a (r) Lt (r)

for all z,y, 2 € G. This means that C3; f(.,z) is a d-Lipschitz function. Then by Theorem P73, there
exists a new type cubic function C : G — & such that

for all z,y € G. Consequently,
1

| @) =) = =Cw) | < _inf (e(r)

< (g)eldlr.y))

()l (Cor D)
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for all z,y € G. So, f — C is a Lipschitz function and lip(f — C) < (35)lip(Cs1f). Since Cs1f €
Lip(G x G, &), we have C31 f € B(G x G, &) and we obtain

1
£ =C < 35 11 Cf llup

That is f —C € Lip(G,E). So

1
| f=Cllip< 5 | Caif llLip -

Now, suppose that C31f € Lip®(G x G,&). By the same way, one can obtain a new type cubic
function C : G — & such that f — C is Lipschitz and

lip(f —C) < lip(Cs 1 f).

(35
Since C'(0) = 0, we have

If = C llzipe =l £(0) = C(0) || +lip(f -0

< 25 1 Coa (0,0 [l +(5)ip(Cs. )
1
4_ ” CS lf ||L2p 3

as, required. [J

4. Open research problems

Problem A.

A functional equation is said to be {m, k,r, s}-additive if f : G — & satisfies the functional equation

Am,k,r,sf(xa y) = f(mx + ky) - T’f(CC) - Sf(y) -

for some real numbers m > 0,k > 0,7, s with m + k = r + s # 1. Furthermore, the equalities
Ai111f(z,y) = 0 and A%,%é%f(x,y) = 0 are the additive and Jensen functional equations, and
every solution of these functional equations are additive and Jensen functions, respectively.

The stability of the {m, k, r, s}-additive functional equation was studied by Lu and Park [I4].

Tabor [23] proved that if the function A, ;1 f is Lipschitz, then there exists an additive function
A : G — &£ such that f — A is Lipschitz with the same constant. He also proved analogous results
for the Jensen functions.

Let us note that, a mapping F' : G" — E is said to be multi {m, k, r, s}-additive if it satisfies the
{m, k,r, s}-additive equation in each of its n arguments, that is

F(1, .., mim1, may + ki, Tigr, ooy ) =1 F (21, o0 @521, T4, Tiga, -0y Tp)

=+ SF(ZL'l, s i1, Yiy it 1, ...,l'n),

where i € {1,...,n}, x1, ..., %1, T, Yi, Tiz1, .., Tn € G. In the special case, a multi {1, 1, 1, 1}-additive
( %, %, %, % -additive) mapping is said to be a multi additive (multi Jensen) mapping.

The stability of multi additive mappings in Banach spaces and complete non-Archimedean spaces
were investigated by Ciepliniski [2, B, ).
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(i) Is the Tabor’s result true for the {m, k, r, s}-additive functional equation?
(ii) Is the Tabor’s result true for multi Jensen mappings?

(iii) Is the Tabor’s result true for multi {m, k, r, s}-additive mappings?

Problem B.

A functional equation is said to be {m, k}-quadratic if f : G — & satisfies the functional equation

Qi f(,y) = f(max + ky) + f(mx — ky) — 2m? f(z) — 2k*f(y) = 0

for any fixed integers m, k with m,k # 0. In a special case, the equality Q;1f(z,y) = 0 is called
a quadratic functional equation, and every solution of the last functional equation is said to be a
quadratic function. Eshaghi and second author [9], studied the stability of the {m, k}-quadratic
functional equation in Banach spaces. Czerwik and Dhutek [[7] studied the stability of the quadratic
functional equation in Lipschitz spaces.

A mapping F' : G" — E is said to be multi {m, k}-quadratic if it satisfies the {m, k}-quadratic
equation in each of its n arguments, that is

F(xl, ey Li—1, MIT; + k‘yl, Liddy ey l’n) + F(iL‘l, ey i1, MMIT; — kyi,xiJrl, ,.Z'n)

2 2
=2m F(xlv"'7xi—1axi7xi+17'“axn) + 2k F(xlv"'7$i—1ayi7wi+17"'axn)a

where 1 € {1,...,n}, T1,..., %1, %, Yi, Tiz1, ..., Ty, € G. In the special case, a multi {1, 1}-quadratic
mapping is said to be a multi quadratic mapping.

Park [21] and Ciepliniski [6] proved the stability of the multi quadratic mappings in Banach spaces
and complete non-Archimedean spaces, respectively.

(i) Is the Czerwik and Diutek’s result true for the {1, k}-quadratic functional equation? (Yes, it is
solved by Chahbi et al. [G].)

(ii) Is the Czerwik and Dtutek’s result true for the {m, k}-quadratic functional equation?

(iii) Is the Czerwik and Dhutek’s result true for the multi quadratic mappings? (Yes, it is solved by
Nikoufar [20].)

(iv) Is the Czerwik and Dlutek’s result true for the multi {m, k}-quadratic mappings?

Problem C.

A functional equation is said to be {m, k}-cubic if f : G — & satisfies the functional equation

Conief (,y) = f(mx + ky) + f(ma — ky)
—mk?*f(x +y) —mk*f(z —y) — 2m(m® — k*) f(z)
~0
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for any fixed integers m, k with m # £1,0, £ # 0 and m # +k. In a special case, the equality
Ca1f(z,y) = 01is called a cubic functional equation, and every solution of the last functional equation
is said to be a cubic function; see [, 3].

The stability of cubic functional equation in Banach spaces and Lipschitz spaces were investigated
by Jun and Kim [10] and Ebadian et al. [8], respectively.

A mapping F': G" — F is said to be multi {m, k}-cubic if it satisfies the {m, k}-cubic equation
in each of its n arguments, that is

F(.Z'l, vy i1, MIT; + kyi,$i+1, ,.Z'n) + F(l’l, ey i1, MIT; — kyi,xi+1, ,xn)
2 2
=mk*F (21, ..., Tim1, T + Yi, Tig1, oo, Tn) + ME"F (21, ., 21, T — Yiy Tig1, ., Tp)

2 12
+2m(m* — k) F (21, ooy T 1, Tiy Tig 1y ooy Ty
where i € {1,....,n}, 1, ..., Ti 1, Ti, Yi, Tit1, ooey Tn € G.

(i) Is Ebadian et al.’s result true for {m,1}-cubic functional equation? (In the special case, the
{3, 1}-cubic functional equation, we responded positively to this question in Theorem in
this paper.)

(ii) Is Ebadian et al.’s result true for {m, k}-cubic functional equation?

(iii) Is Ebadian et al.’s result true for multi {m, k}-cubic mappings?

Problem D.

A functional equation is said to be {m, k}-quartic if f : G — &£ satisfies the functional equation

Qi f(2,y) = f(ma + ky) + f(mz — ky) — 2m*(m* — k) f(z)

— (mk)*[f(z +y) + f(z — y)] + 2K (m* — k) f(y)
=0,

where m, k # 0,m # £k. In a special case, the equality Qs f(z,y) = 0 is called a quartic functional
equation, and every solution of the last functional equation is said to be a quartic function [I2].
The stability of {m, k}-quartic functional equation in Banach spaces was investigated by Kang
[T2]. Nikoufar [T5, 6] studied the stability of the quartic functional equation in the Lipschitz norms.
A mapping F : G" — F is said to be multi {m, k}-quartic if it satisfies the {m, k}-quartic
equation in each of its n arguments, that is

F(Il, ey Lj—1, MIT; + kyi,xiﬂ, 7In) + F($1, ey i1, MMIT; — kyi;xi—i-la ,l’n)
= (mk’)Q[F(xl, ey Li—1, T4 + Yis Tit1, ,.fl?n) + F(l’l, ey Li—15, L5 — Yiy Tig 1, ...,.Z'n)]

+ 2m2<m2 - k’2)F({L‘17 ooy Lim1, Ty Tit 1, 7$N) - 2k2(m2 - kQ)F(:L‘b oo Ti—1, Yis Tit1, "'7*T7Z)7
where ¢ € {1,....,n}, 1, ..., Ti 1, Ti, Yi, Tiv1, ooy Tn € G.
(i) Is the Nikoufar’s result true for {m, k}-quartic functional equation?

(i) Is the Nikoufar’s result true for multi {m, k}-quartic mappings?
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