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Abstract

The Lemaitre-Tolman-Bondi (LTB) model represents an inhomogeneous spherically symmetric uni-
verse filled with freely falling dust like matter without pressure. First, we have considered a Finslerian
anstaz of (LTB) and have found a Finslerian exact solution of vacuum field equation. We have ob-
tained the R(¢,7) and S(¢,r) with considering establish a new solution of R,, = 0. Moreover, we
attempt to use Finsler geometry as the geometry of spacetime which compute the Kretschmann scalar.
An important problem in General Relativity is singularities. The curvature singularities is a point
when the scalar curvature blows up diverges. Thus we have determined K singularity is at R = 0.
Our result is the same as Reimannian geometry. We have completed with a brief example of how
these solutions can be applied. Second, we have some notes about anstaz of the Schwarzschild and
Friedmann- Robertson- Walker (FRW) metrics. We have supposed condition dlog(F) = dlog(F)
and we have obtained F is constant along its geodesic and geodesic of F. Moreover we have com-
puted Weyl and Douglas tensors for F? and have concluded that R;j, = 0 and this conclude that
Wik = 0, thus F? is the Ads Schwarzschild Finsler metric and therefore F? is conformally flat. We
have provided a Finslerian extention of Friedmann- Lemaitre- Robertson- Walker metric based on
solution of the geodesic equation. Since the vacuum field equation in Finsler spacetime is equivalent
to the vanishing of the Ricci scalar, we have obtained the energy- momentum tensor is zero.

Keywords: Einstein’s equations, Lemaitre-Tolman—Bondi; Kretschmann scalar, Finsler Geometry,
Friedmann-Robertson-Walker, Schwarzschild.

1. Introduction

Cosmic structures today have entered the non-linear structure. They can not on all scales be described
by a linear perturbation theory on top of the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric
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[1]. Lemaitre-Tolman-Bondi (LTB) solutions are used frequently to describe the collapse or expansion
of spherically symmetric inhomogeneous mass distributions in the Universe. The LTB solutions
contain as special cases both the Schwazchild and dust FLRW solutions. The LTB metric is the
simplest spherically symmetric solution of Einstein equations representing an inhomogeneous dust
distribution. It may be written in synchronous coordinates as [2]:

2

F? =~y + (g + R )5y + sinfyy?),

1+ F

The Kretschmann scalar gives the amount of curvature of spacetime, as a function of position near
(and within) a black hole [3]. In many cases one of the most useful ways to check that is by checking
for the finiteness of the Kretschmann scalar. The alternative way to describe the black holes within
the cosmological surrounding is to use the Lemaitre-Tolman-Bondi (LTB) models for inhomogeneous
matter distribution that was fundamentally explored in [4].
There are very few exact solutions of the Einstein equations, but perhaps the most well-known so-
lution was first derived by Schwarzschild. Exact solutions of Einstein’s field equations have played
important roles in the discussion of physical problems. Obvious examples are the Schwarzschild and
Kerr solutions for studying black holes and the Friedman solutions for cosmology [b].
Gravitational field equations describing the geometry of space-time play a fundamental role in mod-
ern theoretical physics. There are many methods in mathematical physics for studying such systems
of equations. For example, one can use methods of additional symmetries of the system of equations,
the Hamiltonian formulation of the theory of dynamical systems, etc. Essentially, all physically
interesting cases (F'RW cosmology, black hole) belong to Stackel and homogeneous spaces [6]
In contrast, the cosmic fluid in the F'RW model is supposed to possess arbitrary high pressure apart
from arbitrary high density. But there is no pressure gradient to support the fluid against its self-
gravity [[7].
The paper is organized as follows. We review some basic matterial of Finsler geometry and list of
tools that is needed in context. In section /1] we establish a new solution of R*” = 0 which appears
curious and explains the source of curvature of the well-known Lemaitre-Tolman—Bondi(LTB) solu-
tion. Moreover, we have analytic solution to the geodesic equations. In the section V' we compute
Kretschmann scalar and show that the LTB singularity is at R = 0. In the section VI we obtain
Kretschmann scalar for a one example. The section VI presents opinion of Li and Chang [8] to
other words. We consider an ansatz of the Schwarzschild metric F? and we show results of vacuum
solution. In the section VIII, we compute Weyl and Douglas tensors for F? and conclude that
Riji = 0 and this conclude that W;;, = 0, thus F' 2 is the Ads Schwarzschild Finsler metric and
therefore F? is conformally flat. Then we consider Douglas tensor if D = 0 we conclude that F? is
the Schwarzschild metric. In the section IX, we consider F LRW metric that it has the Finslerian
structure then if only we suppose that the radial motion of particles, and notice the velocity of a

. T .
particle o is small, therefore the energy-momentum tensor is zero.

2. Preliminaries

We begin with a very brief discussion of Finsler geometry.
A Finsler metric is a continuous function F': TM — [0, co] with the following properties.
(1) Regularity: F'is smooth on TM \ 0 := {(x,y) € TM|y # 0}.
(2) Positive homogeneity: F(x, \y) = AF(z,y) for all A > 0.
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(3) Strong convexity: the fundamental tensor g;; := 8‘; aiyj(%F 2.

is positive definite at all (z,y) € TM \ 0 [9].
A positive, zero and negative F' correspond to time-like, null and space-like curves, respectively. For
a Finsler metric F' = F(z,y) its geodesics are characterized by the system of differential equations

d?xH
dr?

+2G" =0, (2.1)

Where the local functions G* = G*(x,y) are called the spray coefficients and are given by

1., 0*F* , OF?

Gl = —g" — 2.2
49 (am)\ayyy axl, )7 ( )
Where y € T,M and (¢") := (gu) "
The Cartan tensor quantifies, the deviation of F' from being Riemannian, and is defined as
o 0 0 ,1
ik = ————(=F?), 2.3

Where the components A;j; are minus one-homogeneous symmetric (0, 3)-tensor field. In order to
calculate the Kretschmamm scalar, we need first to calculate the Christoffel symbols by differentiating

the metric of F'. ) 5 5 5
Gio v Gov
* = - ul + _ , 2.4
vo = 59" ( 500 TS0 sl ) (2.4)
where Miﬂ = a% — g%:%. In Finsler geometry once the Christoffel symbols are calculated then we
calculate the Riemann curvature of Chern connection to be:

ST 6T
Rllja)\ = 51,0-)\ - W + FZVAF?U - Ff/)\]‘j;ll)n (25)

From the Riemann tensor R’\l,pg one can calculate the Riemann curvature tensor R,,,, as follows:

R;wpa = guAR)\me (26)
The inverse of R,,,, can be compute by
RFP7 = gmgngpkgale‘jkl, (2.7)
The Kretschmann invariant is
Ks — R“ypgRyypcr (28)

Because it is a sum of squares of tensor components, this is a quadratic invariant. For the use of a
computer algebra system a more detailed writing is meaningful:

Ks = gmgngpkgalRijklRuypaa (29)
The Ricci tensor R, it is the Riemann curvature tensor with the first and third indices contracted,
R,uu = gaﬁRa,uBu = Rfjﬁy?

Which is a symmetric tensor,
R, = Ry,
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It is straightforward to show that, because of the symmetry relations, the alternative contraction
leads to the same Ricci tensor
R/u/ - _gaﬁRuaﬁuy

The Ricci scalar R, it is the Riemann curvature tensor contracted twice.
R=g""R.s = R},

By definition, the Ricci scalar is a positively homogeneous function of degree two in y € T M.
For a Finsler metric F', the S—curvature is given by following:

S = ¢" Ric,,, (2.10)

and, as a consequence, the modified Einstein tensor in Finsler space time can be obtained as

1

G,uu = Ricw, — igw,S, (211)
The covariant derivative of G* in Finsler spacetime is given as
)
G’;lk = ﬁGl’f + Ffij’; -G, (2.12)

I';, is the Chern connection and ’| to denote the covariant derivative. Here, we consider also the Rici
scalar which is expressed entirely in terms of x and y derivatives of spray coefficients G* as follows:

oGr , *GH 9°Gr 9GH AGH

_ A _
oY Ox Oy 26 oy oyr  oyr oyr’

RicF? =2

(2.13)

3. Vacuum solution of Finsler metric by using Ansatz of the LTB

The theory of relativity describes the relation between the curvature of spacetime to the energy
of an object. The vacuum field equations of General Relativity are R,, = 0. Exact solutions of
Einstein’s field equations have played important roles in the discussion of physical problems. Ob-
vious examples are the Schwarzschild and Kerr solutions for studying black hole and the Friedman
solutions for cosmology. Since dust is believed to be an appropriate representation of the universe’s
matter content on the large scale at the present time, LTB solutions have been much used to provide
exact models of structures in the universe [10]. First of all we consider an Finslerian ansatz in the
form of bellow then we obtain the solutions are similar to the LTB solutions in general relativity.

F? = —y'y' + S*(r,t)y"y" + R2(r, ) F2(0, 0,4, y?), (3.1)

We begin by calculating the connection symbols based on the spherically symmetric form of (3.1).
It will be convenient to introduce the notation and we obtain some results, where the Finsler metric
can be derived as

Guv = diag(_L SQa RZ@OG? Rzgapap)a (32)
o 11, 1
gM = dl(lg(—l, ?7 ﬁgﬁe? ﬁg%")’ (33)

The matrix g, is invertible and its inverse is denoted by g" = [gw,]_1 and g;; and g are components
of the metric derived from F' and the indices 4,5 run over the angular coordinates 6,¢ .
plugging the Finsler structure (3.1) into (2.2), we obtain that
S8 RR _
Gt = Tyry” + TFQ, (34)
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S S RR _
G = T, orat F2 3.5
R R .
GG — T8 .0 GG 3.6
YUY+ Yy G (3.6)
R R .
G? = Sty + "y + G¥ 3.7
AR A ARG (3.7)

Here dot and prime denote partial derivatives with respect to the parameters ¢ and r respectively.
G are the geodic spray coefficient derives from F'. Plugging the geodesic coefficients(3.4) — (3.7) into
the formula for the Ricci scalar (2.13), we obtain that

1

—2R S —2R" 2RSS
RicF? = RFF? = (—— — Z)yly!

2R’ S’ . 4R 4ASR' ., -,
= r.T _ o 'S R

te TS A (T WY

12 Lo 1o 7

R . SRR RSR R'R - -

—E + RR + S + S?’ — S2 + RZC)FQ,

(3.8)

where Ric denotes the Ricci scalar of the Finsler structure F. Since the vacuum field equation in
Finsler spacetime is equivalent to the vanishing of the Ricci scalar and F is independent of y* and
y", the vanishing of Ricci scalar implies that the terms in each square bracket of (3.8) should vanish
as well. These equations are given as

“2R_ S5 _ 0, (3.9)

R S
—2R" 2RSS 2R'S  _:
= 1
I + = + 79 + 55 =0, (3.10)
—4R | 4SR
——+ —= =0 3.11
12 LR I~ 1
: R - SRR RSR RR
2 _ 1t _ S
R o2 + RR + 5 + I 2 + Ric = 0, (3.12)
From equation (3.11) we obtain that .
—AR  —4SK
= 1
We remove the same variable from both sides of equation (3.13) at the same time, we obtain
RS=SR, (3.14)
R S
- == 3.15
R S (3.15)

Integrating this and using the formula [ dx—”” = Inx we get,

.y .

R S
—dt = [ =dt 1
[ it= [ gt (3.16)
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Upon evaluating each of these integrals we should get a constant of integration for each integral since
we really are doing two integrals. Since there is no reason to think that the constants of integration
will be the same from each integral we use different constants for each integral. Now, both ¢ and
k are unknown constants and so the sum of two unknown constants is just an unknown constant
and we acknowledge that by simply writing the sum as a c. Moreover, c is arbitrary, we can choose

c=In(v/1+ E). So, the integral is then,
InR =InS+In(v1+E), (3.17)
Apply the product rule for logarithms, we have
InR =InS(V1+E), (3.18)

After simplifying equation (3.18), we get

/

R
_ 3.19
V1+E ( )
Equations (3.1) and (3.19) show that F? is similar to the LTB solution
R/Q
F? = —y'y' + () + RA(r ) F*(0,9,4", y7) (3.20)

1+ E

Noticing that Ric is independent of r and ¢, thus equation (3.12) is satisfied if and only if Ric is
constant. This means that the two- dimensional Finsler space F' is constant flag curvature space.
Therefore Ric = A. From equation (3.9), we obtain

—2R S
—_— == 3.21
R_S (3.21)
From simplifying equation (3.21), we obtain
. —SR
= — .22
R=20 (3.22)
With using equation (3.10) and multiplying the two sides of equation by % , we have
—RR" RSR  RRS —RS
= 3.23
I T (3.23)
By substituting equation (3.22) into equation (3.23), we get
—~RR" RSR  RRS "
=RR 3.24
&t T , (3.24)
Equations (3.12) and (3.24) conclude that
R’
R* — <t 2RR+ X =0, (3.25)

By plugging equation (3.19) into equation (3.25) we get following equations

12
. R (1+F ..
R? — # +2RR+ A =0, (3.26)
R
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R*—(1+E)+2RR+ )\ =0, (3.27)
R*+2RR =E, (3.28)

Therefore Here angular distance R, depending on the value of ¢t and E(r), is given by

R(t,r) =/ E(r)t, (3.29)
By considering
A =1, (3.30)
Thus our LTB metric is,
E*p _
F? = —y'y' + Ear eyt E(r)F*(0.¢.9",y%), (3.31)

4. Analytic solution to the geodesic equations of the finsler geometry

In this section, for studying the geodesics of the test particles in the finsler geometry, the equations
for the geodesic sprays coefficients (3.4) — (3.7) plug into the geodesic equation (2.1), we obtain the
geodesic equation of Finsler spacetime (3.1),

dt SS .. RR

d_7‘2+ 2yy +7F2:0, (4'1)
&>r S S ., RR _
Y+ =y Yy - 7 =0 4.2
i T ogY Y TEYY T o ’ (42)
%0 R R _
P + E?/tye + Eyrye +G? =0, (4.3)
P¢ R R .
d_rf + Eyty“” + =Y y¥ +G¥ =0, (4.4)

Noticing that F" is independent of r and #, thus equations (4.1) and (4.2) are satisfied if and only if
F' is constant along the geodesic.

5. Kretschmann Scalar
What is the nature of the singularity 7

Definition 1. The point z is called a singular point or singularity of K if K is not analytic at z but
every neighborhood of z contains at least one point at which K is analytic.

The Kretschmann scalar gives the amount of curvature of spacetime, as a function of position near
(and within) a black hole. [1l]. The derivation of the Kretschmann scalar is simple in principle, but
requires tedious algebraic computation in practice. From the specified metric, we compute, first, the
connection, which is not itself a tensor. Next, we compute the Riemann tensor and Kretschmann
scalar components. The non-vanishing Christoffel symbols for the metric (3.1) are given by

S S s
—_ 1’11" = — FT = —
S ) rt S ) rr

I, =SS, Thy=RRgy, T, =RRG,, I} = 5
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/ ! !

[ho = %996, o = %;nga Tjy = 27 Iy = %a G, = %a g, = g,
Fge_%gee% Fz@_%-ee%) ie_%geeaai(;e i@_;gee%
I'f, = g’ Iy, = %’a Ie, = %a I = g’ Tgo = ;QW%L;Q b = %QW%
%y = 50752 TG, = 50 e, 5.1

With the connection in hand, we are in a position to compute the Riemann tensor itself:

Rtupo‘ = gtthVpa' = (_1)Rtupa7 (5-2)
Rrvps = Grr R vpe = S°R 4 po, (5.3)
Rovpo = 900 R vps = (R2Goo) R 1 pors (5.4)
Rovpe = 9o R vpo = (R2§W)Rwl/pm (5.5)

We use maple program and manual computing and obtain a second scalar i.e: Kretschmann scalar
as follows:

20(E(r))? — 9((E(r)))? + 20E(r)
2R4

1
+ ngeaﬁww(aegagawgee — 0,5 09 G00)*

K, =

1 g _ _ _ _
+ 2_R49999<,0<p(80g§0§0 09y — awgw(%gw)g
2

2
+ 7107 (B 00)* + 133" (R70,0)*,

(5.6)

Therefore the LTB solution has singularity at R = 0.

6. example

For example, we make subspace F to be a “Finslerian sphere” Frg. Then, the exterior metric of
vacuum field solution was given as We finished with a brief example of how these solutions can be
applied. Now, we consider the Finsler structure in the form

F? = —y'y' + S2(r,t)y"y"

+ R*(r, t)(v/yPy? + yey? — sin0y*)?,

Where )
F2 — yeye + y@y‘»@ + Sin2 eyso -9 y9y9 + yapygo sin eysﬁ’

—sinf(y¥)?
(Y04 + yey®)?

§99:R2(t,7’)( +1),
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4 = "y + y*y¥)>
R2(—sin 0(y?)* + (44" + y#y?)?)
R2((2 = cos?0)((4°)* + (y%)*)2 — sin y* (2(y*)* + 3(¢")?))
(yy° + yey®)? ’
3
G9% — W+ Yy ,
R?((cos? 0 — 2)(y°y® + y#y?)2 +sinfy#(2(y#)* + 3(y%)?))
F? is Finslerian metric, since the fundamental form g is function of (6, ¢, y?, y%). Therefore, we can

compute the Kretschman scalar by using the equation (5.6). It is convenient to consider the orbit of
particle confined to the equatorial plane 6 = 7.

Y

G =

20(E(r))? — 9((E(r)))? + 20E(r)

Ks= 2R
X Q
(PP + ) + (PR
(6.2)
Where
Q=+ w5 + B — o)
PR — RPCR WP + )
P+ T gy
+3)% (") + (")),
(6.3)

Which represents that the curvature singularity is located at R = 0.

7. Vacuum solution of Finsler metric of the Schwarzschild metric

First of all we consider an ansatz of the Schwarzschild metric and we show results of vacuum
solution are different from of [§].
Then, we consider F'RW metric and compute the geodesic equations.
We consider an ansatz of the Schwarzschild metric which was considered in [§] of the form

F? = B(r)y'y' = Alr)y"y" — r*F*(0, 0.9, y%), (7.1)

and we obtain some results, where the Finsler metric can be derived as
g = diag(B, —A, =1%gy;), (7.2)
¢" = diag(B™', =A™, —r7%g"), (7.3)

where g;; and g are components of the metric derived from F.
Plugging the Finsler structure (7.1) into equation (2.2), we obtain

!

B

Gt= =
2B

Yy, (7.4)
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A B ro-
Gr = —y " ot t__F2
Al Y Yy Tt

- 1
GG — Gf) + _yﬁyr7
r
and )
G¥ = Gf@o + _ywyr'
r
We consider variations of F' along the geodesic, therefore we have

dFF 6F dx* _OF &y
— =t =5
dr  oxt dT oyt Fdt

By simplifying equation (7.8) as following,

dF  9F da' 10Gi 0F do' _ _oF dy' + 355 da’

o awd sopopa e Far )
_ OFdx' 10Gi0F d'  OF dy'  10F 0G' da?

T oridr 20y 0y dr oyidr 2040y dr

_ OF dz'  OF dy'
- 02t dT + oyt dF’

where 2 oF?
. 1 .
G = 4<8xk8yiy ox' )

by multiplying ¢ in the above equation, we obtain the following equations,

i~ 1 0F
y'Gi = 3 %y ,
and -
2G,_OF
F o on?
as we know, -
dF _ OF dy'
dr Oyt dr
and
OF d*x*  OF _ OF ~ oF _.
A = _——(-2G%) + ——(-2G¥) = —2—("
oyt dr? aye( )+ 8y¢’< ) oy’
oF .. _ OF yiy? G
= 9T GG = 9 VY G 9T
8yzg ! oyt F2 Y F
By using the equations (7.12) and (7.14), one rewrite the equation (7.9) as,
dF
= 0.

Therefore F is constant along its geodesic. We know that
dF  dFdr
dr — drdr

(7.5)

(7.6)

(7.7)

(7.8)

(7.9)

(7.10)

(7.11)

(7.12)

(7.13)

(7.14)

(7.15)

(7.16)
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hence F is constant along the geodesic of F. According to
dr = Fdt,
dr = Fdt,

Then

dlog(F) = dlog(F).

107

(7.17)

(7.18)

Now,we consider F' and F satisfied in equation (7.18) and we apply this condition in the following
calculations. Plugging the geodesic spray coefficients G” into the geodesic equation (2.1), we obtain

T
dr? = Bdrdr
The solution of equation (7.19) is
dt
B— =1.
dr
d*r E’ dt il dr, r

ar at arvo T mo _
d72+2A(d7‘> +QA(alT) AF 0

With simplifying as following
d>r B dt A dr

r dr

<W + 2A(E>2 + 2A(E)2 - ZF2 =0) x ZA(E%
A'(Z—:)?’ + ZA%% — QT;j—;dTFQ — %3—: =0,
G+ A (G = P () — (B =0
Ay~ P - )=,

By replacing equation (7.20) in equation (7.26), we have the following equation

LAy - P - B =0,

dr dr

By regarding the equation (2.1), we have

%(_2T2F2 F?) =0,
dr - dF?
—4r—F* - — =
7,dT dr 0,
dF? dr —
—— = —4r—F?
dr dr-
And dF? dr d
AP drdi gy

(7.19)

(7.20)

(7.21)

(7.22)

(7.23)
(7.24)
(7.25)

(7.26)

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)
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Because % = 0 thus % is small.
Plugging the geodesic spray coefficients G* into the geodesic equation (2.1), we gain

>t B drdt
— =0 7.32
a2 Bardr (7.32)
d2t ’
L B
dr = — g, (7.33)
dr
And i@t
In— =—InB 7.34
n ir np, ( )
We consider
F? = By'y' — Ay"y" — r*Fg, (7.35)

Where B=(1—2%M)and A= (- QGTM)_I, and the "Finslerian sphere” Fpg is of the form of

Frg — V(1 — e2sin? 0)yfy? + sin® Oyey» £ sin? Qy*
1 —e2sin?0 1 —e2sin?0’
Where 0 < ¢ < 1. If we consider the orbit of a particle confined to the equatorial plane 6 = 7,
Finslerian sphere simplifies as,

(7.36)

Fro— & __ & _ & (7.37)
S 122 12 14¢ '
By using dl;fs = 0, we obtain
de
— =J 7.38

Where J. = J(1 £+ ¢). Plugging equation (7.38) into the equation (7.35) and consider F' = 0 for
massless particles we obtain

2GM _, dt 2GM ., dr r? dy
1- —)?—(1- (=) - =) =0 7.39
( r )(dT) ( r ) (dT) (1:|:€)2(d7') ’ (7.39)
By using equations (7.39) and (7.38) we have
dr ., 7 2GM | dy .,
Ty g 1 & 7.40
(dT) (1:‘:5)2< r )(d7—> ? ( )
dr 1 2 2GM
(—=)" = = - (1——), (7.41)
dy (‘é—f)Q (1+¢)? r
Plugging equation (7.38) into the equation (7.41) we obtain
dr ., 1 7 2GM
) - =— 1-— 42
(dgo) J2(1+e)? (1j:5)2( T ) (7.42)
After simplifying equation (7.42), we gain
d 1
L - dip, (7.43)
\/(@)2—(70—01\4)2 (1+e)
We consider r — GM = —Wfﬂ“ sin & and solve the equation (7.43) we obtain
VG2M?2J? 41
r= ¥ i sin(( ) +¢) +GM, (7.44)

(1+e)
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8. Weyl and Douglas tensor

Let F be a Finsler metric on an n-dimensional manifold M and G* be the geodesic coefficient
of F, x € M and y € T,M — {0}, the Riemannian curvature tensor is defined by R}, = % - fgf
OR! nHys - H, .
We know H[ij = Wﬂ’“, H;; = Hfjk and H; = (H’“n++’“)yk provided n # 1. The Weyl tensor can be
expressed, in four dimensions, as [11]

(Hj, — ij)yi + 5§Hk — 5};]—[]-

ik = It 1 ; (8.1)
we know from the )
GF%—%JF%, (8.2)
G = ;Ai; - # + % (83)
Gy =G = 253 B 253 * 2;«4,;12 * 453(%/ * %)’ (8.4)

According to definition of HZ’;k since Hfjk is independent of y therefore Hihjk =0, H;j =0and H; = 0.
Thus W}, = R’;. By using the equation (8.1), we obtain

oG! oG,
t t__ LA T —
Ry =—-—>1t=0, R, 5 =0
0GY 0G?,
9 ey ——6 ey ¥ = — ® ey
Ry, o 0, l?i’W o 0,

Thus G! =constant, G =constant, GY =constant and G'Z =constant.
And other R}, are equal zero. Since G} = a that a is constant therefore we have

A 1 A
— + = =a, (8.5)

rA2 rA? 2

If we solve the equation (8.5) as follows

/ 1
AA?2 - A = (ar — é),
r r
Therefore we have 1
A=\~ gar’+ g)*l, (8.6)
Since GY = ~ that 7 is constant therefore we have
B B A B A B
4B 27AB " wA iaBA T BT 8.7)
From the equation (8.5) and equation (8.7) we conclude that
-B" 1 A
A5 A2 + 2= B = constant, (8.8)
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We solved equation (8.8) as follows

/

B A 1
— =—frA4+-A—-
B pra+ r r’
We use the equation (8.6) and we suppose that o = 3 therefore we obtain
1
B=(\-ar + ;), (8.9)
From equation (8.6) and equation (8.9) we conclude
B=A" (8.10)
Therefore, if W = 0 and o =  =constant we conclude that
1 1 _
F2=(\—zar? + S)ylyt — (A — —ar? + —)"lyy" — r2F2, (8.11)
3 r 3 r
Thus F? is the Ads Schwarzschild Finsler metric [[12]. If F? express as follows
oM r? oM  r?

F2=(\- = p Ly’ — 22 12
= ( —+ —( . +b2) y'y , (8.12)

b2 VY
We conclude that R!; = 0 and this conclude that W}, = 0, thus F* is the Ads Schwarzschild Finsler

metric and F2 is conformally flat. Now we consider Douglas tensor as follows

Yy ngk+a ? ]7 ){6 G]k}
n+1

k - Gz]k ) (813)

Where
IR G _ Gr

ijk — 8yz ) ijro

1 o 0G;;
Gl = QFJkyy, Gh Wk]?

If tensor Douglas D = 0 thus th =0= ngk 0 = G! = 0. Therefore G} = 0 and we can conclude
that

G = (8.14)

A LA,
rA?  r2A -
Therefore we have c
A= (/\+;)‘1, (8.15)
Also we know that G]. = 0 therefore
-B 1 A 0
rAB  r?A = r? ’
B M 1
B r 7
we use the equation (8.15) and we obtain
B= (>\+;), (8.16)

From the equations (8.15) and (8.16) we conclude
B=A", (8.17)

Therefore if D = 0 we conclude that F? is the Schwarzschild metric.
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9. The Friedmann-Lemaitre-Robertson-Walker (FFLRW) solution

By using an ansatz of the F'LRW metric that it has the Finslerian structure

dt dt a’(t) drdr _ df dy
=0 T 221y F2 (B, o, L LP
drdr 1 —kr2drdr ria’(t) (’%deT)7
We have found an exact solution of the vacuum field equation, where geodesic spray coefficients can

be derived as

(9.1)

1. 2ad drdr I o=
t_ — — — 4+ 2aa r*F? 2
¢ =10 kzara 20 ), (9:2)
adrdt 1 kr drdr 1 _
G =——" 4= (1= kr?)E? 9.3
cdrdr 2l kRdrar 2T ROE ©-3)

a dodt 1d0dr

=G+ 2 ST 0.4
+ad7’d7'+7"d7'd7" (9:4)
ooy ddedt  1dpdr

Gr=or cdrdr  rdrdr (9:5)
Now, we compute Ricci scalar of equation (9.1).
oG* D*GH o*Gr G OGH
RicF? = 2—— —y* 2G° - 9.6
e arn Y Ox Oy + oy oyt oyr oyr’ (96)

Where Ric denotes the Ricci scalar of the Finsler structure F. Since the vacuum field equation in
Finsler spacetime is equivalent to the vanishing of the Ricci scalar thus

oGt 0 I0G! o0 0G'  9G'IG*

92 — —
ot 7 o oy ) Oyt oy oyt

+2G

=1 ia]ﬂa Yy + ad r2F?, (9.7)

a7 o oy" + oy oyt Oy dy”

1"

L0673 0 0GT |\ 9 06T 0GroG?

= =gy 2" 4 ), (9.8)
and

9" 9 9GT . D IG" 9 oG

20 Vo ay T ap 0 T o o
oG, & aG® 0 0G¢  9G® OG>

2 — 2G* -
* dp Y o oy¥ + oy* dy®»  Oy> Oy¥
" 12
s = +k
— RicF? — 2%ytyt n 2?_ Y (9.9)

Then we rewrite equation (2.13) as

"

7 12
2 2k
RicF? = 3%yt 4 20 720 2K,
a

1— k2 7
(Ric + r*(aa” + a’ + k) F?, (9.10)

Y+
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Because of vanishing of the Ricci scalar, we have Ric = A

a’ _0 ad’ + 24" + 2k _0
a 1 — kr? -
A+ 72 (aa” + d* + k) =0, (9.11)
o' =0=a(t)=at+ 5, (9.12)
” 12
aa +2a + 2k 9
72 =0=k=—0a", (9.13)
r*(®+k)+ X =0,
a2 +k=0,
= A =0, (9.14)

Thus we obtain,

dt dt  (at + B)*dr dr —
) 2 2 72
il e A G 1)

Where F' is Ricci flat and Ric = \. Now, we consider geodesic equation

ot
de +oGm =0, (9.16)
d*t .

d>t 2aa’  dr ., dt

g T g (g 2ea ) =0, (9.17)

If, we only consider the radial motion of particles, and notice the velocity of a particle 4 is small,

‘ dt
we obtain

;i_z _ %(;Z_i) 0, (9.18)
é = constant = A, (9.19)
From the another geodesic equation, we gain
%(%)Q —r(1—kr*)F? =0, (9.20)
Therefore P2y Pr
TA=0=—5=0, (9.21)

On the other hand from the equation of motion of a test particle we obtain

d*r dp  2GM

a2~ or 72

: (9.22)
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From the equations (9.21) and (9.22) we obtain
2GM

r2

0, (9.23)

Therefore r — oo or M = 0.
We consider the gravitational field equation in the given Finsler spacetime [9] should be of the form

GV = 8mpGT", (9.24)

v

We use the modified Einstein tensor [8] as follows

1
Gp,y = Ricul/ - §gpusy (925)
And consider Gﬁ = ¢" @), we obtain
a® 2% A
t__
G, = 25 + po) + 2 (9.26)
a’ A
G =2—+ — 9.27
P=2 (9.27)
and
a// a/2 + ]{}
Gy=G? = 2—+ ———, (9.28)
as we know that the energy-momentum tensor to be of the form
T} = diag(p, —p, —p, —p) (9.29)
we use equations (9.24) and(9.26), obtain
Gi = 87TFGTf
2
a 2k A
? E + @ = 87TFG,0, (9.30)
According to the equations (9.12)-(9.14) we have
p=0, (9.31)
Moreover
GY = 8rpGT}
a// a/? + ]{}
2; + a2 = SWFG(—p), (932)
If we notice to the equations (9.12)-(9.14) we obtain
p=0, (9.33)

Thus p and p are p = 0, p = 0 therefore the energy-momentum tensor is zero.
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10. conclusions

In this paper, we investigated the LTB solutions for (3.1) containing dust with p = 0. We
have obtained the R(t,r) and S(¢,r) with considering establish a new solution of R,, = 0. Our

solutions show that two dimensional subspace F' has constant Ricci curvature.Then, we compute
the covariant derivative Einstein tensor and show that it is not conserved in the Finsler spacetime.
Moreover, we obtained the Kretschman scalar for the considering anstaz. Finally, we determined K
singularity is at R = 0 and we showed one example. Singularity theorems have been one of the most
important developments in the theory of classical general relativity . Also, we consider an ansatz of
the Schwarzschild metric and we show results of vacuum solution are different from of [8].We consider
Weyl tensor and we conclude that the Finsler metric is the Ads Schwarzschild and conformally flat.
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