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1 Introduction

Convex functions play an important role in different areas of mathematics such as theory of optimization, probability
and inequality [3, [7, 25]. Convexity is generalized in many aspects, thus, different convexities appeared [4 [5 @, [19]
32, 1341, 137, 38]. For example, Godunova-Levin convex functions, B-convex functions, B~!-convex functions, s-convex
functions, p-convex functions, etc. [4,[0,32]. Many studies have been done on these convexity classes. One of the studies
on these functions is to work on inequalities. Many studies on the inequalities based on convexity types have been done
so far. Some can be seen in [2 [6] [1T], 12} [13] 141 2], 22] 23] 24], 30} B5L [36, [39] and references therein. There are many
studies on integral inequalities involving the products of different convex functions|[10} 16} 18| 26] 27, 28] 29, 30, [31].

In this paper, Hermite-Hadamard type inequalities are obtained for the product of s-convex functions in the fourth
sense, which is one of these classes.

The s-convex function in the first sense was defined in [28], the s-convex in the second sense was introduced in [§]
and the s-convex function in the third sense is studied in [33]. Besides, the s-convex function in the fourth sense is
given in this work as follows[15].

A real-valued function f: I — R is said to be s-convex function in the fourth sense if the inequality:

FOz 4+ (1= XN)y) S AT f(2)+ (1 - N7 f(y) (1.1)
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holds for all z,y € I and all A € [0, 1], for some fixed s € (0,1] .

The classes of s-convex functions in first, second, third and fourth sense are denoted by K}, K2, K2 and K2
respectively. It can be easily seen that in the case s = 1, each type of s-convexity is reduced to the ordinary convexity
of functions.

Remark 1.1. If f: I — R is s-convex function in the second sense, then f(z) > 0 for all z € I. Some can be seen in
[8] and references therein. If f : I — R is s-convex function in the fourth sense, then f(z) <0 for all z € I.

Indeed, by taking A = p = % at the inequality it turns to the following inequality

THY) fl@) + fly)

F—= 51

(1.2)

Then accepting y = x in (1.2)), it can be easily seen that the s-convex function in the fourth sense satisfies f(x) <0
for all x € I.

If f: I — R is a convex function, then the following inequality holds:

f(a;b)s

where a,b € I with a < b. This inequality is known as Hermite-Hadamard inequality. This famous integral inequality
is generalized, improved and extended by many mathematicians [6, 14} [39].

fla) + £(b)
2

x)dr <

Let f : I— R_ be s-convex function in the fourth sense and integrable on [a, b], then the following inequality holds:

f(“+”)< ! /b J@)dr < = [f(@) + 1) (1.3)

for s € (0,1] [20].

Both the inequalities hold in reversed direction if f is concave on [a,b]. Let us give some notations that we will
use in this paper. Throughout this paper R = (—o00,0), R} = (0,00), R_ = (—00,0), I = [a,b], a,b € R with a < b
will be considered. We also recall that the Beta function,

1
/t”” Yi—tytdt,  Blay) =By, )
0

for z,y > 0.

2 Main Results

In this section, some inequalities involving the products of the functions belonging to different s-convex classes in
the fourth sense are obtained. Some upper bounds and lower bounds are obtained for the average value of the product
of these functions on a closed interval of real numbers. Also, some inequalities related to the image of midpoints of
the interval are given. Moreover, some inequalities for the double and triple integral of the products are presented.

Theorem 2.1. Let f,g:[a,b] - R, and fg be integrable on [a,b]. If f € K} and g € K2, then

5182

1 1
> —M 1+ —,1+— | N 2.1
bia/f D> T 0,0) 45 (14 1 ) Nad) (2.1)

where M(a,b) = f(a)g(a) + f(b)g(b) and N(a,b) = f(a)g(b) + f(b)g(a).
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Proof . Since f is sj-convex in the fourth sense and g is sg-convex in the fourth sense on [a, b], we get

flta+ (1—1)b) <t f(a) + (1 — )7 f(b), glta+ (1—1)b) < t7= g(a) + (1 — )7 g(b).

We know that f and g are negative, since f and g are s-convex functions in the fourth sense. So, we can write the
following inequality;

flta+ (1= Ob)gta+ (1= 1)p) = (¢ f(a) + (1= )7 [(0))

If we integrate both sides of this inequality in the interval [0, 1] and consider the properties of the Beta function, the
following inequality is obtained,

1
5152

St (= Op)g(ta-+ (1=t = 2 [1(a)g(a) + FB)g(0)
FBL+ 1+ ) [f(@)g(b) + FO)g(a)], (2:2)
and by substituting x = ta + (1 — )b, it is easy to see that
1 1 b
/f (ta-+ (1~ )h)g(ta+ (1 — )b)dt = -—— /f(m)g(a:)da:. (2.3)
0 a

By combining (2.2]) and (2.3]), we get the desired result. [J

Corollary 2.2. If we choose s;1 = s3 = 1, then inequality (2.1)) reduces to the following inequality

/ F@)g(2)dz > M(a b) + N(a b). (2.4)

b—a

In [30], Pachpatte used the idea of product of functions for nonnegative convex functions to establish the inequality
and got the reverse of inequality (2.4]).

Corollary 2.3. If we choose s1 = s = s, then inequality (2.1) reduces to the following inequality

bia/f R)de > o5 M(a,) + 51+ +2,14+ D)N(a,b)

In the next theorems, M (a,b) and N(a,b) are the same as in Theorem

Theorem 2.4. Let f,g:[a,b] - R, and fg be integrable on [a,b]. If f € K} and g € K2, then

827

s1—sysptso

)2 o

X <8182+B(1+1,1+1)>. (2.5)

S1 + 5182 + S2 S1 S2
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Proof . Since f is sj-convex in the fourth sense and g is sg-convex in the fourth sense on [a, b], we get

f<a—2i-b> :f(ta—l—(;—t)b+ (1—t;a+tb)

< <;)Sl(f(ta+(1t)b)+f((1t)a+tb))

<(3)" (Fra-0%) uo+ 1),

and

g<a42rb> :g<ta+(;t)b+ (1t;a+tb>

< (;) N (g (ta+ (1 —t)b) +g((1 —t)a+1tb))

1

< (2) (1% + 0= 0%) (40) + gla)) .

If we multiply two inequalities side to side, then we get the following inequality,

(55(5) 2 (5) (v 0h) (0 0%)
x (fa)g(a) + f(b)g(b) + f(a)g(b) + f(b)g(a)).

If we integrate both sides of the inequality over the interval [0, 1], we get

f < i b) g ( i b) > (1) T faata) + FO)90) + H@)a(®) + Fata)

2 2 2

/1 A h) (0 gh)a
0

< > s1—8182+s3
S18 1 1
( 2 +6(1+,1+S)>.
2

X

M(a,b) + N(a,b))

N |

X

s152
S$1 + S182 + 82 S1
O

Corollary 2.5. In Theorem [2.4] if we choose s; = s3 = 1, then inequality (2.5) reduces to the following inequality,

) e

Theorem 2.6. Let f,g: [a,b] = R, and fg be integrable on [a,b]. If f € K} and g € K , then

s1+s1sots b b
/f d$< 5152+2f at g a+
—a 2 2

5182 1 1
——— = N(a,b)— 1+ —,1+ —)M{(a,b). 2.6
— T N(a,h) = A1+ 1 1+ )M (a,h) (26)

Proof . Since f is sj-convex in the fourth sense and g is sa-convex in the fourth sense on [a, b] and using inequalities

f(“;”) < (;);1(f(ta+(l—t)b)+f((1—t)a+tb))
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and
(‘“2”)> < (;) P (g (ta+ (1= 1)) + g ((1 - t)a + tb))
we get
ek
F(50)a (502 (3) TGt a-on s -asm)
(g (ta+ (1 — 1)) + g (1 = t)a + b))
1\t
> <2) (f (ta+ (1 — )b)g(ta+ (1 — )b)
FF((1=t)a+th) g (1 — t)a + tb)

1\ stss
= (2) (f (ta+ (1 = t)b)g(ta + (1 — t)b)
+ f(1=ta+th)g((1—-t)a+ tb)
+ 47 (1 - 1)% f(a)g(a) + (1 — )7 % f(b)g(a)
+tﬁ+$f()®%+t41*ﬂ F()g(b)
+ % (1~ )% f(a)g(a) + 7% f(b)g(a)
(L= )7 fa)g(b) + 47 (1= ) F(b)g(v))

We integrate both sides of this inequality over [0, 1] and obtain

atby (atbd 1\ HHEHL g
f( 2 )9( 2 )2<2) /f(ta-‘r(l—t)b)g(ta+(1_t)b)dt

+(1)*+é([s“”[fmmw»+ﬂwmw1

2 S1 + 8182 + So

4¢U+;£L+;Hﬂwﬂ®+f@ﬂwﬂ
+[5“”[ﬂwﬂw+fwmwn

S1 + 5182 + S9

m1+11+1>u<><>+f<><ﬂ)

52
1

) / f(ta+ (1 — t)b) g(ta + (1 — t)b)dt

0

N7 a8 1 1
(2> N(a,b) + 28 <1+81,1—|—82) M (a,b)

+
S1+ 8182 + $9
1 + +1 S182
_ 4+ ——=  N(a,b
2) (b—a/f 51+ 5152 + 59 (a,0)
1 1
+6(1+ —, 14+ —)M(a,d) | .
S1 S92

The proof is complete. [



108 Kemali, Evcan, Isik, Adilov

Corollary 2.7. If we choose s;1 = s3 = 1, then inequality (2.6 reduces to the following inequality

7a/f 2)dx <8f(a;b)g<a;b> —%N(a,b)—%M(a,b).

Corollary 2.8. Using the inequalities (2.1) and (2.6]), we have the following inequality

b
5182 1 1 1
—= M(a,b 1+ —,1+— | N(a,b) < d
$1 + 8182 + S2 (@ )+B< +81, +32) (a,) < b_a/f(z)g(x) *
s1tsysgtsy a+b a+b
2 sis
< (1) (55)
S 552 N(ab) — B+ 14 )M (a,b) (2.7)
81+ S182 + 82 ’ s1’ S2 e '

With this inequality, ﬁ

8 —o

f(@)g(z)dz is bounded. Also, if we take s; = so = 1, the inequality reduces to the

following inequality,

M(a, b)+6N(a b) <7/f 2)de < 8f <a+b>g(a+b>—1N(a,b)—1M(a,b).

2 2 3 6
Theorem 2.9. Let f,g: [a,b] = R, and fg be integrable on [a,b]. If f € K, and g € K , then
b b 1
1///ft:wr (1—ty)g(te + (1 — t)yy)dtdyde > ——— 2172 @)s152 /f
2 v)9 y 4 81+8182+52
a a 0
1 1 (b—a)
F8 (1 ot ) ey M@ B) + N b)) 2.8
5 2) e i) + o) (28)

Proof . Since f is s1-convex in the fourth sense and g is ss-convex in the fourth sense on [a, b], we get
fE+L 141
fta+ (1= t)y) glte + (1= t)y) > 7% f(2)g(x) + (1= ) % f(y)g(y)

1 L

ﬁ(l 1) f(a)g(y) + 72 (1 — )71 f(y)g(a).

We integrate both sides of this inequality over [0,1] and obtain

+

/ F e 4 (1= 0yy) gltw+ (L= )t > 2 [f(x)g(2) + [(1)g(v)]
J S1 5182 S92
FB 14 ) [F)gly) + )g(a).

We integrate both sides of this inequality on [a,b] X [a, ] and obtain

b b 1 b b
[ ][t +a-opgtees - oyyar > 22 / / [F(@)g(e) + 0)o(y)] dyda
0

+B<1+ i ) / / F@)g) + F)ge)] dydz
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:sl+::+32 (/f d$+/bf(y)g(y)dy>
+6<1+1+ )((/f )(/ (y)dy)

() )

From inequality ([1.3]), we have the following inequalities,

b
1 S1
dx <
b—a/f(x) T3 +1

In inequality (2.9)), using the above inequalities the following inequality is obtained

b

[ a@de < 2110 + 70,

[f(a) + f(0)],

a

b b 1
//O/f (tz + (1 = t)y) gtz + (1 — t)y)dtdydzx

a a

2(b— 1 1
S 2b-a)sisy. a)sise /f dx—i—ﬂ( +,1+>
S1 + 8182 + 8o S1 52

(0= 0 G sy (@ + 10D 0@ + 9(0)

S$182

(b—a) 1 1\ 2(b—a)’siso
- w5 (1 S 14— )
S1+8152+82/f ! 5( )( 1+ s1) (1+s2)

(b a)? (f (@) + 7)) (ga) + g<b>>)

x (f(a)g(a) + F(b)g(b) + f (a) g(b) + f(b)g(a)) .

O

Corollary 2.10. If we choose s; = s = 1, then inequality (2.8]) reduces to the following inequality

b 1

b 2
///f(ta:+(1—t)y)g(tm+(1—t)y)dtdydx> /f 2ydo + U 12“) (M(a,b) + N(a,b)).
a a 0

Theorem 2.11. Let f,g: [a,b] = R, and fg be integrable on [a,b]. If f € K}, and g € K

S27

b1
a+b a+b 5182 /
t 1—1¢ t 1—1t dtd
//f(x—i— ) 2 )g(m—l—( ) 2 ) 2 (S1—|—$182+82 flz
0

a

then

Jr[]\4(a,b)+]\f(a,b)]{[3( +i1 1+ 1)

S9
51 2525;1 + 82 2515;1
1+81 1+82

2s1sp—sg—s
+(b—a)2 BT L B (2.10)
S1 + 8182 + S9
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Proof . Using convexity of f and g, we have

f(m+<1—t>“‘§b)g(m+<1—t>“‘§b) > it <x>g<x>+<1—t>sﬁ+szf(“b)g(“b)

2 2

(- 1) flag (“§b> Ly (““’) 4(a).

We integrate both side of this inequality over [0, 1] and obtain

1
b b
/f(tsc—F (1—1) ;r )g(t:c+(l—t) ;r )dtz
0
S182

S182 a+b a+b
> T)+
_51+5152+52f($)g() S1+S182+82f( 2 )g< 2 )

a+b a+b
+B<1+811,1+812)f< ; )g(x)+ﬂ(1+812,1+811>g< ;r )f(:c).

Now integrating both sides of this inequality over [a, b], using the inequality (1.3)), the s-convexity in the fourth sense
of f, g we observe that

/b f(m+ 1—t)a;b>g<tx+(1—t)a;b)dtda:

s (s (552)o

+B<1+811,1+812> (f (a;rb> /bg(z)dxﬂtg(a;b)a/f(r)dx)
(

b
> _ %182 / a+b g
T 81+ 5182 + S9 2

o—__

5152

b
ST (/f(x)g(x)dﬂf +(b—a)27 = ((fa) + £(b) (9(a) + 9(5))))

— 2 [ (s

81+ s152 + S2

1 1 Sl sg—1 82 s1—1
M(a,b) + N(a,b)] |B(1 + —, 1+ — 27 2
+ [M(a,b) + N(a, )}[ﬁ( +$17 +82)<1—|—81 ’ +1+52 1>

F(b—a) — 12 o7

3132 25189 —89—381
51+ 8152 + 52
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O

Remark 2.12. In Theorem if we choose s; = so = 1, then inequality (2.10) reduces to the following inequality

/b/lf<t” (=052 ) g (ta+ 0= ) dbdo > ;/bfu)g(w)dx
0 a

a

2(b—a)+1

- 6

[M(a,b) + N(a,b)].

Theorem 2.13. Let f,g: [a,b] - R, and fg be integrable on [a,b]. If f € K and g € K3 , then

M(ab)+ﬂ< +11+1) _a/f

b

5182
S1 + 8182 + S2

1 1

S [le-2% 1@+ @ - 0% 1) gtz

b

1 1 1
— b—z)s1¢g(a z—a)s2qg(b z)dzx. 2.11
+(b—a) = a/[( )erga) + ( ) 9()}]“() (2.11)

Proof . Since f € K2 s 9 € K , we have the following inequalities,

51 f(a) + (1 — 85T f(b) — f(ta+ (1—t)b) > 0
and ) .
tzg(a) + (1 —1)*2g(b) — g(ta+ (1 —t)b) > 0.
If we multiply two inequalities side to side, then we get the following inequality,
(75 1(@) + (1= 7T 1)) (£ ga) + (1= )72 g(b)) + f(ta+ (1 = )b)glta+ (1 - £)D)
> (7 f(@) + (L= )7 (1) glta+ (L= 1)) + (¢ g(a) + (1 = )Fg(8) ) f(ta+ (1 - t)b),

Integrating the above inequality with respect to ¢ over [0, 1], we get

(75 s (@) + =07 ) (15 g(@) + (1 = )5 g

o—_ _
\_/

1
dt+/fta+ (1 - t)b)g(ta + (1 — t)b)dt
0

zo/(t-ﬁf(a)Jr(lt)Slf(b)) g(ta+(1t)b)dt+0/ (ﬁg(a)ﬂut)sg(b)) Flta+ (1—t)b)dt.

(2.12)

Directly computing, we obtain

o—__

(tﬁf(a) +(1- t)ﬁf(b)) (tig(a) +(1- t)ig(b)) di

1

(t 5 fla)g(a) + (1 — t)ﬁ+$f(b)g(b)) dt

+ [ (Fra—07% fapg®) + 1 =7 % fb)ga) ) at

/
/
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5152

=— "1 (f(a)gla) + f(b)g(b))

S1 + 8182 + S9

FB+ 1+ ) (F@)g(b) + T Blgla)
5152 1 1
= T e w5 (@) + B+ 14 )N (a,d)

and

and

- bia/b ((Z_Z)“gg(m (j_j)%(b)) f(@)de

= (b_l)pr; / ((b — x)i g(a) + (x — a)% g(b)) f(z)dz,

Substituting (2.3), (2.13)), (2.14)), (2.15) in (2.12), we get the desired result. O

Corollary 2.14. If we choose s; = so = 1, then inequality (2.11]) reduces to the following inequality

FM(ah) + GN@b) + o [ f@gade > 5= [(0=)f@)+ @ = ) 0) gla)ds

((b—x)g(a) + (x — a)g(b)) f(x)da.

3 Applications

(2.13)

(2.14)

(2.15)

We consider the application of our theorems to special means as well as beta and digamma functions. Let us recall

the following means for positive real numbers a, b.

Let a, b, p be positive number with a # b and p # 1,

A(a’ b) = = —2|_ b>
a’ + b\
My(a,b) = ( 5 > ,
{ a , ifa=b
Ly(a,b) = wp_pp \ L/ (P~D)
(710(&47)) , else

are called Arithmetic mean, Power mean and Stolarsky mean (Generalized logarithmic mean) respectively.
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Proposition 3.1. Let a,b € Ry with a < b. The inequality holds:

Sk
My (ab)]

5152 T S1+ 8182+ S92

$152
s1ts2 25189
l:L51+5152+52 (a, b):| > |:
1 1

52 S1

1 1 2 52 1
+2ﬁ(1+,1+)Gs21(a,b> [Mifi(a,b) 2 .
S1 So

Proof . The assertion follows from Theorem ﬂ applied to s-convex functions in the fourth sense f(x) = —2% and

g(z) = _CU%, x € [a, b
b
o | () (e i () () + (49) (49)
+8 <811 + 1,8—12+ 1> ((faﬁ) (4;%) + (—ai) (4&)) '

After simple operations, the following inequality is obtained,

(b +3+1 o)

> B (e k)
(b—a)(i—i—i—&—l) 51+ 8152 + 82
S1 Sa
1 1 11/ 11 11
—, J— as1bs1 sg 81 as2 s1 3 .
+6(1+ 1+ ) b (b + ) (3.1)
S1 S92

O

Corollary 3.2. If we choose s1 = s = 1, then inequality (3.1]) reduces to the following inequality,

[N

1 1
[L3(a,b)]? > gM(aJ)) + EN(a,b)7
where M (a,b) and N(a,b) are the same as in Theorem [2.1

By means of Theorem we can find an symmetric upper bound function for beta function.

Proposition 3.3. For u,v > 1,

8 (u,v) < U+ v <(2u+v+1_1)(v+1)(u+1)(u+v+1) _2>.

2uv (u+v+2)(2u+2v+uv+2)

Proof . Assuming f(z) = —2°1 and g(x) = —.Z‘i, we apply Theorem on [t,1] with 0 < ¢ < 1 and have

s1—s1s2+ts2

1 1
I A A S ART) 1 *1°2 T LU 5182 1 1
-t RIS R 14 t5 455 4+ t5 ) L B— 14+ —14+—)]).
( D) ) < 9 ) _(2> <+ 14 ts2 41 s2 <31—|—8182+82+I8( +81 +82>>

Integrating both sides with respect to ¢t on [0, 1], then, making some simplifications and using symmetry and following
property of beta function

Blu+1,v) = Lﬁ(u,v),

u—+v
we have
RN
(s1+1) (s2+ 1) (27575 — 1) 5159 | 11
> + ——
2(s1 + s2 +25182) (281 + 282 + 28189+ 1) — s1+ 8182+ 82 (81 + 82)(81 + S182 + $2) <31 82)

Replacing i =u andé = v yields to

utv (2T 1) (v+ 1) (u+1) (u+v+1) )
(u+v+2)(2u+2v+uv+2) a

B(u,v) < (3.2)

2uv

for u,v > 1. 0O
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Corollary 3.4. In Proposition if we choose u = v, then inequality (3.2]) reduces to the following inequality,

122 1) (u+1)(2u+1)
ﬁw””<< 2 (du+ u® +2) _2>'

U
Also, using the Theorem given in main results, we can obtain some inequalities involving digamma function.

Proposition 3.5. Let u,v > 1. Then

1 1 1
v > D
(40) 492 o+ B ko 1) (41
where U(u) is digamma function, i.e.
U(u) = M) for u >0
 T(u)

and ~ is Euler-Mascheroni constant i.e. v & 0.5772156649.... Moreover,

1 4u—-1) /u u
W)tz = (Gg)

for u > 4.

Proof . Let us write ¢ = § and simplify the expression in (3.1). Then we have

_ ettt
5159 1—ts1 "2 > 5159 (—ti> (—ti) 41
S1 + 8152 + So 1-—1t S1 + 8182 + S2

1 1 a1 EN
+6(1+71+>(w1+wﬁ.
S1 S9

Let us integrate the expression with respect to ¢ on [0, 1],

/11—15 L +1 !

t > S1 82 +1 dt
ez [ (¢
0 0

1
1 1
+B<1+71+> 51+5182+82/ 51—|—t52 dt,
51 52 S182

0

hence, this inequality is obtained

1— + +1
/ ts1 dtZ 5152 +1
1—1t S1 + 8182 + So

1 1)\ s1+s182+s S s
+ﬁ0+@’1+s> o 2( — o+ 2).
1

2 5189 1+ 51 1+ s9

0

Using the following integral representation of digamma function

1 1
1— ¢
S -
/ 1—¢ K
0

where r > 0. We have

1—tortastl
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The substitution u =14 ;- and v = 1 + - above yields to

1 1 1
v > D (=+=)+1
(u+v)+7_u+®_1+ﬁ(u,v)(u+v )<u+v>+
for u,v > 2.
In case s; = so = s, we have u = v. Then
1+2 2(2u —1
U(2u) +v > i u—!—ﬁ(u,u)L
2u U

for u > 1. Changing 2u to u gives the desired result. [

For more information about the Digamma function, see [I][I7].

4 Conclusion

In this study, by taking two functions from class K2, integral inequalities containing their products are obtained.

While obtaining these inequalities, the convex properties of the functions and Hermite-Hadamard inequality are used.
In addition, an upper bound function for the Beta function and a lower bound function for the Digamma function
were obtained.

Researchers interested in this topic can do a similar study for different function classes.
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