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Abstract

The main goal of this article is to present some new refinements of the generalized classical Holder’s inequality. As
applications we present some refinements to several inequalities for the (g, s)-Polygamma functions, the s-Extension
of Nielsen’s S-function, the derivatives of the s-Extension of Nielsen’s S-function, the extended Gamma function, the
r-Gamma functions and the r-Riemann Zeta function.
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1 Introduction

Let (2, F, 1) be a measure space (u is a positive measure) and f,g : Q — C on  are two measurable functions.
One of the most basic inequalities in Mathematics is the so called Holder’s inequality, which states

[1ssianor < ([ Iflpdu(t)>1/p (f |g|%lu<t>)l/q (1)

for all p,q > 1 with z% + % = 1. The renowned inequality of Hoélder |i is well celebrated for its beauty and its
wide range of important applications to real and complex analysis, funcfional analysis, as well as many disciplines in
applied mathematics.

Let n > 2 be any integer. Holder’s inequality (1.1)) can be generalized to the case involving n functions as follows.

Theorem 1.1 ([2]). [Generalized Holder’s inequality] Let fi, fo,..., fn be p-measurable functions such that fj €
LPx(p), for all k =1,...,n, and let p;, > 1, such that > ;_; pik = 1. Then we have [[,_, fx € £* (1), and

[ T s@ian < T [ 1epano) ™ (12)
Q=1 k=1 7%
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Many generalizations and refinements have been obtained for the generalized classical Holder inequality. See, for
example [I1I] and the references therein. In [I2], Y. I. Kim obtained the following refinements and generalizations of
the generalized Holder’s inequality as follows:

Theorem 1.2. Let g : [0,1] — (0,+00) be defined as in (1.4). Then for 0 < ¢; < t3 < -+ < ¢ < 1, we have the
following refinement and generalization of the Holder’s inequality for the integral form:

b n n b Pl
9(0) =/ (H fk(w)> dr <g(t) <---<g(t) <g(1)=]] (/ f;fk(w)dl) : (1.3)
@ \k=1 k=1 @
where
1t 7E
n b n ;
s =11 | [ (II5@] el . (1.4
k=1 @ \j=1

Moreover, the function g satisfies g(t) > 0 for all ¢t € (0,1) and is convex, that is, ¢”(¢) > 0 for all ¢ € (0, 1).

The rest of the present paper is organized as follows. In the next section, we will present some new refinements of the
generalized Holder’s inequality. Once we show our main inequalities, we will present some applications that include
new refinements of some inequalities for certain special functions.

2 Some new refinements of the generalized Holder’s inequality

In this section, we present our main new result concerning the generalized Holder’s inequality. First, we list the
following lemma and theorem that we will need in our analysis.

Lemma 2.1 ([6]). Let n and m be two integers and let a; € RT. Set ig := m, i, := 0 and
A= {(ila-~-7in—1) OSZk Sik—h 1 S ]CS’I’L—I}
Then, we have
n m
(Z Vkak> — Z CAViO*hV;l*lé Vin_17ina2ia*i1aélfi2 aln—1""n
R 7 .ooay ,
k=1 (i1sersin—1)€EA

where, Cy = (“) e (i””), the (Z’;;l) is the binomial coefficient.

i2 in—1

Theorem 2.2 ([6]). For k =1,2,...,n, let a; > 0 and let v, > 0 satisfy Y ,_, vx = 1. Then for all integers m > 1,
we have

n n
Ha,';’“—f—rgl E ap —n’"
k=1 k=1

where 1o = min{y, : k=1,...,n}.

i\m
Moreover, if we set U, := (ZZ:1 l/ka,;”) , then {U,,} is a decreasing sequence and we have

n
lim U, = H arx.
k=1

m—o0

Concerning the generalized Holder’s inequality, we establish the following result.
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Theorem 2.3. Let n be a positive integer and let f1, fo, ..., fn be p-measurable functions such that fi € LP*(u), for
all k =1,...,n. Then for all integers m > 2, the inequalities

/Slg|fk<t>|du<t> " nrerkaupk(l—H||fk||fAH|fk<t>|%du<t>)
< CAmHkaH /Hl WO de)

(i1ymvin_1)€A  P1

< TT el

k=1

holds for py > 1, such that Y, _ 1 pe = 1, where 7o = min{pik ck=1,...,n}.

Proof . Choose for k =1,...,n, ap = Iﬁ’}itl)lfkk and v = pik. Then by Theorem we have
J15F

|Pk |Pk

VTGN NG ")
oy felle ankn H A

(32 LIBOIEym s 1l

=P || Sl = pr [ xllbe

Therefore, we have

/{2]}1|fk(t)|du(t) v nrg@ﬁufkupk( H||fk||pk /Hm % dutt))
f[ Il (] Z L ):)mdu(t)> < TL 16
k=1 k=1

1 PR Sl

It follows that by Lemma

Hufknpk(/ (3 LB )
k=1

Pl || el

1 n 1 PrCE—ik—1) - Pr(ik—ik—1)
= 2 Cammrn e 7 /H|f’f(’5)| T ().
--Pn k=1 Q1

(i1,ein-1)€A  P1

This ends the proof. [ For the discrete case, we have the following theorem concerning the generalized Holder’s
inequality for sums.

Theorem 2 4. Let n, N be two integers and {Q;} C R, where k =1,2,...,nand j =1,2,...,N. Let p; > 1, such
that >, _ 1 3 = L, Then the inequalities

e i T () (- TS

j=1 k=1 k=1 j=1 j=1 j=

< ) CAmﬂ(

(i1sevin-1)€A P -Pn k=1 j=1

T (S @)™,
k=1

") Y o)

k=1

=

1 Gp—ig—1)

N n P (i )
™ Prig—ig—1) % 1
S o

=1k=1

<.

is valid, where rg = min{i ck=1,...,n}.
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Proof . The inequality is obvious if Zjvzl |Q; x|P* = 0 for each k. So we assume Ej\;l |Q; x|P* # 0 and let for
k=1,...,n

ap = Dkl
S 1Qy kP
and v = pik Then by Theorem E we have
[Tio1 1Qinl Lo zn: Qi ﬁ |Qjo [P
1 0 N N
T (055 1QixlPr) 7 = Qs i e Qs i

< (Zn: . N|Qj’k “

m, 1
=1 Pk (Zj:l @y [Px)

TS Quul
) <y —

= PR D QP
By adding these IV inequalities, we obtain

9]

-1

Q| + mé”ﬁ(ZlQ oK ( If[(i|c2j,kpk)”iﬁ|@j,kﬁf‘)

=

=1 k=1 k=1 1 j=1 G=1 k=1
k| ™
§H<Z|ka|pk>pk (Z = >
k=1 j=1 k=1 Pk ZJ 1|Q37
n N
<1 (S o)
k=1 j=1

It follows that by Lemma

(S @) (S it )

k=1 j=1 = PR

N 1 Uk —ig—1)

n N N . Z 1
- Z CAW H (Z‘Qj,ﬂpk)pk m ZH |le|mc(k k— 1).

1
(i1,yin_1)EA 1 Pn k=1 j=1 j=1k=1

This ends the proof. [

3 Applications to refined certain inequalities for serval well-known special functions

In this section, we apply Theorems and to refined some inequalities for the (g, s)-Polygamma functions, the
s-Extension of Nielsen’s S-function, the derivatives of the s-Extension of Nielsen’s S-function, the extended Gamma
Function, the r-Gamma functions and the r-Riemann Zeta functions.

3.1 Refinements to the Turan-Type inequality for the (g, s)-Polygamma Functions

The (g, s)-analogue of the Gamma function, I'; s(z) is defined for > 0, ¢ € (0,1) and s > 0 by the following
equality (see [B], [7]) and the references therein).

gk+Ds

Fq,S(I) 1 7q 7—1 H ks—i—m ’

and the (g, s)-Polygamma functions, wéf\sf) (x) are defined as follows (see [§]).

¢é{\sf)(x) N+1 Z

ks N ks;v
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for N € N, where the function
ks:z:
5+1
55( ) Z 1 _qké

is defined for all number $ > 1 and for all positive number x > 0.

K. Nantomah in [9] proved the following Turan-type inequality involving the function wé{i) ().

Theorem 3.1 ([9]). For k=1,2,...,n,let p, > 1, > _ 177 =1L nk € Nand S 1 5= € N. Then the inequality
(Cior 55 (x| T (o m
g T (Z—xk) < I (5w @) ™, (3.1)
k=1 P¥ k=1

holds for z; > 0.

By using Theorem we obtain the following refinements of the inequality (3.1)).

Theorem 3.2. For k =1,2,...,n,let p, > 1, Y7, ﬁ =1,my€Nand ) ;_, 2 € N. Then for all integers m > 2
and zx > 0, we have

i1 Pk
n 1 n —Pi n I
e T (w2 @0) ™ 1= TT (4 @0) ™ e, a0 (2 )]
k=1 k=1 k=1
1 L " P " (i —ig_1)Th
© Y i T () T, i (30 B
(i1in_1)eA  P1T+Pn k=1 1
n 1
<l ()
where rg = min{pik, k=1,...,n}.
(ng+1) (ng) Jszg
Proof . To apply our Theorem (2.4, choose @, = [Ing] "k (ks) lpk 2% for k = 1,2,...,n. After some easy
(1_q.7S)Plc

computations, we have the following equalities
(o] 1

kli(Z@jMp’“)p ﬁ( P (2, 2 >a7

3=

i = (05 (@, 2)) "

and

+oo n ( n "7k) n 1
Z‘HQ%’C’:%LS]“J o (Zﬁxk’z)’

G=1 k=1 k=1
N n n x
i k
> IIQin™ =&, %)(Z g)’
J=1 k=1 k=1

400 n n

P (i — ‘k 1) - (ik — ik—l)xk>
Z H |Q] T 6(2775:1 Gk —tp—1)"k ) ( m :

j=1k=1 " k=1
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By virtue of Theorem [2:4] we have

k=1
n 1 n pk -
et TT (v e0) ¥ 1= TT (0 00) ™ 60 (522)]
k=1 k=1 =
< > CAM*T,E (v @) kf@zlw“)(k—l’w)

<1 (s w0) ™.

This ends the proof. [
3.2 Refinements to the s-Extension of Nielsen’s g-function inequality

We recall that [§] the Nielsen’s S-function is defined by

t* 1
6(1:)—/0 1+tdt’ x> 0.

The s-Extension of Nielsen’s S-function [8], is given by,
121
s = dt7 > 0.
bol@) /O 1+t "

K. Nantomah et al. [8] proved the following theorem involving the function S(x)

Theorem 3.3 ([8]). Let p,q > 1, be real numbers satisfying % + % = 1. Then for all real numbers x,y € (0, 00)
. 1 1
B+ 0 < (B) " (8) "

By using Theorem we obtain the following inequalities, of the s-Extension Nielsen’s S-function

n with ZZ 1 pi =1 and zy > 0. Then for all integers m > 2, we have

(3.2)

Theorem 3.4. Let pp, > 1for k=1,2,...,

(X ) + o TAF (- T1o7 (3 1))

k=1 ) k=1 k=1
1 L i ig—1 - (i 1 ).’L‘
)i- i E— lk—1)Tk
< Y Cam e [ el A T)
(i1yeosin_1)eda P1 "-Pn k=1 k=1
L
< H 65“ (xk>
k=1
where, g = min{pik_, k=1,...,n}.

To apply our Theorem [2 . we set  := (0,1) and take the measure du(t) : (t+1)dt Then we choose

n. So we have the following equalities:

/ r_[ i) = .3 L),

Proof .
Fult) =tomn, for k=1,2,...,

k=1
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[ TL i ano = s.(

P =1 k=1

)

felly, = [Buta)] ™

and

lﬁi”“m%%*”EMﬂ=&(§f”_ﬁ4m%.

k=1
By virtue of Theorem we have

Bs(;plk nrg' ﬁ Bs* (xk)(l - ﬁ B («Tk)/Bs( %m))

CUk) +
< > CA%H@(M)P%&( w)

(i1,rin_1)€A P11~ -Pn k=1 k=1

<11 BT ().
k=1

n

3
3

This ends the proof. I

3.3 Refinements of inequality involving derivatives of the s-Extension of Nielsen’s 3-function

The derivatives of the s-Extension of Nielsen’s S-function [§], is given by,

—xt

P e
ﬁg )(x)_ N /0 1+67tdt’ x> 0.

K. Nantomah et al. [8] proved the following theorem involving the function Ss(x).

Theorem 3.5 ([8]). Let N be a positive integer and let p,q > 1, be real numbers satisfying % + % = 1. Then for all
real numbers z,y € (0,00),

BME +8)| < RSO (3.3)

(V)
i) SR G

By using Theorem we obtain the following inequalities, of the s-Extension Nielsen’sg-function.

Theorem 3.6. Let pp > 1 for k =1,2,...,n with 22:1 pik =1 and zy > 0. Then for all integers m > 2 and N > 1,
we have

59”(2 iﬂt‘k)‘ + nrg H ‘ﬁgm(%) & (1 - H
k=1 k=1

ks 1
< Z CAW H BgN)(xk)‘

(i1yoin_1)eA D1 -Pn k=1 k=1

0|93 2 )

ik
m

=1
BéN)( - (ik—ikq)wk)‘

m

where, 7o = min{pik, k=1,...,n}.
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Proof . To apply our Theorem we set ) := (0, +00) and take the measure du(t) := Wie,”dt. Then we choose
fe(t) = £ , for k=1,2,...,n. Then we have the following identities:

[ T s = |55 )|

k=1

(% 5

k=1

/H|fk

1 fkllpe = (k)

‘1/Pk

and

n

B(N)(Z (i — ik—1 xk)‘

k=1

. Pr (i —iK—1)
JTL a0 du
Q=1

By virtue of Theorem we have

— 1 - " " "1
B (S —ar)l + e TT |86 ™ (1= TT |8 (@) \ (fok)\)
=1 Pk k=1 k=1 il
1 n ™) 1_ik :nk 1 ™) n (’Lk . Z'kfl)xk
< Y G V@) B ( TN
(il, jin-1)ea  P1 "-Pn k=1 k=1
ﬁ(N) ﬂ%

This ends the proof. 0

3.4 Refinements to the extended Gamma Function inequality

In, 1994, Chaudhy and Zubair (see [3]) introduced the extended gamma function by setting
+oo .
Iy(z) = / t*lem Wt at, R(z) >0, we (0,+00).
0

M. Akkouchi and M. A. Ighachane [1], proved the following theorem:

Theorem 3.7 ([1]). Let p,q > 1, be real numbers satisfying zl) + % = 1. Then for all real number x,y € [0,00) and
all integers m > 2 we have

LEY) < (e )] o)

p q
m—1 i L .
;(vi)pkq )}p Q{Fw(y)]q (m>><rw<:1$+(mmk)y>

< [l ]

+

1
q

By using Theorem we obtain the following inequalities, for the extended gamma function.
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Theorem 3.8. Let p;, > 1for k=1,2,...,n with };_, pik =1 and zy > 0. Then for all integers m > 2, we have

(X
k=1 Pk k=1 k=1
1 i 1Tk - (g — ik—1)Tk
< Z Ca—tii i HFw(xk) PW(Z m )
(i1yrin_1)eA P11 " -Pn k=1 k=1
1
< T[ v (),
k=1
where, 7o = min{ﬁ, k=1,...,n}
Proof . To apply our Theorem m, we set Q := (0, 4+00) and take the measure du(t) := e~ dt. Then we choose
1
fe(t) = tﬁ(x’rl), for k =1,2,...,n. Then we have the following equalities:
/ [T 1At =T (3 L),
Q0 = Pk
[T ) = 1o (3 L)
Q n 7
k=1 k=1
1/pe
illpe = [Putan)] ™
and
/ ﬁ |f (t)|pk(ik7ik71)d (t) T (zn: (Zk — zk_l):vk)
o k ) =1o m .
k=1 k=1
By virtue of Theorem [2:3] we have
r(il )+ mﬁrﬁ( )(1 ﬁri( (S
w — Tk nro w (Tk ( - w (T w( *ka))
k=1 PF k=1 k=1 ="
1 n ip—ig n . _ B
< Y G [P (Y W)
i Py n k=1 k=1

This ends the proof. [J
as

3.5 Refinements of inequality involving of the r-Gamma functions
In 2007, Diaz and Pariguan [3] also defined the r-analogue of the Gamma functions for » > 0 and © € C\ rZ~

+o0 » 1.1 -1
T (x) :/ 7l dt = lim ()
0 n—s+oo (T)n,r

where lim,_,; ', () = '(z) and (), = z(x + r)(z + 2r)...(x + (n — 1)r) is the Pochhammer r—symbol.

In [10], W. T. Sulaiman, proved the following theorem:



274 Ighachane, Akkouchi

Theorem 3.9 ([10]). Let p,q > 1, be real numbers satisfying 1% + é = 1. Then for all real numbers z,y € [0, 00) and
for all r > 0, we have

1
Yy »
) < () (0w) " (3.4)
By using Theorem we obtain the following generalization and refinements of the inequality (3.4)):

Theorem 3.10. Let py > 1 for k=1,2,...,n with Zk 1pn = =1 and zy > 0. Then for all integers m > 2, we have

r (3 ) 4wt [T G (1= JT 07 o (3 L))
k=1 P k=1 k=1 =1
1 n k— k 1 o 7 7 X
2 S k= k—1)Tk
< Y G e n(z MU
(i1yeyin_1)eAa P17 -Pn k=1 1
L
<[]0 (zn).
k=1
where, 1o = min{pik, k=1,...,n}.

Proof . To apply our Theorem [2.3] we set € := (0,400) and take the measure du(t) := dt. Then we choose

fe(t) = ¢ (Pe=1) g ,for k=1,2,...,n. After some easy computations, we have the following equalities
n n 1
Fe@ldu(t) =T, (30 ),
S i

/H|fk )% dut) (Z ).

k=

el . = [T (o)

and

/QHW I “ciu(t):rr(iW)

k=1 k=1

By virtue of Theorem we have

k=1 P k=1 Pl —=mn
1 n 1_71;@—11;@71 n (Zk — ikfl)xk
< Y G D) L ()
(i150sin—1)€EA V251 -Pn kel Pt
nooo
o | X EN)
k=1

This ends the proof. [J
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3.6 Refinements of inequality involving of the r-Riemann zeta function

The r—Riemann zeta function is defined as

Go() = ! /;OO A dt.

et —1

In [I0], W. T. Sulaiman, proved the following theorem:

Theorem 3.11 ([10]). Let p,q > 1, be real numbers satisfying %—i—% = 1. Then for all real numbers z,y € [0, 00) we
have

Q=

LErh (¢@) (¢.w)

1

7 . ' (3.5)
(D(m)) g (Fr(y)) 2 G <% N %)

By using Theorem we obtain the following generalization and refinements of the inequality .

Theorem 3.12. Let pp > 1 for k=1,2,...,n with ZZ=1 é =1 and z; > 0. Then for all integers m > 2, we have

k=1 i1 P
+nrg’ H[H(%)Q(%)]i (1 - H[Fr(xk)g}(;pk)] = FT(Z lxk)Cr( %%))
k=1 Pt £ 2
S Z C 0—11 1171—1 in H[FT(Ik)CT(xk)] -+ ;k :
(i1,evin-1)eA  P1 " -Pn oot}
X]_-\T(ki_l (Zk;—zk 1 l’k) (é i — k1 SUk)

< T ()] 75

k=1

Where, rg = min{pik7 k=1,...,n}.
Proof .

We apply Theorem by setting Q := (0,00) and considering the measure du(t) := dt in (
zp =T
—t " After some easy computations, we have the following equalities
Pr
(et—l

00), choose fi(t) =

and

/H\fk P () = 1 w)g(i@)

m
Qp— k=1 k=
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By virtue of Theorem [2:3] we have

L, ( kz:l pikl’k)Cr ( Z:: pikxk)

3

)

+nry H (k)G () i(l —

k

n

)= (3 F)

1 k=1

n

< Z CA; 1_[[FT(sz?k)Cr(:ck)]1_%_’i’“}f1

iofil in—l_i7
..Pn " ety
n
Zk*Zk 1 xk) (Z U — Tk—1 Zk)

(i1,0sin—1)€EA P
k=1 k=1

n
H 1—‘7 Tk C7 Z’k
k=1

M:

This ends the proof. [J
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