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Abstract

In this paper, we make a start by considering the automorphisms of strong semilattice of π-groups, relating them
to the automorphisms of underlying π-groups. We also provide a condition under which an automorphism of strong
semilattice of π-groups can be constructed.
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1 Introduction

Let Λ be a semilattice and for each α ∈ Λ, let Sα be a semigroup and suppose Sα ∩ Sβ = ∅ for α ̸= β. For every
α, β ∈ Λ with α ≥ β, there exists a homomorphism fα,β : Sα → Sβ satisfying the following conditions:

(i) fα,α = IdSα
for any α ∈ Λ.

(ii) For any α, β, γ ∈ Λ with α ≥ β ≥ γ, fβ,γ fα,β = fα,γ .

The semigroup operation on S = ∪α∈ΛSα is defined in terms of the multiplication in the components Sα and the
homomorphism fα,β (called linking homomorphism) by st = fα,γ(s)fβ,γ(t) for s ∈ Sα and t ∈ Sβ , where γ =
α ∧ β. Then S with multiplication defined above is a strong semilattice Λ of semigroup Sα, and is denoted by
S = (Λ, {Sα}α∈Λ, {fα,β}α≥β).

A semigroup S is said to be a π-group if there exists a subgroup GS of S which is an ideal, and for any s ∈ S, there
exists a natural number n ∈ N such that sn ∈ GS . An element s ∈ S is said to be regular if there exists an element
a ∈ S such that sas = s and S is said to be regular if every element of S is regular. An element s of S is said to be
π-regular if there exists a positive integer n ∈ N such that sn ∈ snSsn and S is said to be π-regular if every element of
S is π-regular. Infact, π-regular semigroups is one of the important classes of non-regular semigroups. Let RS denote
the set of all regular elements of S. We write, S = RS ∪NS , where NS = S \RS is the set of non-regular elements of
S.

The set of idempotents in S will be denoted by ES . Thus ES = {eα;α ∈ Λ}. If S is a π-group and s ∈ RS , then
s = se for the (unique) idempotent e, and so s ∈ GS . Since obviously GS ⊆ RS , so we have GS = RS in a π-group.
In this paper, we are looking for automorphisms of strong semilattice of π-groups.
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2 Automorphisms

In this section, first, we fix some notations without further mention. Let S be a strong semilattice of π-groups.
We write Sα = Rα ∪Nα, where Nα = Sα \Rα is the set of non-regular elements of Sα and it is the partial semigroup
by definition of π-group.

Lemma 2.1. Let S be a strong semilattice of π-groups. Let ϕ ∈ Aut(S), then the following hold:

(i) ϕ|ES
is an automorphism of semilattices.

(ii) If G ⊆ S is a group, then there exists α ∈ Λ such that G ⊆ Sα.

(iii) For each α ∈ Λ, ϕ|sα is an isomorphism of π-groups from Sα to Sτ , where ϕ(eα) = eτ .

Proof . Let ϕ ∈ Aut(S).

(i). Suppose eα ∈ ES , we have ϕ(eα) = ϕ(eαeα) = ϕ(eα)ϕ(eα), that is, ϕ(eα) is idempotent, hence ϕ(ES) ⊆ ES .

Now for any eγ ∈ ES , since ϕ is onto, therefore there exists some s ∈ S such that ϕ(s) = eγ . Now we show that
s ∈ ES . For this we have

ϕ(s) = eγ

= eγeγ (as eγ ∈ ES)

= ϕ(s)ϕ(s)

= ϕ(s2) (as ϕ is homomorphism).

That is, ϕ(s) = ϕ(s2). Since ϕ is injective, therefore we have s = s2, implies, s is idempotent. Hence we have
eγ = ϕ(s) ∈ ϕ(ES), that is, ES ⊆ ϕ(ES). Thus we have ϕ(ES) = ES . Since each Sα contains a unique idempotent eα,
and ϕ ∈ Aut(S) permutes the idempotents, ϕ induces a bijection on Λ. Since eαeβ = eβ if and only if α ≥ β, then ϕ
preserves the order on Λ.

(ii). Suppose G is a subgroup of S. Let e be the identity element of G. Then e = eα ∈ Sα for some α ∈ Λ. We
show that G is a subgroup of Sα. Let g ∈ G, then g ∈ Sβ for some β ∈ Λ. Since e is the identity element of G, so
ge = g. Also, g = ge = fβ,αβ(g)fα,αβ(e) ∈ Sαβ . So β = αβ, as Sβ ∩ Sαβ = ∅, this implies, β ≤ α.

Let g−1 be the inverse of g, then g−1 ∈ Sη for some η ∈ Λ. Thus gg−1 = e ∈ Sα. Also, e = gg−1 =
fβ,βη(g)fη,βη(g

−1) ∈ Sβη. So e ∈ Sβη, implies, α = βη and so α ≤ β. Hence α = β and g ∈ Sα, that is, G ⊆ Sα.

(iii). Let g ∈ Sα, since Sα is a π-group, so there exists a subgroup GSα of Sα which is an ideal of Sα and there exists
n ∈ N such that gn ∈ GSα . Since GSα is a group, it implies the inverse of gn exists in GSα . That is, g−n ∈ GSα ⊆ Sα

such that gng−n = eα ∈ Sα. Let ϕ(gn) ∈ Sγ for some γ ∈ Λ. Also, by part (i), ϕ(eα) = eτ ∈ Sτ for some τ ∈ Λ and
ϕ(g−n) ∈ Sγ .

Now we have

ϕ(eα) = ϕ(gng−n)

= ϕ(gn)ϕ(g−n) ∈ Sγ .

That is, Sτ = Sγ . Hence ϕ(Sα) ⊆ Sτ . Since ϕ is an automorphism and so ϕ−1 exists and will do same and hence
ϕ−1(Sτ ) ⊆ Sα, that is, Sτ ⊆ ϕ(Sα) and from part (i), we are done. □

By the above lemma we know that every automorphism of S induces an automorphism of Λ. We will denote this
automorphism of semilattices by ϕΛ. Hence, we can write ϕΛ(α) = τ , where ϕ(eα) = eτ . Let ϕ ∈ Aut(S). Then we
write ϕα for ϕ|Sα

, where α ∈ Λ. By Lemma 2.1, we know ϕα is an isomorphism. So given an automorphism ϕ of S,
we obtain family {ϕα : α ∈ Λ} of π-group isomorphisms and a semilattice automorphism denoted by ϕΛ. Thus we
have ϕΛ and {ϕα : α ∈ Λ} determines ϕ completely.

Following lemma is due to Lallement; for the proof, one can see [2].

Lemma 2.2. Let φ : S → T be a homomorphism from a regular semigroup S into a semigroup T . Then im(φ) is
regular. □
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Let S = (Λ, {Sα}α∈Λ, {fα,β}α≥β) be strong semilattices of π-groups. Note that RS =
⊔

α∈Λ

RSα . Now, for any s ∈ S,

we define a mapping ψ : S → RS by
ψ(s) = eαs if s ∈ Sα.

Where eα is the unique idempotent of the π-group Sα. Since we know RS is an ideal of S. Thus the map ψ is well
defined. The following lemma shows that the map ψ commutes with the linking homomorphisms.

Lemma 2.3. Let S = (Λ, {Sα}α∈Λ, {fα,β}α≥β) be strong semilattices of π-groups. Then for any α, β ∈ Λ with α ≥ β
and for any s ∈ Sα, we have

ψ fα,β = fα,β ψ.

Proof . Let α, β ∈ Λ with α ≥ β. Then for any s ∈ Sα we have

fα,β ψ(s) = fα,β(eαs)

= fα,β(eα)fα,β(s)

= eβ(fα,β(s))

= ψ fα,β(s).

Thus we have
ψ fα,β = fα,β ψ.

□ Next, we start from semilattices automorphism and a family of π-group isomorphisms satisfying a condition under
which an automorphism of strong semilattices of π-groups can be constructed.

Theorem 2.4. Let S = (Λ, {Sα}α∈Λ, {fα,β}α≥β) be strong semilattices of π-groups. Let ϕΛ ∈ Aut(Λ) and for each
α ∈ Λ, ϕα : Sα → SϕΛ(α) be an isomorphism of π-groups. Also, assume that the following conditions are satisfied.

(1) ϕ|NS is a partial automorphism of NS , and for any s, s′ ∈ NS , if ss′ /∈ NS , then ϕ(s)ϕ(s′) /∈ NS .

(2) ψ ϕβ fα,β = ψ fϕΛ(α),ϕΛ(β) ϕα.

Define a mapping ϕ on S by ϕ(s) = ϕα(s) if s ∈ Sα. Then ϕ is an automorphism of S. Conversely, every automorphism
of strong semilattices of π-groups satisfies the conditions.

Proof . Suppose there exists a semilattice automorphism ϕΛ : Λ → Λ and a family of π-group isomorphisms
{ϕα : α ∈ Λ} where ϕα : Sα → SϕΛ(α) satisfying the above two conditions. Let ϕ : S → S be a map defined by
ϕ(s) = ϕα(s) if s ∈ Sα. We show that ϕ ∈ Aut(S). Let s1, s2 ∈ S. If s1 = s2, then there exists α ∈ Λ such that
s1, s2 ∈ Sα. Since ϕα : Sα → SϕΛ(α) is an isomorphism, therefore we have

s1 = s2

⇔ ϕα(s1) = ϕα(s2)

⇔ ϕ(s1) = ϕ(s2).

That is, ϕ is well defined and injective. Now for any t ∈ S, there exists some α ∈ Λ with ϕΛ(α) = δ ∈ Λ such that
t ∈ Sδ. As ϕα : Sα → SϕΛ(α) is an isomorphism. Therefore there exists some s ∈ Sα such that t = ϕα(s) = ϕ(s), and
so ϕ is surjective. Hence ϕ is bijective.

Now we need to show ϕ is a homomorphism. For this, let sα ∈ Sα and sβ ∈ Sβ . Then we have the following cases.

Case 1: If sαsβ ∈ Nαβ , then sα ∈ Nα and sβ ∈ Nβ , hence by condition (1), we have ϕ(sαsβ) = ϕ(sα)ϕ(sβ).

Case 2: If sαsβ /∈ Nαβ , then we have ϕ(sαsβ) /∈ NS , therefore we have

ϕ(sαsβ) = ϕαβ(sαsβ)

= ϕαβ(fα,αβ(sα)fβ,αβ(sβ))

= ϕαβ(fα,αβ(sα))ϕαβ(fβ,αβ(sβ))

= eϕΛ(αβ)ϕαβ(fα,αβ(sα))ϕαβ(fβ,αβ(sβ))

= (eϕΛ(αβ)ϕαβ(fα,αβ(sα)))(eϕΛ(αβ)ϕαβ(fβ,αβ(sβ)))

= (ψ ϕαβ fα,αβ(sα))(ψ ϕαβ fβ,αβ(sβ)).
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On the other hand, we have

ϕ(sα)ϕ(sβ) = ϕα(sα)ϕβ(sβ)

= fϕΛ(α),ϕΛ(αβ)(ϕα(sα))fϕΛ(β),ϕΛ(αβ)(ϕβ(sβ))

= (eϕΛ(αβ)fϕΛ(α),ϕΛ(αβ)(ϕα(sα))) (eϕΛ(αβ)fϕΛ(β),ϕΛ(αβ)(ϕβ(sβ))) (by condition (1))

= (ψ fϕΛ(α),ϕΛ(αβ) ϕα(sα)) (ψ fϕΛ(β),ϕΛ(αβ) ϕβ(sβ))

= (ψ ϕαβ fα,αβ(sα))(ψ ϕαβ fβ,αβ(sβ)) (by condition (2)).

Hence we have ϕ(sαsβ) = ϕ(sα)ϕ(sβ). Thus ϕ is an automorphism of S.

Conversely, suppose ϕ is an automorphism of S. By Lemma 2.1, we have the existence of semilattice automorphism
ϕΛ and a family {ϕα : Sα → SϕΛ(α)} of π-group isomorphisms. Since ϕ ∈ Aut(S), then image of NS is NS , by Lemma
2.2. Therefore, condition (1) holds clearly.

Now for any α ≥ β, then αβ = β. For s ∈ Sα, we have eβs = fβ,β(eβ)fα,β(s) = eβfα,β(s) = ψfα,β(s). Thus
we have,

ϕ(eβs) = ϕ(ψfα,β(s))

= ϕβ(ψ fα,β(s))

= ϕβ ψ fα,β(s).

Also, we have

ϕ(eβ)ϕ(s) = eϕΛ(β)ϕα(s)

= (eϕΛ(β))(eϕΛ(α))(ϕα(s))

= eϕΛ(β) ψ ϕα(s)

= fϕΛ(α),ϕΛ(β) ψ ϕα(s).

Thus we have

ϕβ ψ fα,β = fϕΛ(α),ϕΛ(β) ψ ϕα. (1)

Now for any α ∈ Λ and s ∈ Sα we have

ϕαψ(s) = ϕα(eαs)

= ϕα(eα)ϕα(s)

= eϕΛ(α)ϕα(s)

= ψ ϕα(s).

Therefore, we have

ϕα ψ = ψ ϕα. (2)

Hence we have

ψ ϕβ fα,β = ϕβ ψ fα,β (by equation (2))

= fϕΛ(α),ϕΛ(β) ψ ϕα (by equation (1))

= ψ fϕΛ(α),ϕΛ(β) ϕα (by Lemma (2.3)).

That is,

ψ ϕβ fα,β = ψ fϕΛ(α),ϕΛ(β) ϕα.

Thus the proof is completed. □ In the following theorem, we provide a construction for the automorphisms of S from
the automorphisms of underlying π-groups Sα.

Theorem 2.5. Suppose all the linking homomorphisms are bijective and Λ = {α, β}α≤β . Consider S = Sα∪Sβ , then
every automorphism of Sα or Sβ gives rise to an automorphism of S.
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Proof . Suppose all the linking homomorphisms be bijective. Then Sα
∼= Sβ

∼= G. Let θ ∈ Aut(G) be the arbitrary
automorphism of G. Since Sα

∼= Sβ
∼= G, therefore we have the isomorphisms ϕα : G → Sα and ϕβ : G → Sβ .

Let θϕ : S → S be the map defined by

θϕ(s) =

{
ϕαθϕ

−1
α (s) if s ∈ Sα

ϕβθϕ
−1
β (s) if s ∈ Sβ .

We show that θϕ ∈ Aut(S). For this, we first show that for all s ∈ Sβ

θϕfβ,α(s) = fβ,αθ
ϕ(s). (3)

Since ϕβ : G → Sβ and fβ,α : Sβ → Sα are isomorphisms, we can define ϕα = fβ,αϕβ . Therefore, we have

ϕ−1
α = (fβ,αϕβ)

−1

⇒ ϕ−1
α = ϕ−1

β f−1
β,α

⇒ ϕαθϕ
−1
α = ϕαψϕ

−1
β f−1

β,α

⇒ ϕαθϕ
−1
α = fβ,αϕβθϕ

−1
β f−1

β,α

⇒ ϕαθϕ
−1
α fβ,α = fβ,αϕβθϕ

−1
β .

Now for any s ∈ Sβ , we have

ϕαθϕ
−1
α fβ,α(s) = fβ,αϕβθϕ

−1
β (s)

⇒ ϕαθϕ
−1
α (fβ,α(s)) = fβ,αθ

ϕ(s)

⇒ θϕ(fβ,α(s)) = fβ,αθ
ϕ(s).

Hence for all s ∈ Sβ we have θϕfβ,α(s) = fβ,αθ
ϕ(s).

It is clear that θϕ is bijective. Now we show that θϕ is a homomorphism. For this, we have the following cases.
Case(i). If s, t ∈ Sα or Sβ , then we have

ψϕ(st) = ϕαθϕ
−1
α (st)

= ϕαθϕ
−1
α (s)ϕαθϕ

−1
α (t)

= θϕ(s)θϕ(t).

Case(ii). If s ∈ Sα and t ∈ Sβ , then we have

θϕ(st) = θϕ(fα,α(s)fβ,α(t))

= θϕ(sfβ,α(t))

= θϕ(ssα) (where sα = fβ,α(t))

= ϕαθϕ
−1
α (ssα)

= ϕαθϕ
−1
α (s)ϕαθϕ

−1
α (sα)

= θϕ(s)θϕ(fβ,α(t))

= θϕ(s)fβ,αθ
ϕ(t) (by equation (3))

= θϕ(s)θϕ(t).

Hence we have θϕ ∈ Aut(S) and every automorphism of S can be constructed in this way. □

The next lemma helps us to prove the above theorem for arbitrary semilattices.

Lemma 2.6. Let S = (Λ, {Sα}α∈Λ, {fα,β}α≥β) be strong semilattices of π-groups with all the linking homomorphisms
bijective, then for any λ ∈ Λ, we have S ∼= Λ× Sλ (∼= Λ×G).

Proof . Fix λ ∈ Λ, then for each α ∈ Λ we have an isomorphism

σα = f−1
λ,λα fα,λα : Sα → Sλ.
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Now define a map χ : S → Λ × Sλ by χ(s) = (α, σα(s)) if s ∈ Sα. We show χ is an isomorphism. Let s1, s2 ∈ S.
If s1 = s2, then there exists α ∈ Λ such that s1, s2 ∈ Sα. Since σα : Sα → Sλ is an isomorphism, therefore we have

s1 = s2

⇔ σα(s1) = σα(s2)

⇔ (α, σα(s1) = (α, σα(s2)).

That is, χ is well defined and injective. Now for any (α, t) ∈ Λ×Sλ, there exists some s′ ∈ Sα such that t = σα(s
′)

as σα is surjective, therefore we have (α, t) = (α, σα(s
′)) = χ(s′), that is, χ is surjective.

Now for any s, t ∈ S then s ∈ Sα and t ∈ Sβ for some α, β ∈ Λ. If α = β, then there is nothing to prove. Now
suppose α ̸= β, we have

χ(st) = (αβ, σαβ(st))

= (αβ, σα(s)σβ(t)) (as all the linking homomorphisms are bijective)

= (α, σα(s))(β, σβ(t))

= χ(s)χ(t).

Therefore χ is an isomorphism. □

Corollary 2.7. Let S = (Λ, {Sα}α∈Λ, {fα,β}α≥β) be strong semilattices of π-groups with all the linking homomor-
phisms bijective, then every automorphism of Sα for some α ∈ Λ gives rise to an automorphism of S.

Proof . The proof follows from Lemma 2.6 and Theorem 2.5. □
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