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Abstract

This paper deals with the existence of solutions to the system of nonlinear infinite-point fractional order boundary
value problems by an application of n-best proximity point theorem in a complete metric space. Further, we study
Hyers-Ulam stability of the addressed system. An appropriate example is provided to check the validity of obtained
results.
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1 Introduction

Fractional calculus is one of the useful fields of applied mathematics which has applications in the areas such as
engineering, economics, control theory, chemistry, biology, medicine and other fields, see [21, 24, 25, 26, 39, 40].
Fractional differential equations can describe many phenomena in various fields of engineering and scientific disciplines
In consequence, the subject of fractional differential equations is gaining much importance and attention. In recent
years, there are a large number of papers dealing with the existence, uniqueness and multiple solutions of boundary
value problems for nonlinear differential equations of fractional order. For examples and recent development of the
topic, see [1, 3, 4, 6, 7, 13, 16, 17, 18, 20, 23, 27, 28, 29, 30, 34, 41] and references therein.

Fixed point theory is an indispensable tool for solving the equation ℵz = z for a mapping ℵ defined on a subset of a
metric space, a normed linear space or a topological vector space. As a non-self mapping ℵ : A → B does not necessarily
have a fixed point, one often tries to determine an element z which is in some sense closest to ℵz. Best approximation
theorems and best proximity point theorems are pertinent in this perspective. A classical best approximation theorem,
due to Fan [12], asserts that if A is a non-empty compact convex subset of a Hausdorff locally convex topological vector
space Y with a semi-norm p and ℵ : A → Y is a continuous mapping, then there is an element z in A satisfying the
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condition that dp(z,ℵz) = dp(ℵz, A). There have been many subsequent extensions and variants of Fan’s Theorem, see
[2, 8, 14, 15, 19, 22, 31, 32, 35, 36] and references therein.

Basically the proximity theory is useful tool to find proximity point when the given mapping is non self. Let A and
B be two non empty subsets of Y such that ℵ : A → B then a point z ∈ A for which d(z,ℵz) = d(A, B) is called a best
proximity point of ℵ. It should be noted that best proximity point reduced to fixed point when the mapping ℵ is self
mapping that is A = B.

In [5], Afshari, Jarad and Abdeljawad discussed the admissibility of two multi-valued mappings in the category of
complete b-metric spaces to obtain the existence of a common fixed point and by using the triangular admissibility,
they proved the uniqueness of the common fixed point. As an application of their finding, the existence and uniqueness
of the following fractional order boundary value problem studied,

RLD
ϱ
0+z1(s) + f(s, z2(s)), 0 < s < 1, 1 < ϱ ≤ 2,

RLD
ξ
0+z2(s) + g(s, z1(s)), 0 < s < 1, 1 < ξ ≤ 2,

z1(0) = z2(0) = 0, z1(1) =

∫ 1

0

φ(t)z1(t)dt, z2(1) =

∫ 1

0

φ(t)z2(t)dt.

Recently, Prasad, Khuddush and Leela [30] established the existence of unique solution for a two-point fractional order
boundary value problem,

RLDζz(s) + F
(
s, z(s), z(s), z(s)

)
+ φ(s)z(s) = 0, 0 < s < T, 2 < ζ ≤ 3,

z(0) = z′′(0) = 0, z(T) =

∫ T

0

z(t)dt,

by proving the existence and the uniqueness of solutions of the operator equation A(z, z, z) + Bz = z in a real Banach
space. Motivated by aforementioned works, in this paper we study the concept of n-best proximity point in a complete
metric space and establish the existence and uniqueness theorems. Moreover, as an application of our results we study
the following system of n-nonlinear infinite-point fractional order boundary value problems

RLDß10+z1(s) = g1
(
s, z1(s), z2(s), · · ·, zn−1(s), zn(s)

)
,

RLDß20+z2(s) = g2
(
s, z2(s), z1(s), · · ·, zn−1(s), zn(s)

)
,

...

RLD
ßn−1

0+ zn−1(s) = gn−1

(
s, zn−1(s), z2(s), · · ·, z1(s), zn(s)

)
,

RLDßn0+zn(s) = gn
(
s, zn(s), z2(s), · · ·, zn−1(s), z1(s)

)
,

(1.1)

satisfying

zι̇(0) = 0 and RLDαι̇

0+zι̇(1) =

∞∑
j=1

δι̇j
RLDαι̇

0+zι̇
(
σι̇(τι̇j)

)
, ι̇ = 1, 2, · · ·, n, (1.2)

where 0 < s < 1, 1 < ßι̇ ≤ 2, 0 < αι̇ < ßι̇ − 1, δι̇j > 0, RLD⋆0+ denotes the standard Riemann-Liouville fractional
derivative of order ⋆ ∈ {ßι̇,αι̇}, ι̇ = 1, 2, · · ·, n, gι̇ : [0, 1] × [0,+∞)n → [0,+∞), σι̇ : [0, 1] → [0, 1] are continuous
functions. In [30], authors studied the fixed point theorem of mixed monotone ternary operators on Banach spaces,
whereas in this paper, we study n-best proximity poin theorem on metric spaces. Therefore, by applying our results we
can study different kind differential equations whereas results in [30] can only applicable for certain type of differential
equations.

2 Preliminaries

In this section, we construct kernel for the boundary value problem (1.1)–(1.2) and estimate bounds for it, which
are useful for our later discussions.

Definition 2.1. [21] The Riemann-Liouville fractional integral of order ξ > 0 of a function g : (0,+∞) → R is
defined by

RLIξ0+g(s) =

∫ s

0

(s− t)ξ−1

Γ(ξ)
g(t)dt.
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Definition 2.2. [21] Let k be a positive integer. The Riemann-Liouville fractional derivative of order ξ > 0 of a
continuous function g : (0,+∞) → R is defined by

RLDξ0+g(s) =
dk

dsk

∫ s

0

(s− t)k−ξ−1

Γ(k− ξ)
g(t)dt,

where k− 1 < ξ ≤ k, provided that the right-hand side exists.

Remark 2.3. ([21]) In this work we need the following composition relations:

(a) RLDξ0+
RLIξ0+g(s) = g(s), ξ > 0, g(s) ∈ L1(0,+∞);

(b) RLDζ0+
RLIξ0+g(s) =

RLIξ−ζ
0+ g(s), ξ > ζ > 0, g(s) ∈ L1(0,+∞).

Remark 2.4. ([10]) For ζ > −1, we have

RLDξ0+s
ζ =

Γ(ζ+ 1)

Γ(ζ− ξ+ 1)
sζ−ξ,

giving inparticular RLDξ0+s
ξ−m = 0, m = 1, 2, · · ·, N, where N is the smallest integer greater than or equal to ξ.

Lemma 2.5. [21] Let k be a positive integer. The general solution to RLDξ0+g(s) = 0 with k−1 < ξ ≤ k is the function

g(s) =

k∑
j=1

ajs
ξ−j,

where aj is a real number.

Lemma 2.6. [21] Let ζ > 0. Then for any function g : (0,+∞) → R, we have

RLIζ0+
RLDζ0+g(s) = g(s) +

k∑
j=1

ajs
ζ−j,

where aj is a real number and k is the smallest integer greater that or equal to ζ, and

RLDζ0+
RLIζ0+g(s) = g(s).

In order to study the system of boundary value problems (1.1)–(1.2), we first consider the corresponding linear
boundary value problem,

RLDßι̇0+zι̇(s) = hι̇(s), 0 < s < 1, (2.1)

zι̇(0) = 0 and RLDαι̇

0+zι̇(1) =

∞∑
j=1

δι̇jzι̇
(
σι̇(τι̇j)

)
, ι̇ = 1, 2, · · ·, n, (2.2)

where hι̇ ∈ C[0, 1] is a given function.

Lemma 2.7. Suppose
∑m

j=1 δι̇j
(
σι̇(τι̇j)

)ßι̇−1
converges 2Γ(ßι̇)

Γ(ßι̇−αι̇)
. The boundary value problem (2.1)–(2.2) has a unique

solution

zι̇(s) =

∫ 1

0

Gι̇(s, t)hι̇(t)dt− sßι̇−1
∞∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)
hι̇(t)dt, (2.3)

where

Gι̇(s, t) =
1

Γ(ßι̇)

{
sßι̇−1(1− t)ßι̇−αι̇−1 + (s− t)ßι̇−1, t ≤ s,

sßι̇−1(1− t)ßι̇−αι̇−1, s ≤ t.
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Proof . Let zι̇(s) be a solution of (2.1). Then, by Lemma 2.6, we have

zι̇(s) = a1s
ßι̇−1 + a2s

ßι̇−2 +

∫ s

0

(s− t)ßι̇−1

Γ(ßι̇)
hι̇(t)dt, (2.4)

where a1 and a2 are constants. Using condition zι̇(0) = 0, we get a2 = 0. So, (2.4) reduces to

zι̇(s) = a1s
ßι̇−1 +

∫ s

0

(s− t)ßι̇−1

Γ(ßι̇)
hι̇(t)dt. (2.5)

Before applying (2.2), we first take

RLDαι̇

0+zι̇(1) =

m∑
j=1

δι̇jzι̇
(
σι̇(τι̇j)

)
,

and using Remark 2.4 to get

a1 =
1∑m

j=1 δι̇j
(
σι̇(τι̇j)

)ßι̇−1 − Γ(ßι̇)
Γ(ßι̇−αι̇)

[ ∫ 1

0

(1− t)ßι̇−αι̇−1

Γ(ßι̇ − αι̇)
hι̇(t)dt

−
m∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)
hι̇(t)dt

]
.

Plugging a2 value into (2.5), we obtain

zι̇(s) =
1∑m

j=1 δι̇j
(
σι̇(τι̇j)

)ßι̇−1 − Γ(ßι̇)
Γ(ßι̇−αι̇)

[ ∫ 1

0

sßι̇−1(1− t)ßι̇−αι̇−1

Γ(ßι̇ − αι̇)
hι̇(t)dt

− sßι̇−1
m∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)
hι̇(t)dt

]
+

∫ s

0

(s− t)ßι̇−1

Γ(ßι̇)
hι̇(t)dt


(2.6)

Since ∣∣δι̇jzι̇(σι̇(τι̇j))∣∣ ≤ δι̇j∥zι̇∥,
and ∣∣∣∣δι̇j ∫ σι̇(τι̇j)

0

(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)
hι̇(t)dt

∣∣∣∣ ≤ δι̇j

Γ(ßι̇)

∣∣∣∣ ∫ σι̇(τι̇j)

0

v(t)hι̇(t)dt

∣∣∣∣
≤

δι̇j

Γ(ßι̇)

∣∣∣∣ ∫ τι̇j

0

v(t)hι̇(t)dt

∣∣∣∣
≤

δι̇j

Γ(ßι̇)
∥v∥L1

∥hι̇∥L1
,

where v(t) = (σι̇(τι̇j)− t)ßι̇−1. Then, by comparison test, the series in (2.2) and

∞∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)
hι̇(t)dt

are convergent. So, by taking the limit as m → ∞ in (2.6), we obtain

zι̇(s) =

∫ 1

0

sßι̇−1(1− t)ßι̇−αι̇−1

Γ(ßι̇)
hι̇(t)dt− sßι̇−1

∞∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

Γ(ßι̇ − αι̇)(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)2
hι̇(t)dt

+

∫ s

0

(s− t)ßι̇−1

Γ(ßι̇)
hι̇(t)dt (2.7)

=

∫ 1

0

Gι̇(s, t)hι̇(t)dt− sßι̇−1
∞∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

Γ(ßι̇ − αι̇)(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)2
hι̇(t)dt.
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Conversely, it is clear that (2.7) satisfies zι̇(0) = 0. Next applying the operator Dßι̇0+ and Dαι̇

0+ to the two sides of (2.7)

respectively and using Remark 2.3 and Remark 2.4, we obtain Dßι̇0+zι̇(s) = hι̇(s) and

Dαι̇

0+zι̇(s) =

∫ 1

0

sßι̇−αι̇−1(1− t)ßι̇−αι̇−1

Γ(ßι̇ − αι̇)
hι̇(t)dt− sßι̇−αι̇−1

∞∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)
hι̇(t)dt

+

∫ s

0

(s− t)ßι̇−αι̇−1

Γ(ßι̇ − αι̇)
hι̇(t)dt.

Substituting s = 1, we get

Dαι̇

0+zι̇(1) = 2

∫ 1

0

(1− t)ßι̇−αι̇−1

Γ(ßι̇ − αι̇)
hι̇(t)dt−

∞∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)
hι̇(t)dt. (2.8)

But,
m∑
j=1

δι̇jzι̇
(
σι̇(τι̇j)

)
=

m∑
j=1

δι̇j
(
σι̇(τι̇j)

)ßι̇−1
∫ 1

0

(1− t)ßι̇−αι̇−1

Γ(ßι̇)
hι̇(t)dt

−
m∑
j=1

δι̇j
(
σι̇(τι̇j)

)ßι̇−1
∞∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

Γ(ßι̇ − αι̇)(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)2
hι̇(t)dt

+

m∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)
hι̇(t)dt.

Since
∑m

j=1 δι̇j
(
σι̇(τι̇j)

)ßι̇−1
converges to 2Γ(ßι̇)

Γ(ßι̇−αι̇)
, it follows by taking limit m → +∞ that

∞∑
j=1

δι̇jzι̇
(
σι̇(τι̇j)

)
=2

∫ 1

0

(1− t)ßι̇−αι̇−1

Γ(ßι̇ − αι̇)
hι̇(t)dt

− 2

∞∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)
hι̇(t)dt

+

m∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)
hι̇(t)dt

=2

∫ 1

0

(1− t)ßι̇−αι̇−1

Γ(ßι̇ − αι̇)
hι̇(t)dt−

∞∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)
hι̇(t)dt. (2.9)

By (2.8) and (2.9), we get (2.2). Which shows that the solution of the integral equation (2.3) satisfies the differential
equation (2.1) under infinite-point boundary conditions (2.2). □

Remark 2.8. The supposition
∑m

j=1 δj
(
σ(τj)

)ß−1
converges to 2Γ(ß)

Γ(ß−α) in the Lemma 2.7 is valid. For example: Let

ß = 3
2 ,α = 1

3 , δj =
18Γ(5/6)
π5/2j

, τj =
1
j3

and σ(s) = s2/3. Then

m∑
j=1

δj
(
σ(τj)

)ß−1
=

m∑
j=1

18Γ(5/6)

π5/2j2
→ 3Γ(5/6)√

π
=

2Γ(ß)

Γ(ß− α)
as m → +∞.

The following properties are evident from the definition of Gι̇(s, t).

Lemma 2.9. The kernel Gι̇(s, t) has the following properties:

(i) Gι̇(s, t) is nonnegative and continuous on [0, 1]× [0, 1].

(ii) Gι̇(s, t) ≤ Gι̇(1, t) for s, t ∈ [0, 1]× [0, 1].
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3 Main Results

To establish our main results, it is fundamental to recall some notions, definitions amd lemmas which will be useful
in the sequel.

Let A and B be any two nonempty subset of a metric space (Y, d). Define

PA = {z2 ∈ Y : d(z1, z2) = d(z1, A)},
d(A, B) := inf{d(z1, z2) : z1 ∈ A, z2 ∈ B},

A0 = {z1 ∈ A : d(z1, z2) = d(A, B), for some z2 ∈ B},

and
B0 = {z2 ∈ B : d(z1, z2) = d(A, B), for some z1 ∈ A}.

Definition 3.1. [37] Let A and B be two nonempty subsets of a metric space (Y, d). An element z ∈ A is said to be a
best proximity point of the nonself mapping ℵ : A → B iff it satisfies the condition

d(z,ℵz) = d(A, B).

Definition 3.2. [33] Let (A, B) be a pair of nonempty subsets of a metric space (Y, d) with A0 ̸= ∅. Then the pair
(A, B) has P-property if and only if(

d(z1, y1) = d(A, B)
d(z2, y2) = d(A, B)

)
=⇒ d(z1, z2) = d(y1, y2),

where z1, z2 ∈ A and y1, y2 ∈ B.

Definition 3.3. [11] A map φ : [0,+∞) → [0,+∞) is called a c-comparison function if it satisfies:

(i) φ is a monotone increasing,

(ii)
∑∞

n=0 φ
n(t) converges for all t ∈ [0,+∞).

If we replace the second condition by limn→∞ φn(t) = 0 for all t ∈ [0,+∞), we obtain the notion of comparison
function, which is more general than the one of c-comparison function. It is known that if φ is a comparison function,
then φ(t) < t for all t > 0 and φ(0) = 0.

Let Θ be the set of all continuous functions θ : [0,+∞)n+3 → [0,+∞) such that for every t, s, z1, z2, · · ·, zn ∈
[0,+∞),

θ(0, t, s, z1, z2, · · ·, zn−3, zn−2, zn−1, zn) = 0,

θ(t, s, 0, z1, z2, · · ·, zn−3, zn−2, zn−1, zn) = 0,

θ(t, s, z1, z2, 0, · · ·, zn−3, zn−2, zn−1, zn) = 0,

...

θ(t, s, z1, z2, z3, · · ·, 0, zn−2, zn−1, zn) = 0,

θ(t, s, z1, z2, z3, · · ·, zn−2, zn−1, 0, zn) = 0,

if n is odd and
θ(0, t, s, z1, z2, · · ·, zn−3, zn−2, zn−1, zn) = 0,

θ(t, s, 0, z1, z2, · · ·, zn−3, zn−2, zn−1, zn) = 0,

θ(t, s, z1, z2, 0, · · ·, zn−3, zn−2, zn−1, zn) = 0,

...

θ(t, s, z1, z2, z3, · · ·, zn−2, 0, zn−1, zn) = 0,

θ(t, s, z1, z2, z3, · · ·, zn−2, zn−1, zn, 0) = 0,

if n is even.
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Definition 3.4. [37] Let θ be a continuous function in Θ and φ be a comparison function. A mapping ℵ : A → B is
said to be a generalized almost (φ, θ)-contraction if

d(ℵz1,ℵz2) = φ
(
d(z1, z2)

)
+ θ
(
d(z2,ℵz1)− d(A, B), d(z1,ℵz2)− d(A, B),

d(z1,ℵz1)− d(A, B), d(z2,ℵz2)− d(A, B)
)

for all z1, z2 ∈ A.

Definition 3.5. [38] Let (Y, d) be a metric space with A ̸= ∅ and B ̸= ∅ are closed subsets. Let ℵ : Y2 → Y be a
mapping such that d

(
z1,ℵ(z1, z2)

)
= d

(
A, B
)
and d

(
z2,ℵ(z2, z1)

)
= d

(
A, B
)
. Then ℵ has a coupled best proximity

point (z1, z2).

Definition 3.6. [27] An element (z1, z2, z3, · · ·, zn−1, zn) ∈ Yn is called an n-fixed point of a mapping ℵ : Yn → Y if

ℵ(z1, z2, z3, z4, · · ·, zn−1, zn) = z1, ℵ(z2, z1, z3, z4, · · ·, zn−1, zn) = z2,

ℵ(z3, z2, z1, z4, · · ·, zn−1, zn) = z3, ℵ(z4, z1, z3, z1, · · ·, zn−1, zn) = z4,

...

ℵ(zn−1, z2, z3, z4, · · ·, z1, zn) = zn−1, ℵ(zn, z2, z3, z4, · · ·, zn−1, z1) = zn.

Now we define n-best proximity point as follows:

Definition 3.7. Let (Y, d) be a metric space with A ̸= ∅ and B ̸= ∅ are closed subsets. Let ℵ : Yn → Y be a mapping
such that

d
(
z1,ℵ(z1, z2, z3, · · ·, zn−1, zn)

)
= d
(
A, B
)
, d
(
z2,ℵ(z2, z1, z3, · · ·, zn−1, zn)

)
= d
(
A, B
)
,

d
(
z3,ℵ(z3, z2, z1, · · ·, zn−1, zn)

)
= d
(
A, B
)
, d
(
z4,ℵ(z4, z2, z3, z1, · · ·, zn−1, zn)

)
= d
(
A, B
)
,

...

d
(
zn−1,ℵ(zn−1, z2, z3, · · ·, z1, zn)

)
= d
(
A, B
)
, d
(
zn,ℵ(zn, z2, z3, · · ·, zn−1, z1)

)
= d
(
A, B
)
.

Then ℵ has an n-best proximity point (z1, z2, z3, · · ·, zn−1, zn).

If A = B, then n-best proximity point (z1, z2, z3, · · ·, zn−1, zn) of ℵ is an n-fixed pooint of ℵ.

Theorem 3.8. Let (Y, d) be a complete metric space. Let A ̸= ∅, B ̸= ∅ are closed subsets with A0 and B0 are
nonempty. Let ℵ : Yn → Y be a continuous mapping which satisfies

(i) ℵ(A0 × B0 × A0 × · · · × B0 × A0(n products)) ⊆ B0,

(ii) ℵ(B0 × A0 × B0 × · · · × A0 × B0(n products)) ⊆ A0,

(iii) Pair (A, B) has the (P)-property.

Let θ be a continuous function in Θ and φ be a comparison function satisfying

d
(
ℵ(z1, z2, z3, · · ·, zn−1, zn),ℵ(y1, y2, y3, · · ·, yn−1, yn)

)
≤ φ(η1) + θ(η2), (3.1)

where η1 = max
1≤ι̇≤n

d(zι̇, yι̇) and

η2 =
(
d
(
y1,ℵ(z1, z2, z3, · · ·, zn−1, zn)

)
− d
(
A, B
)
, d
(
y2,ℵ(z2, z1, z3, · · ·, zn−1, zn)

)
− d
(
A, B
)
,

d
(
y3,ℵ(z3, z2, z1, · · ·, zn−1, zn)

)
− d
(
A, B
)
, · · ·, d

(
yn,ℵ(zn, z2, z3, · · ·, zn−1, z1)

)
− d
(
A, B
)
,

d
(
z1,ℵ(z1, z2, z3, · · ·, zn−1, zn)

)
− d
(
A, B
)
, d
(
z2,ℵ(z2, z1, z3, · · ·, zn−1, zn)

)
− d
(
A, B
)
,

d
(
z3,ℵ(z3, z2, z1, · · ·, zn−1, zn)

)
− d
(
A, B
)
, · · ·, d

(
zn,ℵ(zn, z2, z3, · · ·, zn−1, z1)

)
− d
(
A, B
))

for all zι̇, yι̇ ∈ Y. Then (y1, y1, y1, · · ·, y1, y1) is the unique n-best proximity point of ℵ.
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Proof . Choose z0,2ι̇ ∈ A0 and z0,2ι̇−1 ∈ B0. Then, ℵ(z0,2, z0,1, z0,3, ···, z0,n−1, z0,n), ℵ(z0,4, z0,1, z0,2, ···, z0,n−1, z0,n),ℵ(z0,6, z0,1, z0,3, ··
·, z0,n−1, z0,n), · · · ∈ B0 and ℵ(z0,1, z0,2, z0,3, · · ·, z0,n−1, z0,n),ℵ(z0,3, z0,2,
z0,3, · · ·, z0,n−1, z0,n),ℵ(z0,5, z0,2, z0,3, · · ·, z0,n−1, z0,n), · · · ∈ A0. So, there exists z1,2ι̇ ∈ A0 and z1,2ι̇−1 ∈ B0 such
that

d
(
z1,1,ℵ(z0,1, z0,2, z0,3, · · ·, z0,n−1, z0,n)

)
= d
(
z1,2,ℵ(z0,2, z0,1, z0,3, · · ·, z0,n−1, z0,n)

)
d
(
z1,3,ℵ(z0,3, z0,2, z0,1, · · ·, z0,n−1, z0,n)

)
= · · · = d

(
z1,n,ℵ(z0,n, z0,2, z0,3, · · ·, z0,n−1, z0,1)

)
= d(A, B).

Continuing this process, we construct n-sequences (zk,2ι̇) in A and (zk,2ι̇−1) in B for ι̇ = 1, 2 · ··, n such that

d
(
zk+1,1,ℵ(zk,1, zk,2, zk,3, · · ·, zk,n−1, zk,n)

)
= d(A, B),

d
(
zk+1,2,ℵ(zk,2, zk,1, zk,3, · · ·, zk,n−1, zk,n)

)
= d(A, B),

d
(
zk+1,3,ℵ(zk,3, zk,2, zk,1, · · ·, zk,n−1, zk,n)

)
= d(A, B),

...

d
(
zk+1,n−1,ℵ(zk,n−1, zk,2, zk,3, · · ·, zk,1, zk,n)

)
= d(A, B),

d
(
zk+1,n,ℵ(zk,n, zk,2, zk,3, · · ·, zk,n−1, zk,1)

)
= d(A, B)

for k = 0, 1, 2, · · ·.
Case (i) Suppose there exists k ∈ N such that d(zk,1, zk+1,1) = d(zk,2, zk+1,2) = · · · = d(zk,n, zk+1,n) = 0. Thus,

d(A, B) ≤ d
(
zk,1,ℵ(zk,1, zk,2, zk,3, · · ·, zk,n−1, zk,n)

)
≤ d(zk,1, zk+1,1) + d

(
zk+1,1,ℵ(zk,1, zk,2, zk,3, · · ·, zk,n−1, zk,n)

)
= d(A, B).

Thus we have d(A, B) = d
(
zk,1,ℵ(zk,1, zk,2, zk,3, · · ·, zk,n−1, zk,n)

)
. Similarly, we obtain

d(A, B) = d
(
zk,2,ℵ(zk,2, zk,1, zk,3, · · ·, zk,n−1, zk,n)

)
,

d(A, B) = d
(
zk,3,ℵ(zk,3, zk,2, zk,1, · · ·, zk,n−1, zk,n)

)
,

...

d(A, B) = d
(
zk,n,ℵ(zk,n, zk,2, zk,3, · · ·, zk,n−1, zk,1)

)
.

Therefore, (zk,1, zk,2, zk,3, · · ·, zk,n−1, zk,n) is an n-best proximity point of ℵ.
Case (ii) Suppose that d(zk,ι̇, zk+1,ι̇) > 0 for some ι̇. Since pair (A, B) has the P-property, d

(
zk,1,

ℵ(zk−1,1, zk−1,2, zk−1,3, · · ·, zk−1,n−1, zk−1,n)
)

= d(A, B) and d
(
zk+1,1,ℵ(zk,1, zk,2, zk,3, · · ·, zk,n−1, zk,n)

)
= d(A, B)

and using (3.1), we have

d(zk,1, zk+1,1) = d
(
ℵ(zk−1,1, zk−1,2, zk−1,3, · · ·, zk−1,n−1, zk−1,n),ℵ(zk,1, zk,2, zk,3, · · ·, zk,n−1, zk,n)

)
≤ φ

(
max
1≤ι̇≤n

d(zk−1,ι̇, zk,ι̇)
)
+ θ(η3),

= φ
(
max
1≤ι̇≤n

d(zk−1,ι̇, zk,ι̇)
)
,

where

η3 =
(
d
(
zk,1,ℵ(zk−1,1, zk−1,2, zk−1,3, · · ·, zk−1,n−1, zk−1,n)

)
− d
(
A, B
)
,

d
(
2k,2,ℵ(zk−1,2, zk−1,1, zk−1,3, · · ·, zk−1,n−1, zk−1,n)

)
− d
(
A, B
)
,

d
(
zk,3,ℵ(zk−1,3, z2, zk−1,1, · · ·, zk−1,n−1, zk−1,n)

)
− d
(
A, B
)
,

...

d
(
zk,n,ℵ(zk−1,n, zk−1,2, zk−1,3, · · ·, zk−1,n−1, zk−1,1)

)
− d
(
A, B
)
,

d
(
zk−1,1,ℵ(zk−1,1, zk−1,2, zk−1,3, · · ·, zk−1,n−1, zk−1,n)

)
− d
(
A, B
)
,

d
(
2k−1,2,ℵ(zk−1,2, zk−1,1, zk−1,3, · · ·, zk−1,n−1, zk−1,n)

)
− d
(
A, B
)
,

d
(
zk−1,3,ℵ(zk−1,3, z2, zk−1,1, · · ·, zk−1,n−1, zk−1,n)

)
− d
(
A, B
)
,

...

d
(
zk−1,n,ℵ(zk−1,n, zk−1,2, zk−1,3, · · ·, zk−1,n−1, zk−1,1)

)
− d
(
A, B
))

.
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Since d
(
zk,1,ℵ(zk−1,1, zk−1,2, zk−1,3, · · ·, zk−1,n−1, zk−1,n)

)
= d
(
A, B
)
, it follows from the property of θ that θ(η3) = 0.

Similarly, we can prove that

d(zk,j, zk+1,j) ≤ φ
(
max
1≤ι̇≤n

d(zk−1,ι̇, zk,ι̇)
)
, j = 2, 3, · · ·, n.

Combining above all, we get
max
1≤j≤n

d(zk,j, zk+1,j) ≤ φ
(
max
1≤ι̇≤n

d(zk−1,ι̇, zk,ι̇)
)
. (3.2)

Repeating (3.2) k-times, we obtain

max
1≤j≤n

d(zk,j, zk+1,j) ≤ φ
(
max
1≤ι̇≤n

d(zk−1,ι̇, zk,ι̇)
)

≤ φ2
(
max
1≤ι̇≤n

d(zk−2,ι̇, zk−1,ι̇)
)

...

≤ φk
(
max
1≤ι̇≤n

d(z0,ι̇, z1,ι̇)
)
.

Thus,
lim

k→+∞
d(zk,j, zk+1,j) = 0, j = 1, 2, · · ·, n.

On other hand,
d(A, B) ≤ d

(
zk,1,ℵ(zk,1, zk,2, zk,3, · · ·, zk,n−1, zk,n)

)
≤ d(zk,1, zk+1,1) + d

(
zk+1,1,ℵ(zk,1, zk,2, zk,3, · · ·, zk,n−1, zk,n)

)
≤ d(zk,1, zk+1,1) + d(A, B).

Letting k → +∞ in the above inequalities, we get

d
(
zk,1,ℵ(zk,1, zk,2, zk,3, · · ·, zk,n−1, zk,n)

)
= d(A, B).

Similary, we can prove

d
(
zk,j,ℵ(zk,1, zk,2, zk,3, · · ·, zk,n−1, zk,n)

)
= d(A, B), j = 2, 3, · · ·, n.

Consider ε > 0. Since φk
(
max
1≤ι̇≤n

d(z0,ι̇, z1,ι̇)
)
as k → +∞, there exists k0 ∈ N such that

d(zk,ι̇, zk+1,ι̇) <
1

2
(ε− φ(ε))

hold for all k ≥ k0 and ι̇ = 1, 2, · · ·, n.

Claim: max
1≤ι̇≤n

d(zk,ι̇, zm,ι̇) < ε for all m > k ≥ k0. (3.3)

We use the induction on m to prove above claim. Assume inequality (3.3) holds for m = p. Now, we prove relation
(3.3) for m = p+ 1. By using the triangular inequality, we have

d(zk,1, zp+1,1) ≤ d(zk,1, zk+1,1) + d(zk+1,1, zp+1,1). (3.4)

Since pair (A, B) has the P-property, d
(
zk+1,1,ℵ(zk,1, zk,2, zk,3, · · ·, zk,n−1, zk,n)

)
= d

(
zp+1,1,ℵ(zp,1, zp,2,

zp,3, · · ·, zp,n−1, zp,n)
)
= d(A, B) and using (3.1), we have

d(zk+1,1, zp+1,1) = d
(
ℵ(zk,1, zk,2, zk,3, · · ·, zk,n−1, zk,n),ℵ(zp,1, zp,2, zp,3, · · ·, zp,n−1, zp,n)

)
≤φ

(
max
1≤ι̇≤n

d(zk,ι̇, zp,ι̇)
)
+ θ(ℓ1), (3.5)
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where

ℓ1 =
(
d
(
zp,1,ℵ(zk,1, zk,2, zk,3, · · ·, zk,n−1, zk,n)

)
− d
(
A, B
)
,

d
(
zp,2,ℵ(zk,2, zk,1, zk,3, · · ·, zk,n−1, zk,n)

)
− d
(
A, B
)
,

...

d
(
zp,n,ℵ(zk,n, zk,2, zk,3, · · ·, zk,n−1, zk,1)

)
− d
(
A, B
)
,

d
(
zk,1,ℵ(zk,1, zk,2, zk,3, · · ·, zk,n−1, zk,n)

)
− d
(
A, B
)
,

d
(
zk,2,ℵ(zk,2, zk,1, zk,3, · · ·, zk,n−1, zk,n)

)
− d
(
A, B
)
,

...

d
(
zk,n,ℵ(zk,n, zk,2, zk,3, · · ·, zk,n−1, zk,1)

)
− d
(
A, B
))

.

By using the properties of θ and lim
k→+∞

d
(
zk,1,ℵ(zk,1, zk,2, zk,3, · · ·, zk,n−1, zk,n)

)
= d
(
A, B
)
, we get

lim sup
k→+∞

θ(ℓ1) = 0.

Similarly, we can have

d(zk+1,ι̇, zp+1,ι̇) = d
(
ℵ(zk,1, zk,2, zk,3, · · ·, zk,n−1, zk,n),ℵ(zp,1, zp,2, zp,3, · · ·, zp,n−1, zp,n)

)
≤φ

(
max
1≤ι̇≤n

d(zk,ι̇, zp,ι̇)
)
+ θ(ℓι̇), ι̇ = 2, 3, · · ·, n (3.6)

and
lim sup
k→+∞

θ(ℓι̇) = 0, ι̇ = 2, 3, · · ·, n.

Thus for k0 large enough, we have

θ(ℓι̇) <
1

2
(ε− φ(ε)), ι̇ = 1, 2, · · ·, n.

Combining all the relations, from ι̇ = 1 to n, we obtain

max
1≤ι̇≤n

d(zk,ι̇, zp+1,ι̇) < ε.

Hence, the claim. Thus (zk,2ι̇) and (zk,2ι̇−1) are Cauchy sequences in A and B respectively. Since (Y, d) is complete,
there exist yι̇ ∈ Y, ι̇ = 1, 2, · · ·, n such that

lim
k→+∞

zk,ι̇ = yι̇, ι̇ = 1, 2, · · ·, n.

Since A and B are closed, we get y2ι̇ ∈ A and y2ι̇−1 ∈ B. Since ℵ is continuous,

lim
k→+∞

d
(
zk,1,ℵ(zk,1, zk,2, zk,3, · · ·, zk,n−1, zk,n)

)
= d
(
A, B
)
,

implies
d
(
y1,ℵ(y1, y2, y3, · · ·, yn−1, yn)

)
= d
(
A, B
)
.

Similarly, we can prove
d
(
y2,ℵ(y2, y1, y3, · · ·, yn−1, yn)

)
= d
(
A, B
)
,

d
(
y3,ℵ(y3, y2, y1, · · ·, yn−1, yn)

)
= d
(
A, B
)
,

...

d
(
yn,ℵ(yn, y2, y3, · · ·, yn−1, y1)

)
= d
(
A, B
)
.

Thus, (y1, y2, y3, · · ·, yn−1, yn) is an n-best proximity point of ℵ. Now, we show that y1 = y2 = y3 = · · · = yn−1 = yn.
Using the P-property of pair (A, B), we get

d(y1, y2) = d
(
ℵ(y1, y2, y3, · · ·, yn−1, yn),ℵ(y2, y1, y3, · · ·, yn−1, yn)

)
.
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Using inequality (3.1), we get

d(y1, y2) = d
(
ℵ(y1, y2, y3, · · ·, yn−1, yn),ℵ(y2, y1, y3, · · ·, yn−1, yn)

)
≤φ

(
max{d(y1, y2), d(y2, y1)}

)
+ θ(ℓ)

≤φ
(
d(y1, y2)

)
, (3.7)

since

ℓ =
(
d
(
y2,ℵ(y2, y1, y3, · · ·, yn−1, yn)

)
− d
(
A, B
)
, d
(
y1,ℵ(y2, y1, y3, · · ·, yn−1, yn)

)
− d
(
A, B
)
,

d
(
y3,ℵ(y2, y1, y3, · · ·, yn−1, yn)

)
− d
(
A, B
)
, · · ·, d

(
yn,ℵ(y2, y1, y3, · · ·, yn−1, yn)

)
− d
(
A, B
)
,

d
(
y1,ℵ(y2, y1, y3, · · ·, yn−1, yn)

)
− d
(
A, B
)
, d
(
y2,ℵ(y2, y1, y3, · · ·, yn−1, yn)

)
− d
(
A, B
)
,

d
(
y3,ℵ(y2, y1, y3, · · ·, yn−1, yn)

)
− d
(
A, B
)
, · · ·, d

(
yn,ℵ(y2, y1, y3, · · ·, yn−1, yn)

)
− d
(
A, B
))

=
(
0, d
(
y1,ℵ(y2, y1, y3, · · ·, yn−1, yn)

)
− d
(
A, B
)
, d
(
y3,ℵ(y2, y1, y3, · · ·, yn−1, yn)

)
− d
(
A, B
)
,

· ··, d
(
yn,ℵ(y2, y1, y3, · · ·, yn−1, yn)

)
− d
(
A, B
)
, d
(
y1,ℵ(y2, y1, y3, · · ·, yn−1, yn)

)
− d
(
A, B
)
,

0, d
(
y3,ℵ(y2, y1, y3, · · ·, yn−1, yn)

)
− d
(
A, B
)
, · · ·, d

(
yn,ℵ(y2, y1, y3, · · ·, yn−1, yn)

)
− d
(
A, B
))

.

So, θ(ℓ) = 0. Since φ(t) < t for all t > 0, we have from (3.7) that

d(y1, y2) ≤ φ
(
d(y1, y2)

)
< d(y1, y2) =⇒ y1 = y2.

Similarly, we can prove y1 = y2 = y3 = · · · = yn. To prove the uniqueness, let ζ be another n-best proximity point.
Then,

d(y1, ζ) = d
(
ℵ(y1, y1, y1, · · ·, y1, y1),ℵ(ζ, ζ, ζ, · · ·, ζ, ζ)

)
≤φ

(
d(y1, ζ)

)
.

Again, since φ(t) < t for all t > 0, we conclude that d(y1, ζ) = 0. Thus, y1 = ζ. The proof is completed. □

Corollary 3.9. Let (Y, d) be a complete metric space. Let A ̸= ∅, B ̸= ∅ are closed subsets with A0 and B0 are
nonempty. Let ℵ : Yn → Y be a continuous mapping which satisfies

(i) ℵ(A0 × A0 × · · · × A0(n products)) ⊆ B0 (or) ℵ(B0 × B0 × · · · × B0(n products)) ⊆ A0,

(ii) Pair (A, B) has the P-property.

Let θ be a continuous function in Θ and φ be a comparison function satisfying

d
(
ℵ(z1, z2, z3, · · ·, zn−1, zn),ℵ(y1, y2, y3, · · ·, yn−1, yn)

)
≤ φ(η1) + θ(η2), for all zι̇, yι̇ ∈ Y.

where η1 and η2 are defined in Theorem 3.8. Then (y1, y1, y1, · · ·, y1, y1) is the unique n-best proximity point of ℵ.

Proof . Choose z0,ι̇ ∈ A0. Since ℵ(A0×A0×· · ·×A0) ⊆ B0, we get, ℵ(z0,1, z0,2, z0,3, · · ·, z0,n−1, z0,n), ℵ(z0,2, z0,1, z0,3, · ·
·, z0,n−1, z0,n), · · · ℵ(z0,n, z0,2, z0,3, · · ·, z0,n−1, z0,1) ∈ B0. Then by following Theorem 3.8, we get that (y1, y2, y3, · ·
·, yn−1, yn) is the unique n-best proximity point of ℵ. □

Take B = A in Theorem 3.8, we have the following result.

Corollary 3.10. Let A a closed subsets of a complete metric space (Y, d). Let ℵ : Yn → Y be a continuous mapping
with ℵ(A× A× · · · × A(n times)) ⊆ A. Suppose there exists a comparison function φ and θ ∈ Θ such that

d
(
ℵ(z1, z2, z3, · · ·, zn−1, zn),ℵ(y1, y2, y3, · · ·, yn−1, yn)

)
≤ φ(η1) + θ(η3), for all zι̇, yι̇ ∈ Y.

where η1 is defined in Theorem 3.8 and

η3 =
(
d
(
y1,ℵ(z1, z2, z3, · · ·, zn−1, zn)

)
, d
(
y2,ℵ(z2, z1, z3, · · ·, zn−1, zn)

)
,

d
(
y3,ℵ(z3, z2, z1, · · ·, zn−1, zn)

)
, · · ·, d

(
yn,ℵ(zn, z2, z3, · · ·, zn−1, z1)

)
,

d
(
z1,ℵ(z1, z2, z3, · · ·, zn−1, zn)

)
, d
(
z2,ℵ(z2, z1, z3, · · ·, zn−1, zn)

)
,

d
(
z3,ℵ(z3, z2, z1, · · ·, zn−1, zn)

)
, · · ·, d

(
zn,ℵ(zn, z2, z3, · · ·, zn−1, z1)

))
.

Then there exists a unique n-fixed point of ℵ.
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4 Existence of Solutions for System of Fractional Order BVPs (1.1)–(1.2)

In this section, we derive necessary conditions for the existence of solutions for the problem (1.1)–(1.2). On the
set Y = C([0, 1],R) of all continuous real-valued functions defined on [0, 1], we take the metric d on Y defined by

d(z, y) = sup
s∈[0,1]

|z(s)− y(s)|

for all z, y ∈ Y.

Define an operator ℵ : Yn → Y by

ℵ(z1, z2, · · ·, zn−1, zn) =

n∑
ι̇=1

ℵι̇zι̇,

where

ℵ1z1(s) =

∫ 1

0

G1(s, t)g1(t, z1(t), z2(t), · · ·, zn(t))dt

− sß1−1
∞∑
j=1

δ1j

∫ σ1(τ1j)

0

(σ1(τ1j)− t)ß1−1

Γ(ß1)
g1(t, z1(t), z2(t), · · ·, zn(t))dt,

ℵ2z2(s) =

∫ 1

0

G2(s, t)g2(t, z2(t), z1(t), · · ·, zn(t))dt

− sß2−1
∞∑
j=1

δ2j

∫ σ2(τ2j)

0

(σ2(τ2j)− t)ß2−1

Γ(ß2)
g2(t, z2(t), z1(t), · · ·, zn(t))dt,

...

ℵnzn(s) =

∫ 1

0

Gn(s, t)gn(t, zn(t), z2(t), · · ·, z1(t))dt

− sßn−1
∞∑
j=1

δnj

∫ σn(τnj)

0

(σn(τnj)− t)ßn−1

Γ(ßn)
gn(t, zn(t), z2(t), · · ·, z1(t))dt.

Then from Lemma 2.7, it is clear that (z1, z2, · · ·, zn) is a solution of the system (1.1)–(1.2) if and only if it is a fixed
point of ℵ.

Theorem 4.1. Suppose there exists M > 0 such that

|gι̇(s, zι̇, z2, · · ·, z1, · · ·, zn)− gι̇(s, yι̇, y2, · · ·, y1, · · ·, yn)| ≤ M

n∑
ι̇=1

|zι̇ − yι̇| for all zι̇, yι̇ ∈ Y (4.1)

and ι̇ = 1, 2, · · ·, n. Further, there exist ℘1 > 0 and 0 < ℘2 < 1 such that

|gι̇(t, 0, 0, · · ·, 0, 0)| ≤ ℘1

and
n∑

ι̇=1

[
G⋆ι̇ +

2Γ(ßι̇)

Γ(ßι̇ + 1)Γ(ßι̇ − αι̇)

]
≤ ℘2,

where G⋆ι̇ = maxs∈[0,1]

∫ 1

0
Gι̇(s, t)dt. Then there exists a unique solution to the boundary value problem (1.1)–(1.2).

Proof . Define a set A by A = {z ∈ Y : |z(s)| ≤ ℘3 for s ∈ [0, 1]}, where ℘3 >
℘1℘2

1− n℘2
. Then it is clear that A is a
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closed subset of Y. Now, we prove ℵ
(
A× A× · · · × A(n times)

)
⊆ A. Let (z1, z2, · · ·, zn) ∈ An. Then,

|ℵ(z1, z2, · · ·, zn)| ≤
n∑

ι̇=1

|ℵι̇zι̇(s)| =
n∑

ι̇=1

∣∣∣∣ ∫ 1

0

Gι̇(s, t)gι̇(t, zι̇(t), z2(t), · · ·, zn(t))dt

− sßι̇−1
∞∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)
gι̇(t, zι̇(t), z2(t), · · ·, zn(t))dt

∣∣∣∣
≤

n∑
ι̇=1

[ ∫ 1

0

|Gι̇(s, t)|
[
|gι̇(t, zι̇(t), z2(t), · · ·, zn(t))− gι̇(t, 0, 0, · · ·, 0)|+ |gι̇(t, 0, 0, · · ·, 0)|

]
dt

+ |s|ßι̇−1
∞∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)

[
|gι̇(t, zι̇(t), z2(t), · · ·, zn(t))− gι̇(t, 0, 0, · · ·, 0)|

+ |gι̇(t, 0, 0, · · ·, 0)|
]
dt

]
≤

n∑
ι̇=1

[ ∫ 1

0

|Gι̇(s, t)|
[ n∑
j=1

|zj(t)|+ |gι̇(t, 0, 0, · · ·, 0)|
]
dt+ |s|ßι̇−1

∞∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)

×
[ n∑
j=1

|zj(t)|+ |gι̇(t, 0, 0, · · ·, 0)|
]
dt

]

≤
n∑

ι̇=1

[ ∫ 1

0

|Gι̇(s, t)|(n℘3 + ℘1)dt+

∞∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)
(n℘3 + ℘1)dt

]

≤ (n℘3 + ℘1)

n∑
ι̇=1

G⋆ι̇ + 1

Γ(ßι̇ + 1)

∞∑
j=1

δι̇j(σι̇(τι̇j))
ßι̇−1


=(n℘3 + ℘1)

n∑
ι̇=1

[
G⋆ι̇ +

2Γ(ßι̇)

Γ(ßι̇ + 1)Γ(ßι̇ − αι̇)

]
= (n℘3 + ℘1)℘2 ≤ ℘3.

That is, ℵ(z1, z2, · · ·, zn) ∈ A. Therefore, ℵ(An) ⊆ A. Next, let (z1, z2, · · ·, zn), (y1, y2, · · ·, yn) ∈ Yn. Then

d
(
ℵ(z1, z2, · · ·, zn),ℵ(y1, y2, · · ·, yn)

)
= sup

s∈[0,1]

|ℵ(z1, z2, · · ·, zn)− ℵ(y1, y2, · · ·, yn)|

≤ sup
s∈[0,1]

n∑
ι̇=1

|ℵι̇(zι̇(s)− yι̇(s))|

≤ sup
s∈[0,1]

n∑
ι̇=1

[ ∫ 1

0

|Gι̇(s, t)|
[
|gι̇(t, zι̇(t), z2(t), · · ·, z1(t), · · ·, zn(t))

− gι̇(t, yι̇(t), y2(t), · · ·, y1(t), · · ·, yn(t))|
]
dt

+ |s|ßι̇−1
∞∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)

[
|gι̇(t, zι̇(t), z2(t), · · ·, z1(t), · · ·, zn(t))

− gι̇(t, yι̇(t), y2(t), · · ·, y1(t), · · ·, yn(t))|
]
dt

]
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≤
n∑

ι̇=1

[ ∫ 1

0

|Gι̇(s, t)|
n∑

k=1

|zk(t)− yk(t)|dt

+

∞∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)

n∑
k=1

|zk(t)− yk(t)|dt
]

≤
n∑

ι̇=1

[ ∫ 1

0

|Gι̇(s, t)|n max
1≤ι̇≤n

|zι̇(s)− yι̇(s)|dt

+

∞∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)
n max

1≤ι̇≤n
|zι̇(s)− yι̇(s)|dt

]

≤ n

n∑
ι̇=1

[ ∫ 1

0

|Gι̇(s, t)| max
1≤ι̇≤n

{
sup

s∈[0,1]

|zι̇(s)− yι̇(s)|

}
dt

+ n

∞∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)
max
1≤ι̇≤n

{
sup

s∈[0,1]

|zι̇(s)− yι̇(s)|

}
dt

]

≤ n

n∑
ι̇=1

[ ∫ 1

0

|Gι̇(s, t)|dt+
∞∑
j=1

δι̇j

∫ σι̇(τι̇j)

0

(σι̇(τι̇j)− t)ßι̇−1

Γ(ßι̇)
dt

]
max
1≤ι̇≤n

d(zι̇, yι̇)

≤ n

n∑
ι̇=1

[
G⋆ι̇ +

2Γ(ßι̇)

Γ(ßι̇ + 1)Γ(ßι̇ − αι̇)

]
max
1≤ι̇≤n

d(zι̇, yι̇)

≤ n℘2 max
1≤ι̇≤n

d(zι̇, yι̇).

Define φ : [0,+∞) → [0,+∞) by φ(s) = n℘2s and θ : [0,+∞)2n → [0,+∞) by θ(t1, t2, · · ·, tn, s1, s2, · · ·, sn) =
inf{t1, t2, · · ·, tn, s1, s2, · · ·, sn}. Then

d
(
ℵ(z1, z2, · · ·, zn),ℵ(y1, y2, · · ·, yn)

)
≤ ℘2 max

1≤ι̇≤n
d(zι̇, yι̇)

≤ φ( max
1≤ι̇≤n

d(zι̇, yι̇))

≤ φ( max
1≤ι̇≤n

d(zι̇, yι̇)) + θ(ℓ4),

where

ℓ4 =
(
d
(
y1,ℵ(z1, z2, z3, · · ·, zn−1, zn)

)
, d
(
y2,ℵ(z2, z1, z3, · · ·, zn−1, zn)

)
,

d
(
y3,ℵ(z3, z2, z1, · · ·, zn−1, zn)

)
, · · ·, d

(
yn,ℵ(zn, z2, z3, · · ·, zn−1, z1)

)
,

d
(
z1,ℵ(z1, z2, z3, · · ·, zn−1, zn)

)
, d
(
z2,ℵ(z2, z1, z3, · · ·, zn−1, zn)

)
,

d
(
z3,ℵ(z3, z2, z1, · · ·, zn−1, zn)

)
, · · ·, d

(
zn,ℵ(zn, z2, z3, · · ·, zn−1, z1)

))
□

5 Hyers-Ulam Stability Analysis

In this section, we derive necessary conditions for the stability analysis of Hyers-Ulam’s type. For some positive
ει̇ > 0, ι̇ = 1, 2, · · ·, n, consider the system of inequalities given by

∣∣∣RLDß10+z1(s)− g1
(
s, z1(s), z2(s), · · ·, zn−1(s), zn(s)

)∣∣∣ ≤ ε1,∣∣∣RLDß20+z2(s)− g2
(
s, z2(s), z1(s), · · ·, zn−1(s), zn(s)

)∣∣∣ ≤ ε2,

...∣∣∣RLDßn−1

0+ zn−1(s)− gn−1

(
s, zn−1(s), z2(s), · · ·, z1(s), zn(s)

)∣∣∣ ≤ εn−1,∣∣∣RLDßn0+zn(s)− gn
(
s, zn(s), z2(s), · · ·, zn−1(s), z1(s)

)∣∣∣ ≤ εn,

(5.1)
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for s ∈ [0, 1] := I. Then the system of boundary value problems (1.1)-(1.2) is Hyers–Ulam stable if there exist constants
Lι̇ > 0, ι̇ = 1, 2, · · ·, n such that for each solution (z1, z2, · · ·, zn) ∈ Cn(I,R) of the system of inequalities (5.1), there
exists a unique solution (y1, y2, · · ·, yn) ∈ Cn(I,R) with

|(z1, z2, · · ·, zn)(s)− (y1, y2, · · ·, yn)(s)| ≤

(
n∑

ι̇=1

Lι̇ + M℘2

)
ε. (5.2)

Remark 5.1. We say that (z1, z2, · · ·, zn) ∈ Cn(I,R) is a solution of the system of inequalities (5.1) if there exist
functions ψι̇ ∈ Cn(I,R) which depend upon zι̇ respectively such that

(i) |ψι̇| ≤ ει̇, s ∈ I, and

(ii) for s ∈ I, 

RLDß10+z1(s) = g1
(
s, z1(s), z2(s), · · ·, zn−1(s), zn(s)

)
+ψ1(s),

RLDß20+z2(s) = g2
(
s, z2(s), z1(s), · · ·, zn−1(s), zn(s)

)
+ψ2(s),

...

RLD
ßn−1

0+ zn−1(s) = gn−1

(
s, zn−1(s), z2(s), · · ·, z1(s), zn(s)

)
+ψn−1(s),

RLDßn0+zn(s) = gn
(
s, zn(s), z2(s), · · ·, zn−1(s), z1(s)

)
+ψn(s),

(5.3)

Lemma 5.2. Let (z1, z2, · · ·, zn) ∈ Cn(I,R) be the solution of the system of inequalities (5.1). Then the following
inequalities hold:

∣∣∣∣z1(s)− ∫ 1

0

G1(s, t)g1(t, z1(t), z2(t), · · ·, zn(t))dt

+ sß1−1
∞∑
j=1

δ1j

∫ σ1(τ1j)

0

(σ1(τ1j)− t)ß1−1

Γ(ß1)
g1(t, z1(t), z2(t), · · ·, zn(t))dt

∣∣∣∣ ≤ L1ε1,∣∣∣∣z2(s)− ∫ 1

0

G2(s, t)g2(t, z2(t), z1(t), · · ·, zn(t))dt

+ sß2−1
∞∑
j=1

δ2j

∫ σ2(τ2j)

0

(σ2(τ2j)− t)ß2−1

Γ(ß2)
g2(t, z2(t), z1(t), · · ·, zn(t))dt

∣∣∣∣ ≤ L2ε2,

...∣∣∣∣zn(s)− ∫ 1

0

Gn(s, t)gn(t, zn(t), z2(t), · · ·, z1(t))dt

+ sßn−1
∞∑
j=1

δnj

∫ σn(τnj)

0

(σn(τnj)− t)ßn−1

Γ(ßn)
gn(t, zn(t), z2(t), · · ·, z1(t))dt

∣∣∣∣ ≤ Lnεn.
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Proof . From the Remark 5.1 and Lemma 2.7, the solution of (5.3) and (1.2) is given by

z1(s) =

∫ 1

0

G1(s, t)[g1(t, z1(t), z2(t), · · ·, zn(t)) +ψ1(t)]dt

− sß1−1
∞∑
j=1

δ1j

∫ σ1(τ1j)

0

(σ1(τ1j)− t)ß1−1

Γ(ß1)
[g1(t, z1(t), z2(t), · · ·, zn(t)) +ψ1(t)]dt

z2(s) =

∫ 1

0

G2(s, t)[g2(t, z2(t), z1(t), · · ·, zn(t)) +ψ2(t)]dt

− sß2−1
∞∑
j=1

δ2j

∫ σ2(τ2j)

0

(σ2(τ2j)− t)ß2−1

Γ(ß2)
[g2(t, z2(t), z2(t), · · ·, zn(t)) +ψ2(t)]dt

...

zn(s) =

∫ 1

0

Gn(s, t)[gn(t, zn(t), z2(t), · · ·, z1(t)) +ψn(t)]dt

− sßn−1
∞∑
j=1

δnj

∫ σn(τnj)

0

(σn(τnj)− t)ßn−1

Γ(ßn)
[gn(t, zn(t), z2(t), · · ·, z1(t)) +ψn(t)]dt

(5.4)

From first equation of the system (5.4), we have∣∣∣∣z1(s)− ∫ 1

0

G1(s, t)g1(t, z1(t), z2(t), · · ·, zn(t))dt

+ sß1−1
∞∑
j=1

δ1j

∫ σ1(τ1j)

0

(σ1(τ1j)− t)ß1−1

Γ(ß1)
g1(t, z1(t), z2(t), · · ·, zn(t))dt

∣∣∣∣
≤
∫ 1

0

|G1(s, t)||ψ1(t)|dt+ |s|ß1−1
∞∑
j=1

δ1j

∫ σ1(τ1j)

0

(σ1(τ1j)− t)ß1−1

Γ(ß1)
|ψ1(t)|dt

≤
[
G⋆1 +

2Γ(ß1)

Γ(ß1 + 1)Γ(ß1 − α1)

]
ε1 := L1ε1.

Similarly we can prove other inequalities. □

Theorem 5.3. Suppose (4.1) holds. Then the system of boundary value problems (1.1)–(1.2) is Hyers-Ulam stabile,
if

n∑
ι̇=1

Lι̇ + M℘2 < 1,

where ℘2 is defined in Theorem 4.1.

Proof . Let (z1, z1, · · ·, zn) ∈ Cn(I,R) be the solution to the system of inequalities (5.1) and let (y1, y1, · · ·, yn) ∈
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Cn(I,R) be the unique solution to the system of boundary value problems (1.1)–(1.2). Then by Lemma 5.2, we have

|z1(s)− y1(s)| ≤
∣∣∣∣z1(s)− ∫ 1

0

G1(s, t)g1(t, y1(t), y2(t), · · ·, yn(t))dt

+ sß1−1
∞∑
j=1

δ1j

∫ σ1(τ1j)

0

(σ1(τ1j)− t)ß1−1

Γ(ß1)
g1(t, y1(t), y2(t), · · ·, yn(t))dt

∣∣∣∣
≤
∣∣∣∣z1(s)− ∫ 1

0

G1(s, t)g1(t, z1(t), z2(t), · · ·, zn(t))dt

+ sß1−1
∞∑
j=1

δ1j

∫ σ1(τ1j)

0

(σ1(τ1j)− t)ß1−1

Γ(ß1)
g1(t, z1(t), z2(t), · · ·, zn(t))dt

∣∣∣∣
+

∫ 1

0

|G1(s, t)||g1 (t, z1(t), z2(t), · · ·, zn(t))− g1 (t, y1(t), y2(t), · · ·, yn(t)) |dt

+ |s|ß1−1
∞∑
j=1

δ1j

∫ σ1(τ1j)

0

(σ1(τ1j)− t)ß1−1

Γ(ß1)

× |g1 (t, z1(t), z2(t), · · ·, zn(t))− g1 (t, y1(t), y2(t), · · ·, yn(t)) |dt

≤ L1ε1 + M

∫ 1

0

|G1(s, t)
n∑

j=1

|zj(t)− yj(t)|dt

+ M

∞∑
j=1

δ1j

∫ σ1(τ1j)

0

(σ1(τ1j)− t)ß1−1

Γ(ß1)

n∑
j=1

|zj(t)− yj(t)|dt

≤ L1ε1 + M

∫ 1

0

|G1(s, t)|dt
n∑

j=1

∥zj − yj∥

+ M

∞∑
j=1

δ1j

∫ σ1(τ1j)

0

(σ1(τ1j)− t)ß1−1

Γ(ß1)
dt

n∑
j=1

∥zj − yj∥.

Taking supremum on both sides over s, we obtain

∥z1 − y1∥ ≤ L1ε1 + M

[
G⋆ι̇ +

2Γ(ß1)

Γ(ß1 + 1)Γ(ß1 − α1)

] n∑
j=1

∥zj − yj∥.

Similarly, we can have

∥zι̇ − yι̇∥ ≤ Lι̇ει̇ + M

[
G⋆ι̇ +

2Γ(ßι̇)

Γ(ßι̇ + 1)Γ(ßι̇ − αι̇)

] n∑
j=1

∥zj − yj∥, ι̇ = 2, 3, · · ·, n.

Adding all the above inequalities from ι̇ = 1 to n, we obtain

n∑
ι̇=1

∥zι̇ − yι̇∥ ≤
n∑

ι̇=1

Lι̇ει̇ + M

n∑
ι̇=1

[
G⋆ι̇ +

2Γ(ßι̇)

Γ(ßι̇ + 1)Γ(ßι̇ − αι̇)

] n∑
j=1

∥zj − yj∥

≤
n∑

ι̇=1

Lι̇ει̇ + M℘2

n∑
j=1

∥zj − yj∥.

That is
n∑

ι̇=1

∥zι̇ − yι̇∥ ≤ 1

1− M℘2

n∑
ι̇=1

Lι̇ει̇.

Let ε = max{ει̇ : ι̇ = 1, 2, · · ·, n}. Then, we have

∥(z1, z2, · · ·, zn)− (y1, y2, · · ·, yn)∥ ≤
n∑

j=1

∥zj − yj∥

≤
∑n

ι̇=1 Lι̇

1− M℘2
ε.
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□

Example 5.4. 
RLD

3/2
0+ z1(s) = 1 + s+

1

3
sin
(
z1(s)− z2(s)

)
,

RLD
5/4
0+ z2(s) = 2 sin(s) +

1

3
cos
(
z2(s)− z1(s)

)
,

(5.5)

for 0 < s < 1, satisfying

zι̇(0) = 0 and RLDαι̇

0+zι̇(1) =

∞∑
j=1

δι̇j
RLDαι̇

0+zι̇
(
σι̇(τι̇j)

)
, ι̇ = 1, 2. (5.6)

So, we have n = 2, ß1 = 3
2 , ß2 = 5

4 . Let α1 = 1
3 , α2 = 1

5 , δ1j =
18Γ(5/6)
π5/2j

, δ2j =
60

√
2Γ(19/20) sin(π/20)

π2Γ(3/4)j , τ1j =
1
j3
, τ2j =

1
j
,

σ1(s) = s2/3 and σ2(s) = s4. Then

m∑
j=1

δ1j
(
σ1(τ1j)

)ß1−1
=

m∑
j=1

18Γ(5/6)

π5/2j2
→ 3Γ(5/6)√

π
=

2Γ(ß1)

Γ(ß1 − α1)
as m → +∞

and
m∑
j=1

δ2j
(
σ2(τ2j)

)ß2−1
=

m∑
j=1

60
√
2Γ(19/20) sin(π/20)

π2Γ(3/4)j2

→ 10
√
2Γ(19/20) sin(π/20)

Γ(3/4)
=

2Γ(ß2)

Γ(ß2 − α2)
as m → +∞.

Let zι̇, yι̇ ∈ Y. Then

|g1(s, z1, z2)− g1(s, y1, y2)| ≤
1

3
| sin

(
z1(s)− z2(s)

)
− sin

(
y1(s)− y2(s)

)
|

≤ 1

3
|
(
z1(s)− z2(s)

)
−
(
y1(s)− y2(s)

)
|

≤ 1

3

2∑
ι̇=1

|zι̇ − yι̇|,

|g2(s, z1, z2)− g2(s, y1, y2)| ≤
1

3
| cos

(
z1(s)− z2(s)

)
− cos

(
y1(s)− y2(s)

)
|

≤ 1

3
|
(
z1(s)− z2(s)

)
−
(
y1(s)− y2(s)

)
|

≤ 1

3

2∑
ι̇=1

|zι̇ − yι̇|,

|g2(s, z1, z2)| = |1 + s| ≤ 2, |g2(s, z1, z2)| = |2 sin(s)| ≤ 2. So, M = 1
3 , ℘1 = 2 and

2∑
ι̇=1

Lι̇ =

2∑
ι̇=1

[
G⋆ι̇ +

2Γ(ßι̇)

Γ(ßι̇ + 1)Γ(ßι̇ − αι̇)

]
≈ 0.5571212542 = ℘2.

n∑
ι̇=1

Lι̇ + M℘2 ≈ 0..7428283389 < 1,

Therefore, all the conditions of of Theorem 4.1 are satisfied, so there exists a solution for the system (5.5)–(5.6). Also,
in view of Theorem 5.3, the condition of Hyers–Ulam stabilities are also satisfied. Therefore, the solution of system
(5.5)–(5.6) is Hyers–Ulam stable.
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6 Conclusion

The proximity theory is useful tool to find proximity point when the given mapping is non-self. We established
the existence of solutions to the system of nonlinear infinite-point fractional order boundary value problems by an
application of n-best proximity point theorem in a complete metric space. By applying our results we can study
different kind differential equations whereas results in [28, 30, 33] can only applicable for certain type of differential
equations. Therefore, our findings are extended and more general. In the future, the following aspects can be explored
further: (1) we study best proximity points of cyclic mappings. (2) we try to apply our obtained results for fractional
difference equations, dynamical equations on time scales, fractional differential equations on time scales, etc.
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