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Abstract

In this paper, new iterative schemes called DI-iterative scheme, Chugh-DI iterative scheme and IH-iterative scheme
are introduced and studied. In addition, convergence and stability results were obtained without necessarily imposing
sum conditions on the iteration parameters, which, among other things, increase the bulkiness and complexity of
computations as was the case for several works studied so far in the literature.
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1 Introduction

Let (Y, p) be a complete metric space and I' : Y — Y a selfmap of Y. Suppose that Fr = {g € Y : I'¢ = ¢} is the
set of fixed points of T.

In the last few years, many interesting iterative schemes for which the fixed points of operators could be approxi-
mated have been developed and used in literature, see for example, [2], [9], [12]-[23], [24]-[30] and the references therein
for more details. Following the Kirk’s remarkable iterative algorithm of 1971, the iterative schemes below have been
studied extensively by different researchers:

Let X be a normed linear space and I' : X — X be a self-map on X.

(I) For arbitrarily yo € X, define the sequence {y, }22, iteratively as follows:
¢ ¢
Ynt1 = Zajijn,Zaj =1,n>0. (1.1)
§=0 §=0

The iteration method defined by (1.1) is due to Kirk [I5].
(II) In [20], Olatinwo presented the Foowing iterative schemes:
(a) for an arbitrary point yo € X and for a,, ; > 0,00 # 0,5 € [0,1] and ¢ as a fixed integer, define the

sequence {y,}°22, by
¢ ¢

Uni1 =Y i Tyn, Y an;=1,n>0 (1.2)
i=0 =0
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(b) for an arbitrary point yo € X and for £ > m, o, j Bn.j > 0,00, 80,0 # 0, i8n,; € [0,1] and ¢, m as fixed
integers, define the sequence {Un}s%0 by

Yn+1 = anOyn+Zan]F Znazanj—l

Zn Zﬂn,ijynaZ/Bn,j =1,n2>0, (13)
and called them Kirk-Mann and Kirk-Ishikawa iterative scheme respectively.
(IIT) In 2012, Chugh and Kumar [8] presented the following Kirk-Noor-type iterative scheme: for an arbitrary point
Yo € X and for £ Z m Z D, an,jv’)/n,k,ﬁn,i > O;fYn,Oaan,Oaﬁn,O # Ovan,ja’)/n,k;ﬂn,i € [07 1] and gamap as fixed
integers, define the sequence {y,}22, by

V4 £
Yntl = Yn,0Yn + Z’Yn,krkzny Z Tn,k = 1
k=0
m . m
Zn = QpoYn t Zan,jrjtna Z On 5 = 1;
p ) p
tho= Y Bnil"yn, Y Bni=1,n>0, (1.4)
1=0 1=0

(IV) Also, in 2012, Hussain, Chugh, Kummar and Ratig [10] introduced the following iterative schemes in the sense
of Kirk [I5]:
(Z) for an arbitrary pOint Yo € X and for £ > m > P, Qn 5, Tn, kaﬁn i 2 077n,07an7075n,0 7é Oaan,ja'yn,kvﬁn,i €
[0,1] and £,m, p as fixed 1ntegers define the sequence {y, 22, by

Yn+1 = ’ynOZn_’_Z’YnkF vazf)/nk_l
Zn = an,Otn —I—Zan,jl—‘jtn,Zan’j = 1,
j=1 j=0
P 4 P
tn = Zﬁn,irzyna Zﬁmz = 17” > O> (15)
(#¢) for an arbitrary pomt Yo € X retammg the conditions in (i), define the sequence {y,}°2, by
Yn+1 =  Tn,0%n + Z ’Yn,krkzn7 Z Tn,k = 1
m m
Zn = anolty + Zan,jrﬁtn, Zaw =1;
tn = Zﬂnzrlynaz:ﬁnz—ln>0 (16)
They called the 1terat1ve schemes defined by (L.5)) and ( . ) Kirk-SP and Kirk-CR iterative schemes, re-
spectively.

In practical sense, convergence of the various iterative schemes studied above is not enough to ascertain their
usability, the stability of the schemes is quite priceless. Ostrowski [22] was the first researcher to perform an experiment
on this using Banach contractive conditions. Thereafter, other researchers have investigated and developed this subject
extensively. Some recent works in this direction could be seen in [2] 4 5] [7, [8] [1T], 13, 21, 18|, 221 19, 29] 28] and the
references therein.

Remark 1.1. All the iterative schemes for approximating common fixed points of finite families of mappings studied
above requires the condition that, for each n, Zli;:o Yok = 1, Z;n:o an,j =1land Y8 Bni =1 (see, for example, (1.1)
to (L.6)) on the control parameters {{v, 1}, }¢_,, Hanjbnza ey and {{Bn,i}nL1}i—,, respectively. However, in
real life applications, if £, m and p are very large, it would be very difficult or almost impossible to generate a family
of such control parameters. Again, the computational cost of generating such a family of control parameters is quite
enormous and also takes a very long process. Consequently, the following question becomes necessary:
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Question 1.1. Is it possible to construct alternative iterative schemes that would address the problems generated
by the sum conditions (Zi 0Tk = 1 Z;noan j=1land 3P  Bni = 1) imposed on the control parameters

Hmr o Yo {{amj 152 11y and {{Bn.i}ne1}i=1, respectively while maintaining the convergence and stability
results of the papers stud1ed‘7

Following the same argument as in [14] regarding the linear combination of the products of countably finite family of
control parameters and the problems identified in each of the iterative schemes studied, the aim of this paper is to
provide an affirmative answer to Question 1.1.

2 Preliminary

The following definitions, lemmas and propositions will be needed to prove our main results.

Definition 2.1. (see [22]) Let (Y, d) be a metric space and let I' : Y — Y be a self-map of Y. Let {z,}52, C Y
be a sequence generated by an iteration scheme

Tn+1 = g(rvxn)7 (21)

where xg € Y is the initial approximation and g is some function. Suppose that {z,}52, converges to a fixed point ¢
of T'. Let {t,}22, C Y be an arbitrary sequence and set €, = d(t,, g(T,t,)),n = 1,2,--- Then, the iteration scheme
(2.1)) is called I'-stable if and only if lim,,_ €, = 0 implies lim, o0 yn = q.

Note that in practice, the sequence {t,,}52 could be obtained in the following manner: let 2o € Y. Set 11 = g(I', 21)
and let tg = . Now, 1 = ¢g(I", zg) because of rounding in the function I', and a new value ¢; (approximately equal to
x1) might be calculated to give to, an approximate value of g(T',t1). The procedure is continued to yield the sequence
{tn 52, an approximate sequence of {x,}22 .

Lemma 2.2. (see, e.g., [2]) Let {7, }22, be a sequence of positive numbers such that 7,, = 0 asn — oco. For 0 < ¢ < 1,
let {w, }52 5 be a sequence of positive numbers satisfying wy4+1 < dw,, + 7,,n = 0,1,2,--- Then, w, — 0 as n — 0.

Y satisfies (1.13) and v :

Lemma 2.3. (see, e.g., [20]) Let (Y, || .||) be a normed space, the selfmap I" : ¥ —
t) = M(t), M > 0,t € R*. Then,

RT — R™ be a monotone increasing subadditive function such that ¢ (0) = 0,y (M
Vi € N and Vs,t € Y, we have

T — 1) < plls— e + 3 ( ) 71 (ls — Ts]). (2.2)

=0

Proposition 2.4. (see, e.g., [I4]) Let {a;}5°; C N be a countable subset of the set of real numbers R, where k is a
fixed nonnegative integer and N is any integer with £ + 1 < N. Then, the following holds:

i—1
oy + Z o%H 1—oj)+

1=k+1 j=k

(1—ay) (2.3)

n',’:jz

Proposition 2.5. (see, e.g., [14]) Let ¢,u and v be arbitrary elements of a real Hilbert space H. Let k be any fixed
nonnegetive integer and N € N be such that k +1 < N. Let {v;}Y 7" € H and {o;}}¥, C [0,1] be a countable finite
subset of H and R, respectively. Define

Yy =aqp+ Z alH 1—ozj Vi— 1—|—H 1—a]

1=k-+1 =k
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Then,
ly—ull® = axllt —ull® + Z OézH (1 —ay)ljvi- 1—UII2+H (1= ay)lv—ull?
i=k-+1 j=k
fak[ Z al]:[ 1— o)t —vim 1||2+H 1—qj) |tfv||}
1=k+1 j=k
i—1
- an] 3 s T10 - s — (@i )P +an [13— as)lo — ow-al?],

i=k+1 j=k j=k

where wy, = ZﬁV:kH a; H;;}C(l —)Ui—1 + H;;}C(l —oj)v,k=1,2,--- ,N and w,, = (1 — ¢, )v.

3 Main Results 1

Let H be a Hilbert space and let I' : H — H be a self-map of H. For arbitrary yo € Y, we define the following
iteratively algorithms for the sequence {y,}5

Ynt1 = On1tn + ZZ:Q On,k Hf);ll(l - 5n,p)FZ71tn + H;:l(l = Onp) I tn;

b — _ b
t, = Yn,1Wn + thz Tn,t szll(]- - ’Yn,s)rt lwn + Hs:l(l - Vn,s)]-—‘bwn; (31)
Wnp = Zf‘:l Tn/" H:;ll(l - Tn,i)FT_lyn + H::l(]‘ - Tnﬂ;)l—‘cyn7 n 2 07 ]-7 27 ey

Ynt+1 = On,1tn + ZZ:Q On,k ny;i(l - 5n,p)F€_1tn + ngl(l = Opp) T

b —1 — b
t, = 'Yn,lryn + thg Yn,t Hizl(l - 'Yn,s)rt 1wn + H5:1(1 — Tn, b)rbwn; (32)
Wn = Zi:l Tn,r H:;ll(l - Tn,i)FTilyn + Hle(l - Tn,i)FCynv n = 07 17 27 )

and

Ynt+1 = On1Yn + Zz 5 0nk H (1 — On, p)FZ o+ H (1= Onp)D%n;
tn = Yn,1Yn + Zt:Q Yn,t Hs: ( ’Vn,s)l—‘t lwn + Hs:l( ’Yn,s)rbwn§ (33)
Wn = Zf‘:l Tn,r H::_ll(l - Tn,i)FT_lyn + H::l(l - Tn,i)rcyna n Z 07 17 27 )

where {{6, k5% o }oo s {{vne 120 o1, {{Tnr }520 o, are countable finite family of real sequences in [0, 1] and a, b, ¢ €
N. We shall call the iterative schemes defined by (3.1)), (3.2) and (3.3) the DI-iterative scheme, Chugh-DI iterative
scheme and ITH-iterative scheme respectively.

Remark 3.1. If a =b=c=2,0n1 = 61,002 = 0, Y01 = Y, V2 =&y Tl = Tny Tn2 = pn,I‘l = I (where I is an
identity mapping) and I'? = I, we obtain the following iteration algorithms:

(a) From (3.1]), we have

Yn+1 = Ontn + (1 = 0p)[antsn + (1 — )Tty

tn = Ynwn + (1 — ) [Enwn + (1 — &) Tws) (3.4)

Wn = TnYn + (1 = 7) [pnyn + (1 — pn)Lynl.

The following well known iteration schemes are consequences of :
(1) fap =&, =pn,=0in , we have

Yn+1 = Ontn + (1 — 6,) Tty
tn = Ynwn + (1 — v)Tw, (3.5)

Wn = TpYn + (1 - Tn)ryna
and is called SP-iteration scheme.
(i1) if 7, =1 in (3.5]), we get
Yntl = 5ntn + (1 — 5n)Ftn

tn = Ynwn + (1 —v)Twy (3.6)
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(b) From (3.2)), we have

Ynt1 = Ontn + (1 = 0p)[antn + (1 — o) Tty )r

tn = Ynlwn + (1 — vn)[Enwn + (1 — &) Twy,] (3.7)

Wn = TnYn + (1 = 7) [pnyn + (1 — pn)Lyn].

Again the following well known iteration scheme is a consequence of :
() if oy =&, =pn=01in , we have

Ynt1 = Ontn + (1 — 6,) Tty
tn = lw, + (1 —vp)Twy (3.8)

Wn = TpYn + (1 - Tn)ryna
and is called CR-iteration scheme and

(¢) From ({3.3]), we have
Ynt+1 = OnYn + (1 - 5n)[antn + (1 - an)Ftn]
tn = YnYn + (1 - ’Vn)[gnwn + (1 - gn)rwn] (39)
Wn = Tn¥Yn + (1 = 70) [pnyn + (1 = pn)Tynl,

so that, if a, =&, = p, =0 in (3.9)), the following well known (Noor) iteration scheme is obtained

Ynt+1 = 5nyn + (1 - 5n)rtn
tn = YnYn + (1 - ’Yn)l—‘wn (310)
Wn = TnYn + (1 - Tn)Fyn-

Theorem 3.2. Let H be a Hilbert space, I' : H — H be a self-map of H satisfying the contractive condition
s s s - s s—j
I = Towll < vfle —wl + D (j)p Tg(ll¢ —Te])), (3.11)
j=0

where £,w € H,0 < v* < 1, and let ¢ : Rt — RT be a subadditive monotone increasing function with ¢(0) = 0
and ¢(Mt) = M¢(t), M > 0,t € R*. For arbitrary yo € H, let {y,}5°, be the DI-iteration scheme defined by (3.1)).
Then,

(1) T defined by (3.11)) has a fixed point g;

(#4) the DI-iteration scheme converges strongly to ¢ € T'.

Proof . First, we argue that I" satisfying contractive condition (3.11]) has a unique fixed point. Assume for contra-
diction that there exists two points ¢1,ga € F(T') with ¢; # g2. Then, we have

IN

0<[lg1 — qll = [T%q1 — g

|q1—q2||+2( )= stlavT - Tal)

Vg — 2| Jrz < >VJ (0

Then, (1 — v*)||g1 — g2|| < 0. Using the fact that v* € [0,1), we get 0 < 1 — v* and ||¢1 — ¢2|| < 0. Since the norm
is a nonnegative function, we get ||¢1 — ¢2|| = 0; ¢1 = ¢2 = ¢q(say). Therefore, " has a unique fixed point.

Again, we show that the sequence {y,}52, generated by (3.1) converges strongly to ¢ € F(I'). By (3.1) and
Proposition 2.5, with yp41 = y,tn =t,¢=u,k =1 and y,n € I'*=1t,, we have the following estimates:

-1 a
[Ynt1 —al* < Onnllts —all* + Z5n T = 0np) I e =T gl + T (1 = 60p) T80 — T%|*. (3.12)
=2 p=1

p=1
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But from (3.11)), with £ = ¢,,, we have

vt —q||+2() *~35(lq - Tql)

= Vit —dl. (3.13)

Using (3.12)) and ( -, we get

IN

A

-1 a
s —al® = [fus+ Zm T1 - 50w + T10 - 80072 — gl (3.14)
p=1 p=1
Also,
b t—1 b
tn — QH2 = - qH2 + Z’Yn,t H(l - ’Yn,S)”Ftilwn - thlq”Q + H(l - ’Vn,s)HFbwn - FbQH2- (3.15)
t=2 s=1 s=1

But from (3.11), with £ = w,,, we have

1T~ Tl < 2l — g +Z( ) *~3(]lq — Tl
T (3.16)
From and (| -7 we obtain
t—1 b
It —all* = [% 1+ Z% JIA =)’ + I - %78)@5)2] eon = all” (17
s=1 s=1
Moreover,
b r—1 ¢
lon —al’ = Tuallgn —al? + 3w [L0 = 7 [T g — Tl + T~ 70090 — Tql®. (3.18)
r=2 i=1 =1

Using (3.11)), with £ = y,,, and following the same approach as was used to obtain (3.17)), we get

o — gl = [Tn1+zmﬂ (1= 7 +H1_Tm 2]y - all® (3.19)

i=1

Now, (3.12), (3.15) and (3.19) imply that

a t—1

loms1 —all® = (n1+2mH 6) ()2 + T (1 = 80 (" )(%ﬁZ%H — ) )
b
+H(1 Tn, 9) )(Tn1+ZTnTH *Tnv +H 177711 )Hyn 7q||2 (320)

Using Lemma 2.3 and the fact that v* € [0,1), we have

A<B=1, (3.21)
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where
A = (gn,l+§an,eﬁ<1—an,p><us>2+ﬂa Onp) (v° )(%1+Zwiﬂj — ) (1°)?
+f[(1—vn,s)( )(Tn1+ZTn7ﬁ1—Tm +H — ) ()?)
and - -
B - (n1+zanzpnl >+£[1<1— )(%ﬁz%tﬁ %,s>+s_1b11<1—%,8>)
(TNZM:HI TWH ).

By Lemma 2.2 and (3.21]), we obtain from (3.20) that y, — ¢ as n — oo; that is, DI-iteration scheme converges
strongly to g € F(T). O

Theorem 3.3. Let H be a Hilbert space, I' : H — H be a self-map of H satisfying the contractive condition
S
s s s S s—7
I = Tl < vl =l + 3 () ol - el (322)
§=0

where £,w € H,0 <v* <1, and let ¢ : Rt — R™ be a subadditive monotone increasing function with ¢(0) = 0 and
G(Mt) = Mp(t), M > 0,t € RT. For arbitrary yo € H, let {y,}>°, be the Chugh-DIiteration scheme defined by (3.2).
Then,

(1) T defined by (3.22) has a fixed point g;
(it) The Chugh-DI iteration scheme converges strongly to ¢ € I

Proof . Assume for contradiction that there exists two points g1, g2 € F(T') with ¢; # ¢2. Then, following the same

technique as in (i) of Theorem 3.2, we have ¢1 = g2 = ¢( say ). Hence, ¢ is the unique fixed point of T". Next, we
prove that z,, — ¢ as n — oo. Now, by (3.2, Proposition 2.4 and (3.22)), we get
a l—1
lmss =l = [onr+ D0 [J (1= 60 0)* + H (1= 00p) (") tn — all®. (3:23)
(=2 p=1

Again, from (3.2)), (3.22) and Proposition 2.5, with k = 1,%,, = y», L'y, = t,ynn € TV71, | we get

b t—1 b
lltn — QH2 = illyn — ‘I||2 + Z'Vn,t H(l - 'Yn,S)HFtilwn - thqu2 + H(l - 'Vn,S)”Fbwn - Fb(1||2
t=2 s=1 s=1
b t—1
< vnallyn — all? + D v [T = ) IT " wn = T gl + H — Tn,s)[ITPwn — TPq|%,
t=2 s=1
which by (3.16]) yields
t—1 b
ltn—al? = vrmsllvn — gl + [Z% L0 = 3002 + TT0 =202 o — gl (3.21)
s=1 s=1

Furthermore, using the method as was used to obtain (3.19)) in Theorem 3.2, we obtain

o —al? = [Tn1+zmﬂ (1= 70)( +H = 700) ()2 g — all®. (3.25)
=1
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EZ). G2 and G2 yield

a {—1 a t—1
i1 = all® = (81 + > G [T = np) )2 4+ [T = 60) ()2 x {um+(ZmH ) ()?
=2 p=1 p=1 s=1
b r—1 c
| CEEANI )(m+ZmH 1= 7))+ TIO =700 0")) Hlva —all®. (3:26)

Using Proposition 2.4 and the fact that v* € [0,1), we have
A < B =1, (3.27)

where

AT = (5%1 + ién,f ﬁ(l - 6714))(”8)2 + H(l - 5n,p)(Vs)2)
< {vn + (Z% t ﬁ S ) )?) (T

r—1 c

+ ZTn A0 =@ + L0 - 700)?)

i=1 i=1

and
B* = (n1+zénkn ’p +H )(’Ynl"_z’yntﬁ PYn,s)
p=1 s=1
+ﬁ<1_7ns)(7—nl+z7—nr1—[ 1_Tnz +H Tnz)
s=1 i=1

By Lemma 2.2 and (3.27)), it follows from (3.26|) that y,, — ¢ as n — oo; that is, Chugh-DI iteration scheme
converges strongly to ¢ € F(T'). O

Theorem 3.4. Let H be a normed space, I' : H — H be a self-map of H satisfying the contractive condition
s s s : S s—7
I = Tl < vl =l + 3 () ol - el (3.28)
=0

where £,w € H,0 < v® < 1, and let ¢ : Rt — R* be a subadditive monotone increasing function with ¢(0) = 0
and ¢(Mt) = M¢(t), M > 0,t € RT. For arbitrary yo € H, let {y,}2, be the I H-iteration scheme defined by (3.3).
Then,

(1) T defined by (3.33) has a unique fixed point g;
(it) The I H-iteration scheme converges strongly to g € I".

Proof . (i) The result follows immediately as in the proof of (7) in Theoerem 3.2.
(74) To show that the sequence {y,}>2, generated by (3.3 converges strongly to a point ¢ € F(I"), we shall use (3.3)),
Proposition 2.5, with y,11 = y,yn = t,¢ = u,k = 1,9, ny € T¥71¢,, and then estimate as follows:

a —1 a
lynsr = all* < Snallyn —all* + Y Gne [T = 8np) T 0 = T gl* + TT(1 = 60p) T — T,
(=2 p=1 p=1

which on the application of (3.16|) yields

s -l < an,1||yn—qn2+(zénen )7 + T] (1= 60) ()2 1t — g (3.29)

p=1 p=1
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Since
b t—1
I —al® < Aallin —alP + 3 e [T = ) [T — T g H — s [P — TP
t=2 s=1
we obtain using (3.16]) that
t—1 c
l[tn — qll® —ql* + [Z% A=)+ - Wn,s)(vs)ﬂ oo — ql|?- (3.30)
s=1 s=1
Again, since by (3.19))
r—1 c
lon—all? = |ra+ Zm [T =702 + [T =700 )2 g = all®
i=1 i=1
it follows (from (3.30)) that
t—1 c
Itn—al? < |1+ ( Z%tn =) )% + [T = 9.0 (0)?) (7
s=1 s=1
+Zm H — 7)) + 1‘[ =708 (")?) | Iy = al® (3.31)

=1

(3-29) and (3.31)) and Proposition 2.3 (with k£ = 1) imply

a -1
Iy —all® < {6n,1+(Zan,eH<1—6n,p><uS>2+H(l—én,pxuﬂ?)
=2

X ['yn,l + <i% ¢ ]_:[ (1 —Yn.s) 2 + lj(l - 'yms)(l/s)z) (Tn)l
+Zvn H — ) ()% + _f[u =700 ")?) | Hlya = al?

< {n1+(z5nkH1*np +H - ){’YnlJr(Z’Yntt]__[ll’Yn,s)
+H s )(Tn1+zmn Tn,i>+1j<1—rn,i>)}} % Jlyn — all

i=1

= Hyn—qll : (3.32)

By applying Lemma 2.2, we obtain from (3.32) that y,, — ¢ as n — oo; that is, the TH-iteration scheme strongly
converges to ¢ € F(T"). O

If c=01in (3.3)), then we have the following corollary:

Corollary 3.5. Let H be a Hilbert space, I' : H — H be a self-map of H satisfying the contractive condition

IT°€ = TPwl| < v°fl§ — wl| + Z ( ) p*o(lI€ — Tel), (3.33)

7=0

where £, w € H,0 < v* < 1, and let ¢ : Rt — RT be a subadditive monotone increasing function with ¢(0) = 0 and
G(Mt) = M¢(t),M > 0,t € Rt. For arbitrary yo € H, let {y,}>°, be the enhanced-Kirk-Ishikawa-iteration scheme
defined by

(3.34)

a £— _ a a
Ynt1 = On1Yn + Y One [Ty (1= 8np) Ty + TToy (1 = 0 p) T
tn = Z?:t ’Yn,t Hi;ll(]‘ - ’ynyﬁ)rtilwn + Hszl(l - ’yn,s)rbwnv n 2 0) ]-7 27 cey e
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Then,

(1) T defined by (3.33) has a unique fixed point g;
(#4) The sequence defined by (3.34]) converges strongly to ¢ € T.

If b = ¢ = 0, then we have the following corollary:

Corollary 3.6. Let H be a HiLbert space, I' : H — H be a self-map of H satisfying the contractive condition
s s s - S s—7
I = Tl < vl =l + 3 () ol - el (3.35)
=0

where §,w € H,0 < v* < 1, and let ¢ : Rt — R* be a subadditive monotone increasing function with ¢(0) = 0
and ¢(Mt) = Mo(t), M > 0,t € RT. For arbitrary yo € H, let {y,}°, be the enhanced-Kirk-Mann-iteration scheme
defined by

a -1 a
Yni1 =D _0ne [ =00 p)T¥ iy + JJ(1 = 60p)T 0,0 > 0,1,2,.., (3.36)
=1 p=1 p=1

Then,

(7) T defined by (3.35) has a unique fixed point g;
(it) The sequence defined by ([3.36]) converges strongly to ¢ € T'.

4 Main Results I1

In this section, we consider the stability results for the DI-iterative scheme, Chugh-DI iterative scheme and TH-

iterative scheme defined by (3.1)), (3.2) and (3.3)) for mappings satisfying (2.2)), respectively. The stabilities of (3.5]), (3.8)
and (3.10) follows immediately as corollaries.

Theorem 4.1. Let H be a Hilbert space, I' : H — H be a self-map of H satisfying the contractive condition
s s s - s s—j
I = 1l <l - + 3 (7)ol - el (1)
Jj=0

where £, w € H,0 < v* < 1, and let ¢ : RT — R™T retains its usual meaning with ¢(0) = 0 and ¢(Mt) = Mp(t), M >
0,t € R*. For arbitrary yo € H, let {y,}>>, be the Dl-iterative scheme defined by (4.1)). Suppose F(I') # () and
g € F(T"). Then, the DI-iterative scheme is I'-stable.

Proof . We want to prove that the DI-iterative scheme is I'-stable. Let {f,}72, C H be an arbitrary sequence and
set

a —1 a
€n = ||fn+1 - ‘Sn,lgn - Z‘Sn,é H(l - 67l,p)F5719n - H(l - 6n,p)Fa9n”2v (4~2>
=2 p=1 p=1
where
b t—1 b
In = YnlUn + Z’Ynj H(l - fYn,s)Ft_lun + H(l - ’Yn,p)rbun (43)
t=2 s=1 s=1
and
r—1

¢ c

tun = Toe [ [ =) o+ [T = 70T (4.4)
r=1 =1 =1

Suppose €, — 0 as n — oco. Then, we prove that f, — ¢ as n — oco. Now, using Proposition 2.5 with u = ¢, ¢, =

t,k=1Tt1g, = vj—1 and I' g, = v, we get

a

-1 a
||fn+1 - CI||2 = Han,lgn + Zén,f H(]- - 6n,p)1—‘e_1gn + H(]- - 5n,p)ragn —q— [5n,lgn
=2 p=1 p=1

a -1 a
+ Z5n,€ H(l - 5n,p)F87lgn + H(]- - 6n,p)ragn - fn+1]||2
(=2 =1

p=1
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a -1 a
§ H - [6n,1gn + Zén,é ]:[(]- - 5n,p)]-—‘zilgn + H(l - 5n,p)ragn - fn+1]||2
(=2 p=1 p=1
a l—1
+||5n,1gn+26n,€ H(lffs 71 n+H - np F gn7QH
(=2 p=1
a —1 a
= [fas1 — On19n — Zfsn,é H(l - 5n,p)F£719n - H(l - 5n,p)ra9n]”2
= p=1 p=1
{—1 a
+||6n 1gn + Z(Sn 4 H 1 - 5»,171,)1_‘271.9” + H(l - 5n,p)ragn - QH2
=2 p=1 p=1
a {—1 a
= et 0n1gn + D 0ne [T = 00p)T  gn + [J (1 = 60.)T %00 — all*( by (E2))
=2 p=1 p=1
-1 a
< enton 1||gn_Q||2+Z(5n€H< 5n,p)||ré_1gn _Fé_quQ"i' H(l_émp)uragn_raqHQ- (4.5)
=2 p=1 _

But from (3.11)), with £ = g,,, we have

IT-tg, — T 1g| < ||gn—q||+z(> v~ (llq - Tqll)

v*||gn — - (4.6)

Using (4.5)) and (| .7 we get

a

||fn+1 - Q||2 = en |: n,l + Z 571 ¢ H - n,p 2 + H(l - 5n,p)(l/s)2 ||gn - CI||2 (47)
p=1
Also,
t—1 b
lgn —all* = —qlI* + Z'Yn t H 7n,5)||rt71un —T" ) + H(l - ’Yn,S)”Fbun — Iq|. (4.8)
s=1 s=1

Again, from (3.11]), with £ = u,,, we have

Tty — Tl < S||unq||+2<) “3(lq - Tl
= un — gl .
() and [@E9) imply
t—1 b
lon —all® = [vn1+vaH 130 ) @) 4 [T = 70,00 — gl (4.10)
s=1 s=1
Moreover,

r—1

lun —all* = Taillfa—al®+ ZTn PO =T e =T gl + T = 7 ITfn = Do) (4.11)
i=1

r=2 i=1
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Using (3.11)), with £ = y,,, and following the same approach as in (4.10), we get

||un_q||2 = |:Tn1+ZanH Tnz +H Tnz :|||fn_qn2 (412)

=1

(7)., (E10) and (T12) imply that

a -1 a t—1
lorr—al? = en+ (61 + Zw [T = 6u) @) + T = 60)@)?) (1 + Zm [T~ s) ()
_ p=1 p=1 s=1
b c
+ 110 = 700)?) (7 + Zm T10 - 50 + TT0 - ma0#2) 15— al?. (413
s=1 i=1 i=1
Using Proposition 2.4 and the fact that v* € [0,1), we have
A* < B* =1, (4.14)
where
a —1 a t—1
A* = <6n,1+25n,€ H(l_én,p)(ys)Q"i_ H(l 6 ) )(’Ynl +Z’YntH 1_’771,5)(”8)2
=2 = p=1 s=1
b c
+H(1_7n s) )(Tnl +ZanH 1_Tn,i)(ys)2+H(l _Tn,i)(]/s)2>
s=1 =1 =1
and
-1 a t—1 b
B* = (n1+26nZH - )+H(1_ )(’Ynl+27ntH ’Yn,s)""H(l_’yn,s))
p= p=1 s=1 s=1
(Tn1+ZanH Tnz +H Tnz)

=1

By Lemma 2.2, (4.14) and the fact that €, — 0 as n — oo, we obtain from (4.13)) that f, = ¢ as n — oo as
required. On the other hand, suppose f, — ¢ as n — oco. Then, we show that €, — 0 as n — co. Indeed, from (4.2)
and Proposition 2.5 with u = ¢, g, = t,k =1,I'*"1g, = vj_1 and I'g, = v, we get

€n = ||fn+1_q_|:nlgn+25nZH1_ ,pFZ 1gn+H - npl—‘gn_q:IH2

-1
< ot = all® + 160,190 + Z(sn,f H(1 - 6n7p)re_19n + H(l ~ 0np)L %90 — gl
=2 p=1 p=1
a £—1
< lfatr _QHQ+5n,1H9n_Q||2+Z(5n,€ H(l_(sn,p)‘lre_l Q||2+H — On,p) [T gn_‘J||2 (4.15)
(=2 p=1

From and -, we obtain

a

a -1
en < farr —al® + {%1 + 3 6o [T =000) ) + T = 600) ()2 |9 — all?,
(=2 p=1

p=1
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and from (4.10]) and (4.12)), we get

a {—1 a t—1
e < ||fn+1—qu2+(6n,1+26n,eH<1—6n,p><us>2+H<l B )(van%tH ) ()2
b
+11a =00 )(Tn1+§ij1—Tm +H 7)) o (4.16)
s=1 =1

Since f, — 0 as n — oo, it follows from (4.16) that €, — 0 as n — oo, which completes the proof. (J

Theorem 4.2. Let H be a Hilbert space, I' : H — H be a self-map of Z satisfying the contractive condition

s s s - S s—j
IT°¢ = Towl| < V1€ —wl| + <j)p To(|1€ = TE|), (4.17)
j=0
where {,w € H,0 < v® < 1, and let ¢ : RT — R™ retains its usual meaning with ¢(0) = 0 and ¢(Mt) = Mp(t), M >
0,t € RT. For arbitrary yo € H, let {y,}52, be the Chugh-DI iterative scheme defined by ({.17). Suppose F(T) #

and ¢ € F(I'). Then, the Chugh-DI iterative scheme is I'-stable.

Proof . Let {f,}52, € H be an arbitrary sequence and set

a —1 a
€n = ||fn+1 - 6n,1gn - Zén,é H(l - (5n,p)1—‘£7lgn - H(l - 5n,p)Fagn||27 (418)
=2 p=1 p=1
where
b t—1 b
In = Yl un + Z'yn,j H(l — ’yms)Ft*lun + H(l — ’yn7p)Fbun (4.19)
t=2 s=1 s=1

and )

Un =Y T [J (1= 70T 1fn+H (1 = 70,0)T fo. (4.20)
r=1 =1 i=1

We want to prove that the Chugh-DI iterative scheme is I'-stable. Now, suppose ¢, — 0 as n — oco. Then, we
prove that f, — q as n — oo. Using Proposition 2.4 with u = q, g, = t,k = 1,I'"""1g, = vj—1 and I'g, = v, we get

”fn-l—l —QH —H(sn lgn+z(5n€H 1_ 7p Fﬁ 1gn+H - np F gn — 4 — [6n7lgn
=2 p=1

+Zén€H 1_ np)l—‘Z ' n+H - np)Fagn_fn+1]||2
p=1
a -1 a
SH - [5n,19n + Z(sn,f H(l - 5n,p)ré_19n + H(l - 6n,p)ra9n - fn+1H|2
=2 p*l p=1

+||5nlgn+z(5nfnl_ ,p ]-—\Z 1gn+H - gn_qu2

a

= fa+1 = On,19n — Z On,e H(l - 5n,p)rz_19n - H(l - 5n,p)ra9n]”2
=2 p=1

p=1

a -1 a
+ 16,190 + Z(sn,l H(l - 5n,p)reilgn + H(l = Onp) g0 — QHQ
=2 p=1 =

a -1 a
=€n + H(Sn,lgn + Z 5n,£ H(l - 5n,p)reilgn + H(l - ) 9n — Q|| by .
=2 p=1 p=1
a -1

<en +Snllgn —al® + Y 0ne [T =80 p)IF g0 =T 1q)* + H — Onp)lIT%gn — Tl (4.21)

=2 p=1
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By (3.11)), with £ = g,,, we have

IDt1g, —T*1q| < §||gn—q||+2() “~i6(lq - Tqll)

= V’llgn —dl. (4.22)

Using (4.21)) and (| , we get

a

a —1
[ fos1 —al® = et {57171 + 0ne [T =00p) () + T (1 = 600) (@) |llgn — all*. (4.23)
=2 p=1

p=1

Now, from(4.17), ([£:19) and Proposition 2.4, with u = ¢, f,, = t,k = 1,T'*"1 f, = v;_1 and ['*f,, = v, , we get

b t—1 b
lgn —dll* = =l + Y e [T = ) IT M = T gl + TT( = 7,6) IT 0 — T4
t=2 s=1 s=1
b t—1 b
< vyallfa — (I||2 + Z'Vn,t H(l - 'Yn,S)HFt_lun - Pt_l(]HQ + H(l - 'Vn-,S)HFbun - Fb(]||2a
t=2 s=1 s=1
which by (3.16]), with w,, = u,, yields
t—1 b
lgn —all* = —ql*+ [Z% O =) @)+ T - %,s)(vs)ﬂ [un — ql>. (4.24)
s=1 s=1

Furthermore, using the same approach as in (3.25)) of Theorem 3.2 with w,, = u,, we obtain

lun —ql* = [Tn1+zmﬂ — 7 +1‘[ = i) I = all®. (4.25)

i=1
[23), @24) and (@25) yield

k—1 a

ot —all* = e (n1+26mH 30 )2 + T[] (1= 60 0)?)
p= p=1
x{vym + (Z% : ﬁ e+ IO s ) 7)) (71 + S L0 - 70
s= s=1 r=2 =1

+H 70i) (")) Pl = all® (4:26)

Using Proposition 2.4 and the fact that v* € [0,1), we have
C* < D*=1, (4.27)

where

a k—1
¢ = (6n,1+];6n,kﬂ<16n,p><u5>2+H<16n,p><u5>2)

p=1 p=1
b t—1
X{V’-Yn,l“i’ (Z'}/n,t H(lf')/ns + H '-Yns’ 2) (Tn,l
t=2 s=1
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and

t—1

D* = ("WZ‘MH (1- np+H1— ,p)(vnﬁzvmﬂ — Yn,s)

s=1
b _

+H(1—%g>(7’n1+2ﬂwn — Ty +H T,H)

s=1 i=1

By Lemma 2.2, (4.27)) and the fact that €, — 0 as n — oo, it follows from (4.26]) that f,, — ¢ as n — oo as required.
Conversely, suppose f,, — ¢ as n — co. Then, we show that €, — 0 as n — co. Indeed, from (4.18)) and Proposition
24 withu=gq,g, =t,k=1T"1g, = vj—1 and I'g, = v, we get

€n = ||fn+1_q_|:nlgn+26n[H (1 =6, 1gn+H _ nprgn—q]Hz

a —1
< ot = all® + 160,190 + Z(sn,f H(1 - 6n7p)rg_19n + H(l — 0np)L %90 — gl
=2 p=1 p=1
a £—1
< s =l +0nallgn —al? + D 0ne [T = 6np) T gn — all® + H wp) D% — qll® (4.28)
(=2 p=1

Since, from (122) and (£.28),
en < Nfasr—al?+( n1+§ij 1~ 61,) Hl<1— no) ) llgn = al®,
-
it follows from and (£.25) that
tn < Mwr =l + (5,1 + ;61_[(1 i)+ 10 00)) o
— -

b t—1 b r—1
+(Z'Yn,t H(l - ’Yn,s)(VS)Z + H(l - ’Yn,s)( ) (Tn 1+ ZTn r H 1 - Tn,i)(’/s)2
t=2 s=1 s=1 i=1
+ 10 =70 e?) fida —al (4:29)

Since v € [0,1) and f, — 0 as n — oo, it follows from (4.29)) that €, — 0 as n — oo, which completes the proof. [J
Theorem 4.3. Let H be a Hilbert space, I' : H — H be a self-map of H satisfying the contractive condition
s s s : S s—7
I = Tl < vl =l + 3 ()l - el (4.30)
§=0
where £,w € H,0 < v® < 1, and let ¢ : Rt — R™T retains its usual meaning with ¢(0) = 0 and ¢p(Mt) = Mp(t), M >

0,t € RT. For arbitrary yo € H, let {y,}>°, be the IH-iterative scheme defined by ([4.30). Suppose F(T') # 0 and
g € F(T"). Then, the IH-iterative scheme is I'-stable.

Proof . Let {f,}%, C H be an arbitrary sequence and set
a -1 a
€n = an+1 - 5n,1fn - Z‘sn,l H(l - 5n,p)F€7lgn - H(l - 5n,p)ragn”27 (4"31)
(=2 p=1 p=1
where

b t—1 b
In = Ynfn + Z Tn,j H(l - 'Yn,s)rt_lun + H(l - 'yn’p)l—‘bun (4.32)
t=2 s=1 s=1
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and .
Up = ZTn r H — Tn z)FT 1fn + H — Tn, 7, F fn (433)
=1 =1

We want to prove that the IH-iterative scheme is I'-stable. Suppose ¢, — 0 as n — oo. Then, we prove that
fn — q as n — oo. Now, using Proposition 2.4 with u = ¢, f, =t,k = 1,I*"1g, = v;_; and I'%g,, = v, we get

a

-1 a
an+1 - (I||2 :||5n,1fn + Z‘Sn,f H(]- - 6n,p)]-—‘£71.gn + H(]- - 6n,p)ragn —q— [6n,1fn

=2 p=1 p=1
+25nZH 1* np Zilgn‘i’H - np F In — fn+1]H2
p=
-1
<| - nlfﬁzaneﬂ — 6n.p) Hgn+1'[ — 6 p) L0 — fus]l®
=2 p=1
+||5n1fn+z5né]:[ 1_ onZ 1gn+H gn—(JH

:”fn-i-l n lfn Z(Sn 14 H - n,p FZ?lgn - H(l - 5n,p)ra9nm2

p=1

+||6n1fn+z(5nél_[1_ ,p Fz lgn"'H - gn_q”2

-1
=€n + H(Sn lfn+z(5n€H 1_6n,p)F€_1gn+ H(l_ ) gn—q|| by .
=2 p=1 p=1

a -1
<en 4 0nillfo—al? + D 0ne [J(1 = 60 p) T gn — T 1q\|2+H — O p) T — T2 (4.34)
(=2 p=1

Since from (4.30), with £ = g,,

e g, — T 1) < 6||gn—q||+Z() v7¢(la ~Tal)

= V’llgn —al, (4.35)
it follows from (4.34) that
-1 a
lorr = al® < entSnallfo—al*+ [Z«m 100 =002 + TT = np) @2 ]llgn —al®. (4.36)
p=1 p=1
Also, since
t—1
lgn —ql?> < *Q||2+Z'YntH ’Yn,S)||Ft71Un — I g|?

S=

b
+ H(l — Yns)|IT%u, — Tlq||*>  (by ([@32) and Proposition 2.4 )

s=1
we obtain, using the same approach as in (4.35)), that

t—1 c

fa—al?+ [va 10 =902 + TT 0 = 30.) 02 fun — gl (4.37)

s=1 s=1

lgn —ql* <
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Similarly, using (4.33]) and Proposition 2.4, we obtain

c

lun —al* = [mew T a6y + [0 = 7000 I = all (4.38)
i=1 i=1
[136), (37) and (L38) imply

a k—1
||fn+1 - q||2 < et {67171 + (Z 6n,k H(l - 6n7p)(1/5)2 + H(l - 6n,p>(Vs)2)
k=2 p=1

P (500 L0 =200+ T = 20.0677) (e
+;H<1 = ) (V)% + ﬂ(l — i) )2) | b = al®

< o fiur s (o T0 =00+ 10 =600) s+ (S s [ =30
+H %q)(Tn1+ZTmlﬁ TM+H )]}~ al?

- Ul (4.39)

Since €, — 0 as n — 0o, we obtain from Lemma 2.2 and (4.39) that f,, — g as n — oo.

Conversely, suppose f, — ¢ as n — oo. Then, we show that €, — 0 as n — co. Indeed, from (4.18)) and Proposition
2.5 with u = q,g, = t,k =1,I%"1g, = v;_1 and I'g, = v, we get

€n = ||fn+1_q_[n1fn+25nfﬂl_ ’p Fé lgn+H - Ign — :|||2
=2 p=1 p=1
a -1 a
S ||fn+1 - CIHQ + H(Sn,lfn + Z(Sn,f H(l - 5n,p)]-—‘e_lgn + H(]- - 5n,p)ragn - q||2
(=2 p=1 p=1
a -1 a
< Nfwsr =P +0nallfa = al® + Y 6ne [T =60 p)IT g0 —all* + [T (1 = 6np)IT%gn —all>.  (4.40)
p=1

=2 p=1

Since, from (4.35)) and -,
a

a -1
fu=al?+ (D 0ne [T = 00) 092 + [T = 00) ()% g — al®,
=2 p=1

p=1

en < far1 =’ + +6n,

it follows from (4.37), (4.38)) and the fact that v € [0, 1) that

€n San+1—q||2+{ nﬁr(Z&mH (1= bnp +H )[7n1+<2%tﬁ 1—7n,s)+H(1—%,s))
s=1
(Tn1+ZTMH T +H — 7)) |} % W = gl (4.41)

i=1

Since f, — 0 as n — oo, it follows from (4.41)) that €, — 0 as n — oo, which completes the proof. (J

Conclusion

An affirmative answer has been provided for Question 1.1. The results obtained in this paper improve the corre-
sponding results in [8, [0} (15 20] and several others currently announced in literature.
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