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Abstract

The aim of this paper is to study the dynamics of the system of two rational difference equations:

Yn—k Tn—k
Tnt1 = Qp + s Yntl = O+ , n=0,1,...
n Tn

where {ay,},, is a two periodic sequence of nonnegative real numbers and the initial conditions z;,y; are arbitrary
positive numbers for i = —k,—k+1,—k+2,...,0 and k € N. We investigate the boundedness character of positive
solutions. In addition, we establish some sufficient conditions under which the local asymptotic stability and the
global asymptotic stability are assured. Furthermore, we determine the rate of the convergence of the solutions. Some
numerical are considered in order to confirm our theoretical results.
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1 Introduction

Difference equations and systems of difference equations emerge in mathematical models that describe problems in
biology, economics and engineering [6]. In the last few decades, they have captivated the interest of the researchers.
Particularly, there has been great interest in the study of the dynamics of rational difference equations and systems,
(for example, see [I1 [5, [8] @] 10 [T, [13]).

In [I4], Zhang et al. considered the symmetrical system of the rational difference equation

_ Ty
g1 = A+ Ik Ay IR 01, (1.1)
n xn
with parameter A > 0, and the initial conditions x;, y; are arbitrary positive real numbers for i = —k,—k + 1,...,0

and k € Z*. They investigated the asymptotic behavior of positive solutions of the system in the cases 0 < A < 1,
A=1and A>1. When 0 < A < 1, they established the existence of unbounded solutions of the system (1.1)), and
when A = 1 they proved that the system (1.1) has two periodic solutions. They found that any positive solution is
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bounded and persists. They also proved that the unique positive equilibrium point (z,7) = (A+ 1, A+ 1) attracts all
the positive solutions when A > 1.

Later, Glimiis [7] investigated the semi-cycles of the positive solutions for the system . The author also proved
that if A > 1 then the unique positive equilibrium point (Z,7) = (A + 1, A + 1) is globally asymptotically stable. He
suggested three open problems. In [2], Abualrub and Alogeili considered the first open problem. They studied the
oscillatory behavior, the boundedness, the persistence of the positive solutions and the global asymptotic stability of
the unique positive equilibrium point of the system of two rational difference equations:

gp = ALk =By IR a0, (1.2)

n -Tn

with the parameters A > 0,B > 0 and the initial conditions z;, y; are arbitrary positive real numbers for i =
—k,—k+1,...,0and k€ Z*.
In this paper, we give an answer to the second open problem in [7]:

Open Problem 2: Investigate the dynamical behaviors of the system of difference equations

_ T
xn+1:an—|—yz k, Yn+l = O + nk, n=0,1,... (1.3)

n :E’n,

where {an} is a periodic sequence of nonnegative real numbers and the initial conditions x;, y; are arbitrary positive
numbers for i = —k,—k+1,-k+2,...,0 and k € Z*.

In this work, we consider the system (1.3]) when the period of {«,} is two; namely, as, = o and ag,4+1 = 8. Then,

we obtain
Yon—k

Ton+1 — & + s (14)
Yon
Yon+1—k
Tonto = B+ ==, (1.5)
Yon+1
Ton—k
Yoni1 =+ ——, (1.6)
Ton
Ton+1—k
Yoni2 =B+ ——. (1.7)
Ton+1
If a, = a = 8 = A, then the system (1.3)) turns into the symmetrical system (1.1
_ T
xn+1:A+yn ka yn+1:A+ ”k’ n=0,1,...
n "'ETL
with the parameter A > 0, and the initial conditions x;, y; are arbitrary positive real numbers for i = —k, —k+1,....,0

and k € ZT, which was studied in ([7],[14]).

Throughout this paper, we assume that o # 5. We study the boundedness character of the system in the
cases: 0 < a, f <1 and «, § > 1. We use the linearization method to give a necessary and sufficient conditions for
the local stability. In addition, we investigate the global behavior of the system . Furthermore, we determine the
rate of the convergence of the solutions and we give some numerical examples that support our theoretical results.

2 Boundedness character

In this section, we investigate the boundedness character of (1.3). We show that if ¥ € Z*, a, 8 > 1, then every
positive solution of the system (1.3)) is bounded. When 0 < «, 8 < 1 and k is odd, then there exist unbounded
solutions of the system (L.3]).

Theorem 2.1. Suppose that
a>1 and B>1. (2.1)

Then every positive solution of the system (|1.3]) is bounded.
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Proof . It is clear from equations (1.4)), (L.5), (1.6) and (1.7)) that

Ton > B, Yoo >0, Top_1>Q, Yon_1 >, forevery n >k. (2.2)

We assume that k is odd. Then, from the equations (1.4]), (1.5), (1.6]), (1.7) and (2.1)), we obtain

Topi1 = o + Yon—k < a4+ Yon— k (23)
Yan 6

x2n:5+w<5+w’ (2.4)
Yoan—1 Q
Tom— Top—

Yong1 = o + =2k < 2202k (2.5)
Ton 6

Tom— ke Tom—k—

Yom = B+ 2nk1<5+ k-1 (2.6)

T2n—1 «

From (2.3, (2.5) and using induction we get

1
l‘2n+1<04( B Bf 6:,)—1—...)—"-/,1,1

:T_ﬂl‘f'ﬂla

1 1 1
y2n+1<a<1+ﬁ+52+53+...)+,&1
af
ﬁ"—:ula

where 11 = max {T g, Yk, T gy, Y—kt2, T kid, Y—ktds -+ Thy Yk }-
Similarly, we get

<p . +
Ton+2 o o2 o3 H2

af
= e,
a—1
1 1 1
Yonpo <B 1+ -4+ F5+—5+... ) +pe
(8% (6% (6%
af
= + He,
a—1
where 12 = MaX {T g1, Ykt 1o T kt35 Y— k3> Tkt 55 Y— k-5 - - - > Thp 1, Yk 1 )+

Now, we suppose that k is even and «, 3 > 1. Then, from the equations (2.3)), (2.4)), (2.5), (2.6) and using induction
we obtain

1 1 1 1
x2n+1<a+1+aﬂ{1+w+(aﬂ)2+(aﬂ)3+...]
+{1+++

1 ]+
Bl " ap  pE T eBp e

B 1 af 1 af
a+1+ﬁ<a6—1>+ﬁ< af - >“‘3

_aBla+1)
T Taf-1 M

1 1 1
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1 1 1 1
y2n+1<a+]—+aﬁ[1+aﬁ+(aﬁ)2+(aﬁ)3+...:|
+1{1+11+- Loy 1 }+
Bl TaB (@B (e T

_ 1 af 1 af
_a+1+aﬁ(a6—1>+ﬂ<aﬁ—1>+m

B af(a+1)
- CYB— 1 +,U/4u
<Bil+—re Loy Loy

ant2 aB | T aB” (@B (@B
—¢w+i+¥L+¥L+ +

al Tap (@B (app T

B 1 af 1 af
=P+t as <a6—1> Ta (aﬁ—l) s
_aB(B+1)
 af—1 +Hay
B IS G OV S U

Yon+2 B B (a3)2 (aﬁ)g,
T

al Tap (@B (app T8
B 1 af 1 af
=0t s (aﬁ—l) Ta (aﬂ—1> e
_ap(B+1)
- Oéﬁ— 1 + p3,
where
ps =MaxX {1, Yk Tokt3, Yokt 2> Tt 5> Y—kbds - - s Tht 1, Yk }
and
pa = MaAX ALk, Yokt 1, Tkt ds Y— k435 Tkt 65 Y—kt55 -+ » Th, Ykt 1}-

The proof now is completed. [

Next, we study the existence of unbounded positive solutions of system (1.3)) when 0 <« <1 and 0 < 8 < 1.

Theorem 2.2. Suppose that 0 < a <1 and 0 < 8 < 1. Let v = max {«, 8} and {,,,yn},._, be a positive solution
of (1.3). Then the following statements are true:

(a) If kis Odda 0< Ty Tk 25+ s =1, Y=k Y—kt25 - - - Y=1 < 1

1
and T g41, k43, L0 Ymkbl, Y—kt3s - - s Yo > T then
lim x9, =00, lim yo, =00, lim zo,41 =ca, lim yo,+1 = .
n—o00 n—oo n—o0 n—oo
(b) If k is Odd? 0< Tk 15 Tekd3s -+ LOY Y=kt 1y Y—k+35- -5 Yo < 1
1
and T g, T k42, oy Tl Yeky Y kb 2y v e« Y1 > T then

lim 29,41 =00, lim yop11 =00, lim x9, =03, lim ys, = 6.
n—oo n— oo n— oo n—oo

Proof . (a) Since v > o and v > 5 then

- 1
0<x1:a+y7k<a+*<oz+1f’y<l,
Yo Yo
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xT

_ 1
O<y1=a+ k<a+—<a+1—'y<1,
Zo

Zo

Y—k 1
Z2 :5+T+1 > BAy—k+1 > Yoki1 > T,
1

1 —
Tk+1 1
y2:/8+7>/8+w—k+1>$_k+1> )
T 11— 5
By induction, we get
1
0 <@an-1,9an-1 <1 ond o, pon > 37— for n=12,...
So for [ > L;r?’
_ .
T2y :a+M >+ Yoi— (k+1) :a+a+w
Y21-1 o (ke
> 20+ Ta-(2k+2),
_ .
T :oz—i—M > o+ Yar— (k+1) :a—l—a-i-w
e T4l (k+2)
> 20+ Ty (2p42) = 20+ a+ Yal—(3k+3)
Yal—2k—3
Tyl —
> 3a + Yy (3k+3) = 3@ +a + ZAl—(4k+4)
Tal—(3k+4)

> 4Q + Ty (4k44)-

Similarly, we obtain zg > 6a + @6 (6r+6)- So for all r =1,2,...

Torl > 27+ Top_2r(k41)

Hence, if n = rl, then since r — 0o and so lim, . T2, = co0. In the same, we get lim, o Y2, = 00.
We consider the system (1.3]) and we take the limits on both sides of each equation in the system

Yon—k Ton—k
Tont+1 =+ y Yol =+ ——
Yon Ton

we obtain lim,, o T2p,+1 = @ and lim,, o, y2,+1 = . This completes the proof of statement (a).

Now, we prove the statement (b). Since v > « and v > § then, we have

Y—k+1

1
0<zo=p+ <5+yf<ﬂ+177<1,
1

xT_ 1
O<yp=B+ " c B4+ =~ <B+1—ry<l1,
1 1

Y-k 1
rn=a+—>a+yY >y > —,
Yo 1-

X _
y1:a+7k>a+{1},k>$,k> .
o 1—v

By induction, we get

1
0 < xop,yon <1l and xop_1,Y2n_1 > —— for n=12,...

1—x
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So for | > &3

I—k Lol—(2k+1
o1 = B+ 2 S By = B+ 4 D)
Y21 L2l —(k+1)

> 28 + o (2k+1),

_ T4l—(2k+1
Tal41 :5+m >ﬂ+y4l—k:5+6+¥
Yai L4gl—(k+1)
Yal—(3k+2
> 284 xy_(arp1) =28+ B+ A EhE2)
Yal—2k—2
Tal—(4k+3
> 3B+ Yu—3kr2) =38+ 8+ o)
L4l —(3k+3)

> 48 + T4l (4k+3)-
Similarly, we get xe141 > 68 + T61—(6k+5)- So for all m =1,2,...
Topi41 > 27 + Top— (2r(k41)—1)-

Comnsequently, if n = rl, then since r — 0o, lim, o0 Tap41 = 0o0. Similarly, we get lim, o Yon+1 = 00. Now, we
consider the system (|1.3) and we take the limits on both sides of each equation in the system,

B+ Yon+1-k B+ Ton+1—k

y  Yon42 =

Toan42 =
Yon+1 Toan+1

we obtain

lim z9,42 =0 and lim yon42 = 5.
n—r oo n—roo

This completes the proof of statement (b). O

3 Local asymptotic stability

The system (1.3)) can be converted into a four-dimensional discrete system with constant coefficients. To this end,
let

Up = Ton—1, Up=1T2n, ln=~1Ym-1, Wp="Y2n, n=0,1,2,...

We consider the case k = 2m. Hence, for n > 0 we have

Wn—m tn7m+1
Up4+1 = @+ ;o U1 =B+ —/—)

Wn, tny1
Un—m Up—m+1
tn+l:a+ ) wn+1:6+7'
Un un+1

So, for n =0,1, ..., the system (1.3]) is equivalent to the system
Up4+1 = A —+ Lz;m
tn—m n
Un+1 = 6 + avn"l‘;ifnz (3 1)

Un—m

tht1 =+ Un

_ Un—m+1Wn
Wn+1 = ﬁ +

QWn+Wn—m

where the initial conditions are wg = yg, W_1 = Y_2,. .-, W_m = Y—_2m, Vo = L0,

Vol = T2y e oy Vo = T2, to = Y=1, -1 = Y=3,- -+, tom41 = Y—2m+1,U0 = T—1, U1 = T—3,. .., U—m41 = T—2m+1-
One can easily see that the system (3.1 has a unique equilibrium point F = (a+1,8+1,a+1,5+1). In this section,
we use the linearization method to give necessary and sufficient conditions for the local asymptotic stability.

Theorem 3.1. If « > 1, 8 > 1 and k is even, then the unique positive equilibrium point £ = (a+1,5+1,a+1,5+1)
of the system ({3.1]) is locally asymptotically stable.
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Proof . The system (3.1]) can be formulated as a system of first order recurrence equations as follows:

1 2 m
U/fs],) :un>uf£¢) = unfla"'ﬂugl ) = Un—m+1,

’Uq(il) = Unp, ’Ur(LQ) = Un—1,--- 7vr(Lm+1) = Un—m>»
t;‘l) = t’ru t1(12) = ln-1y..- ’tszm) = t”7m+1’
U}SLI) = wnywy(lz) = Wp—1y--+, wﬁLT’H»l) = Wn—m

The linearization of the system (3.1) about the equilibrium point E is given by Z,,+1 = AZ,, where

Zn = (D, u@, .l p0) p@) | plm) f0) @) gm) () (@) mt )T

and
00 0 0 0 0 0 0 0 0 0 ot 0 0 4
10 0 0 0 0 0 0 0 0 0 0 ... 0 0
01 0 0 0 0 0 0 0 0 0 0 0 ... 0 0
00 1o 0 0 0 0 0 0 0 0 0 ... 0 0
00 0 @mem 0 0 @oEm O 0 5 0 0 ... 0 0
00 0 1 0 0 0 0 0 0 0 0
A=]o0o0 0 0 0 0 1 0 0 0 0 0 0 0 0
00 0 0 T 0 (U L 0 0 0 0 0 0
00 0 0 0 0 0 0 1 0 0 0 0 0 0
00 0 0 0 0 ... 0 0 0 ... 1 0 0 0 ... 0 0
1 1 —1
00 0 2 0 0 ... 0 0 0 . 0 0 e 0 - 0 Groerm
00 0 0 0 0 0 0 0 0 0 1 0 0
00 0 0 0 0 0 0 0 0 0 0 0 1 0

(4m+2)x (4m+2)

Let A1, A2, ..., Agma2 be the eigenvalues of the matrix A. Define D = diag(dy,ds, . . ., dymt2) be a diagonal matrix
such that d1 = dm+1 = d2m+2 = d3m+2 =1 and

di =domi14i =1—ie, foreachie {2,3,....,m,m+2,...,2m+ 1},
Since a, f > 1, we can take a positive number ¢ such that

B—1 (a+1)(B+1)—-3 }
B+1D)2m+1) (a+D)(B+1)2m+1)["

0<6<min{

Hence, for all i, 1 —ie > 0, and so D is invertible. Now, simple calculations lead to

0 ... 0 0 0 ... 0 0 0 ... 0 0o Pt 0o sitm)
s o 0 0 ... 0 0 0o ... 0 0 0 ... 0 0
0 ... &Y o 0 ... 0 0 0 ... 0 0 0 ... 0 0
0 ... 0 0o otmb o0 6P o . 0 sBmE oL 0 0
0 ... 0 0o oMt oo 0 0 ... 0 0 0o ... 0 0
B P : : : S : : : : : : : : :
DAD 1= o 0 0 .(,,EJH) e S (22“) 0 v 0 0 0 v
0 ... 0 0 sy .0 s2m 0 ... 0 0 0 ... 0 0
0 ... 0 0 0 ... 0 0 s o 0 0o ... 0 0
0 ... 0 0 0 ... 0 0 0 ... oPm 0 0 ... 0 0
0 ... 0 &M, 0o .. 0 0 0o ... 0 0 e 0 gy
0 ... 0 0 0 ... 0 0 0o ... 0 0 am 0 0

0 ... 0 0 0 ... 0 0 0 ... 0 0 0 ... smE o
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where
sEm+2) _ _ —d sUm+2) _ s _ g2
' (B damir’ — (BFDdamee? ? dy’
5(m—1) _ dm 5(m+1) _ 41 (2m+1) _ _dm+1
m m—1 ’ ml (B+1)(at1)dm+1’ ml (B + 1)(01 + 1)d2m+1 ’
5EmHD _ A1 st _ dima 5@ _ dom41
m+1 (a ¥ 1)d3m+1 ) m+2 dm41”’ 2m+1 dom )
s+ _ —damy2 §EmHD _  dapmio (em+2) _ dom+3
2 T Gy Dy’ 2T b Qs =g
56m) d3m41 §m) . _damso sBmt2) _ d3m42
R R RV ey
sém+2) _ —dzm+2 5BMH2) _ dams sm+D) _ dam+2
m+2 B+ 1) (a+ 1)dymia’ 3 dgm+2” Am+2 damt1
From the following four inequalities
l=dy>dy > >dp >0,
1=dms1 > dmy2 > -+ > dom > dopy1 > 0,
1 =dami2 > damsz > -+ > dzm > dzme1 > 0,
1= d3m+2 > d3m+3 > > d4m+1 > d4m+2 > 07
we get
d2 d3 dm dm+2 d2m+1
— <1 —<l1l,...,—— <1 1,... 1
G A ey 7 e T o
d2m+3 d3m+1 d3m+3 d4m+2
—<1,..., <1, <1,..., <1
dam+2 d3m d3m+2 dam+1
Furthermore, since o, 8 > 1 and by using (3.2]) we have
1 n 1 < 1 n 1
B+1 (B+1)(1-0C2m+1)e) B+DHA-02m+1e) (B+1)(1—-(2m+ 1))
< 2
(1—(2m+1)e)(B+1)
<1
and
1 n 1 n 1
(a+1D)(B+1)  B+D(a+1)(1—2m+1)e)  (a+1)(1—me)
3
<
(B+ 1) (a+1)(1—(2m+ 1))
< 1.
Since A and DAD™! have the same eigenvalues, we have
max{|\;[} < [[DAD ™o
e { 1 N 1 do d3 dm
= X ) 7 9 7 9t )
G0 T Br0A-@miDe) & d T A
dypt2 dom+1  dom+s d3m+1  d3m+s dam+2
1’ dom T domg2’ T dsm T dsmy2’ damgr
1 n 1 n 1 }
B+D(a+1)  B+D(a+1)(1-02m+1)e)  (a+1)(1—me)

<1
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So, the modulus of every eigenvalue of A is less than one. Hence, the unique equilibrium point F = (a+ 1,8+ 1, +
1,8+ 1) of the system (3.1) is locally asymptotically stable. Thus, the proof is completed. O

4 Global asymptotic stability

In this section, we show that all positive solutions of (|1.3) are attracted by a period-two solution.

Theorem 4.1. If & > 1, 8 > 1, then every positive solution of the system (|1.3) converges to the period-two solution
(a+1,a+1), (B+1,8+1),.. asn — 0.

Proof . Let {x,,y,} be an arbitrary positive solution of the system (1.3 and let

uy = limsupxopy1, U =liminfas,11 ug =limsupxs,, Iy =liminfx,,
n— oo n—oo n—o00 n—oo

ug = limsup yon+1, I3 =liminfys,y1, ug =limsupys,, Il4=liminfys,,
n— 00 n—00 n—00 n—o00

Using Theorem (3.1]), we get
l1 <up <400, Iy <us <+4oo, I3<ug<4oo, Iy <ug<—+oo.

Now, we assume that k is even. Then the system (1.3)) implies that

m<at ot <B4 up<at ol ug <B4t
4 I3 lo 1
4 I3 lo l1

h>a+—, Lb>2p+—, B>2a+—, L>8+—.
Ugq us U2 U

which implies that
Bur + 1 <lyuy <aly+ug, oug+ 1l <lLug <Pl +uy
and
aug + 1o <lgus < Blz +us,  Puz+ 13 < loug < als + us.
Therefore, we obtain
(B=1D(ur —h) + (a=1)(us —1ls) <0
and
(8 =1)(us —l3) + (a = 1)(uz — I2) < 0.
Since a > 1, 8> 1 and uy — l1, ug — lo, ug — I3, ug — Iy > 0, we get
uy — 11 =0, us—1ls=0, wug—I3=0andus —14=0.

Now, we assume that k is odd. Then the system (1.3)) implies that

U u U U
ul§a+i, uQ§ﬁ+—47 U3§a+—1, U4§ﬁ+i7
l4 l3 l2 ll

I3 4 l1 Iy
hzat+t—, Lb>2f+—, 3za+—, L=>p+—
Uy us U2 U1

which implies that
Buir + 1l <lyuy <odg +us,  aug+1s <liug < Bl +ug
and

oug + 11 <lgup < Blz +ug,  Pus 41 < loug < aldo + us.
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Consequently, we obtain
B-1Nur+ 1 —-a)la < (a=1)ly+ (1 —Pus
and
1=+ (a—Dus < (B-1iz+ (1 — a)uy.
By addition, we get
B—=Dur =)+ (a=1D(ug —lo) + (a— 1)(us — lg) + (B — 1) (us — I3) < 0.
Buta—1,6—1>0and uy — l1,us — ls,u3 — l3,uq4 — 4 > 0. Thus
up —1h =0, us—1Il=0, wuz—I3=0and ug —Il4y =0.
So, we use to get
h=ui=a+1, lb=uy=04+1, lz=uzs=a+1, lh=us=p0+1
Moreover, it is obvious that since a # (3, then from equations , , , and
lim 9,41 # lim x9,, lim yo,11 # lim yo,.
n—oo n—oo n—oo n—oo
Finally, since Iy = uy, Iy = ug, I3 = us, ly = ug, it is clear that {x,,y,} converges to the period-two solution
(a+1,a+1),(B+1,8+1),... asn —o00. O

From Theorems (3.1) and (4.1)) we obtain the following result.

Theorem 4.2. If o, 3 > 1 and k is even then the period-two solution {(a«+1,a+1),(8+ 1,8+ 1), ...} of the system
(1.3) is globally asymptotically stable.

5 Rate of convergence

In this section, we investigate the rate of convergence of a solution that converges to the equilibrium point F =
(a+1,8+1,a+ 1,8+ 1) of the system (3.1) when a, 5 > 1 and k is even.

The following result gives the rate of convergence of the solutions of a system of difference equations
Uni1=(A+ B(n))Up, (5.1)

where U, is a (2k+2) dimensional vector, A € C(F+2)x(2k+2) i5 a constant matrix and B : ZT — CCk+2)x(2k+2) ig
a matrix function satisfying
[|B(n)|| = 0, when n — oo, (5.2)

where ||.|| denotes any matrix norm which is associated with the vector norm.

Theorem 5.1 (Perron’s Theorem). Consider system and suppose condition holds. If U, is a solution
of , then either U,, = 0 for all large n or
0= tim 3/]0,]
n—oo
or
g i IUaal

oo ||Un||

exist and 0 is equal to the modulus of one the eigenvalues of the matrix A.

Here is our main result in this part.
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Theorem 5.2. Assume that a solution {(un,vn,tn,wy)} of the system (3.1)) converges to the equilibrium point
(u,v,t,w) which is globally asymptotically stable. Then, the error vector

1) (1) 2) 6(2) B (3) e (4)

( T
€n = (en ""’en—TrL-l—l?en yrytn—mo Tn )t n m+1’ mn o2 n m)

= (Up, — Uy ey Up—m1 — Uy Uy, — Uy ooy Upin — Oy by — by ooy bpmp1 — 6 Wy, — W,y ooy Wy, — W

of every solution of the system (3.1 satisfies both of the following asymptotic relations:

lim Y/|len|| = |NiJr(@,0,t, )|, for some i =1,2,...,k
n—0o0

or
m lensall = |\ Jr(@,0,t,@)|, for some i =1,2,...,k
n=oo |[en||
where |\;Jp (4, v, ¢, w)| is equal to the modulus of one the eigenvalues of the Jacobian matrix evaluated at the equilib-
rium point (@, T, f D).

Proof . We will obtain a system of limiting equations for the system (3.1). The error terms are given as

k k
Upg1 — U = Z Ai(Up—i —u) + Z Bi(wy—; —w),
i=0 i=0
k
Upy1 — U = Z Ei(vp—i —0) + ZFz‘(tnﬂ‘ —t),
i=0 i=0
k k
tnp1 —t = Z Ci(tn—i —t) + ZDi(Unfi — ),
i=0 i=0
k k
Wp41 — W = Z Gi(wn,i — 1IJ) + Z Hi(un,i — ﬂ)
i=0 i=0
Set
eg)—u —a, e? =, v, eff’)—t —1, e =w, —w

Hence we obtain

k
S DRTEUES S EUNCIES oS N
n+1—ZC€ +ZDen i) en4-&)-1:‘ (4) +ZHen i)

where

A=0,i€{0,1,...om—1}, By=—2™ B —0,ie{l,2,....,m—1},
wn
*tn—m+1fvn

(v, + vp—m)?’

. C;=0,i€{0,1,...,m—1},

1 tn—m+1Vn—m
By = —, Ey=nomttlnom
™ w, 0 (v + U )?

FiZO,iE{O,l,...,m—Z,m}, F,_1=

E;=0,i€{1,2,....m—1}, E,=

U
WV, + Vp—m,

—Un—m . 1 Up—m+1Wn—m
Dy = D;=0,ic{1,2,....m—1}, Dy =—, Gy=—nzmtlWn-m
0 ’U% I} 1 { m } Un 0 (awn—i—wn,m)Q
Gi=0,ie{l,2,...,m—1}, Gm:%, H;=0,i€{0,1,...,m—2m}

Wn,

QWy, + Wp—m
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Taking the limits, we have

-1
lim A;=0forie{0,1,....m—1}, lim By= —,
n—o00 n—oo w
. _ , IR t
nILH;oBi:OfOYZG{17~-~7m*1}’ nlggoBm:Ev ,}LH;OEOZW’
. ' 1 _E
Jim Bi=0fori€ (L m =1}, Jm By = o

lim C; =0forie {0,1,...,m—1}, lim Dy=-—, lim D;=0forie{l,...,m—1},
n—oo v

n—oo n— oo

nh—>HoloDm:5’ nh_)rr;oGO:m, nh_)rr;oGi:0forz€{L...,m—l},
. —u . . . w
nll_{lgon = m, nll_{lgoHl =0 for i c ‘{071,...77’774_2777'1}7 nh_{r;on*l = m
Hence
By = — + Bp=tib, Bye—t . E A
= Qn, m = — ns = - Cn, [ R —— "y
0 D w T (a+1)w (a+1)v
-1 1 U —1U
0 o +fn7 m ’D+gn7 0 (OZ+1)'IZ}+ ns m (OZ+1)'IT}+ n;
v w
Fm— = n Hm— = — n
S larip TP S lariw 4

where an, by, Cnydn, fry Gy Py kny Pny @ — 0 for n — oo. Consequently, we obtain a system of the form of the

en+1 = (A + B(n))en,

where
00 0 0 ... 00 0..00 a 0 ... 0 by
10 00 0 0 00 0 00 0 0 0
0 0 10 0 0 00 0 00 0 0 0 0
0 0 0 0 ¢ 0 0 d, 0 0 pu 0 0 0 0
00 00 1L 0 00 0 00 0 0 0 0
_loo 00 0 0 10 0 00 0 0 0 0
B(n)=| 4 00 fu O 0 g, O 00 0 0 00
00 00 0 0 0 0 1 00 0 0 0 0
00 00 0 0 00 0 10 0 o0 0 0
00 0 ga 0 0 00 0 0 0 hy O 0 kn
00 00 0 0 00 0 00 1 0 00
00 00 0 0 00 0 00 0 0 1 0
00 0 0 0 0 o0 0 0 0 g 0 0 4
10 0 0 0 0 0 0 0 0 0 0 0 0
00 ... 1 0 0 0 ... 0 0 0 ... 0 0 0 0 0 0
1 —1 1
00 0 0 ey 0 - 0 grparn 0 - 0 2 0 0 0 0
00 0 1 0 0 0 0 0 0 0 0
A—]oo0 0 0 0 0 ... 1 0 0 0 0 0 0 0 0
- —1 1
00 0 0 e 0 .0 oo 0 0 0 0 0 0
00 0 0 0 0 0 1 0 0 0 0 0 0
00 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 —1
00 0 L 0 0 0 0 0 0 0 Grmry O 0 GrieTy
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
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with ||B(n)|| — 0. Therefore, we can write the limiting system of error terms about the equilibrium point (%, 7, ¢, @)
as follows:

Eay i
10 0 0 0 0 0 0 0 0 0 0 ... 0 0 e
00 ... 1 0 0 0 ... 0 0 0 ... 0 0 0 0 ... 0 0 -
1 —1 1 :
00 .. 0 e 0 - 0 g 0 - 0 b 0 0 ... 0 0 g
00 ... 0 0 1 0 ... 0 0 0 ... 0 0 0 0 ... 0 0 )
ey = |00 0 0 0 0 ... 1 0 0 ... 0 0 0 0 0 0 .
n+ 00 ... 0 0 =L 0 .. 0 F5 0.0 0 0 0 0 0 l
00 ... 0 0 0 0 0 0 1 0 0 0 0 0 0 ey
00 ... 0 0 0 0 ... 0 0 0 ... 1 0 0 0 ... 0 0 -
1 1 —1
00 ... 0 5 0 0 0 0 0 0 0 mmEm 0 mmem o
00 0 0 0 0 0 0 0 0 0 1 0 en_1
00 ... 0 0 0 0 ... 0 0 0 ... 0 0 0 0 ... 1 0 Cnem

which is the same as the linearized system of system (3.1)) about equilibrium point (u, v, ¢,w). Finally, we apply
Perron’s theorem to obtain the desired result. [J

6 Numerical examples
In this section, in order to confirm our theoretical results, we consider some numerical examples.
Example 6.1. Consider the system with & = 9 and the initial conditions z_g = 3, z_g = 4, x_7 = 0.6,

€T _ 6—131’ 5—01 xT_ 4—27.% 3—9 xT_ 2—5 xT_ 1—28 IL’()—57 y9—2 y8—04 y7:3,y6:101
Y5="7,9Yy-4=42y 3=19,y_o=7,y_1 =6.7, yo = 3. Moreover, Wetaketheparametersa—%,5:6,1e

a7L:{

In this case 0 < «, 5 < 1 and k is odd. Then, by virtue of Theorem the solution of the system (1.3]) is unbounded
(see Figure [1)).

if n even

if n odd .

ol ol

Example 6.2. Consider the system (1.3) with ¥ = 4 and the initial conditions z_4 = 4, x_3 = 3, x_o = 1.06,
r_1=2,20=08,y_4 =2,y 3=14,y o=4,y_1 =1, yo = 4. Moreover, wetaketheparametersaz%,Bzg.
In this case o, 8 > 1 and k is even. Then, by virtue of Theorem 4.1 - 1| the solution of the system (1.3]) converges to the

period two solution {(42,42),(8,8),...} (see Figure '

Example 6.3. Consider the system with & = 3 and the initial conditions z_3 = 14 , x_o = 2.6, x_1 = 1.4,
zo=11,y_3=21,y_9=14,y_1 =3.1, yo = 0.8. In addition, we take the parameters o = 5, § = 3. In this case
«, f > 1 and k is odd. Then, by virtue of Theorem the solution of the system converges to the period two
solution {(6,6), (4,4), ...} (see Figure|3)).

Example 6.4. Consider the system with £ = 5 and the initial conditions x_5 = 1.4, z_4 = 2.6, x_3 = 1.4,
r o=11,2_1=24,20=18y_5=201,y 4 =14y 3=3.1,y_5=0.8, y_1 = 2.3, yo = 5.9. Moreover, we take
the sequence {«,,} as follows
{10 if n even
Q=

8 ifn odd

In this case a, 8 > 1 and k is odd. Then, by virtue of Theorem the solution of the system (1.3)) converges to the
period two solution {(11,11),(9,9),...} (see Figure [4)).
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Figure 1:  Plot of the solution {(zn,yn)}, s of the system (1.3) with k = 9 and the initial values z_ 9 = 3, z_g = 4, z_7 = 0.6,
T_¢=132_5=01,2_4=272_3=9,2_0=52_1=28,20=57y-9=2,y-8=04,y_7=3,y_6 =101, y_5=7, y_g = 4.2,
y—3=19,y_2=7,y_1=06.7, yo = 3.
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Figure 2: Plot of the solution {(zn,yn)},,~( of the system (1.3) with k = 4 and the initial values x4 =4,z 3 =3, 22 =1.06, z_1 =2,
20=08,y-4=2,y3=14,y2=4,y-1=1,y0 =4
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Plot of the solution {(%n,yn)},,>¢ of the system (L.3) with k& = 3 and the initial values 3 = 1.4, x_2 = 2.6, 1 = 1.4,
ro=11,y-3=21,y_9=14,y_1 =3.1,yp =0.8.

z_o=11,2_1=24,20=1.8,y-5=201,y_4=14y_3=31,y_2=08,y_1 =23,y =59 .

Plot of the solution {(zn,yn)},>q of the system (1.3) with & = 5 and the initial values x_5 = 14,04 = 2.6 , z_3
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