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Abstract

The linear canonical transform(LCT) provides a unified treatment of the generalized Fourier transforms in the sense
that it is an embodiment of several well-known integral transforms including the Fourier transform, fractional Fourier
transform, Fresnel transform. Using this fascinating property of LCT, we in this paper construct associated wavelet
frames. To be precise we introduce wavelet frames whose construction depends on the nonuniform multiresolution
analysis associated with linear canonical transform(LCT-NUMRA) whose translation set is not necessarily a group.
The translation set is taken for elements in Λ = {0, r/N} + 2Z,N ≥ 1 (an integer) and r is an odd integer with
1 ≤ r ≤ 2N − 1 such that r and N are relatively prime and Z is the set of all integers. Furthermore we establish
necessary and sufficient condition for such nonuniform wavelet frames associated with linear canonical transform.
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1 Introduction

The frame was first introduced by Duffin and Schaeffer [12] in the study of non-harmonic Fourier series in 1952,
reintroduced in 1986 by Daubechies et al. [10], and popularized from then on. Frames and their duals have very
important and interesting properties which make them very useful in the characterization of function spaces, signal
and image processing, sampling theory and many other fields. A frame is a family of elements in a separable Hilbert
space which allows stable not necessarily unique decomposition of arbitrary elements into expansions of frame elements.
A sequence {fk}∞k=1 of elements of a Hilbert space H is called a frame for H if there exist constants A,B > 0 such
that for all f ∈ H,

A
∥∥f∥∥2

2
≤

∞∑
k=1

∣∣〈f, fk〉∣∣2 ≤ B
∥∥f∥∥2

2
,

where A and B are the lower and upper frame bounds, respectively. If A = B, then the frame is called a tight frame.
If A = B = 1, then the frame is called a normalized tight frame. The particular frames of interest to us will be the
frames in the space L2(R) which are generated by the combined action of dilations and translations of finite number
of functions. In order to describe these frames, for a, b ∈ R with a > 1, and b > 0, we define wavelet systems as

F(ψ, a, b) =
{
ψj,k =: aj/2ψ

(
ajx− kb

)
: j, k ∈ Z

}
.
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Wavelet systems F(ψ, a, b) that form frames for L2(R) have a wide variety of applications [15, 17, 19, 22]. Therefore,
one of the fundamental problems in the study of wavelet frames is to find conditions on ψ, a and b such that the
system F(ψ, a, b) forms a frame. In 1990, Daubechies obtained the first result on the necessary conditions for wavelet
frames, and then in 1993, Chui and Shi obtained an improved result. Cassaza and Christensen provided a stronger
version of Daubechies’s sufficient condition for wavelet frames in L2(R). In recent years, these conditions have been
further improved and investigated by many authors. All these concepts are developed on regular lattices, that is the
translation set is always a group. Recently, Gabardo and Nashed [13, 14] developed the theory of nonuniform wavelets
and wavelet sets in L2(R) for which the translation set is no longer a discrete subgroup of R, but a union of two
lattices, which is associated with a famous open conjecture of Fuglede on spectral pairs. Subsequently, nonuniform
wavelet frames associated with spectral pairs were constructed by Sharma and Manchanda [24] using the machinery of
Fourier transforms. In fact, they obtained a necessary and sufficient conditions for the nonuniform wavelet system to
be a frame for L2(R). Recent results in this direction can also be found in [11, 12, 21, 23] and the references therein.

The concept of novel multiresolution analysis in nonuniform settings was established by Shah and Lone [20]. They
call it Nonuniform Multiresolution analysis associated with linear canonical transform (LCT-NUMRA). More results
in this direction can be found in [1, 2, 3, 4, 5, 6, 7, 8, 9, 16, 18, 25] and the references therein. In this paper, we
continue the study based on this nonstandard setting and introduce nonuniform wavelet frames associated with linear
canonical transform. We establish a necessary and sufficient condition for the existence such frames.

The paper is organised in the following manner. In Section 2, we obtain necessary condition for the existence
of such frames. In Section 3, we obtain a sufficient condition for nonuniform wavelet frames associated with linear
canonical transform.

2 Nonuniform LCT Wavelet Frames in L2(R)
For an integer N ≥ 1 and an odd integer r with 1 ≤ r ≤ 2N − 1 such that r and N are relatively prime, we define

Λ =
{
0,
r

N

}
+ 2Z =

{
rk

N
+ 2n : n ∈ Z, k = 0, 1

}
. (2.1)

It is easy to verify that Λ is not necessarily a group nor a uniform discrete set, but is the union of Z and a translate
of Z. Moreover, the set Λ is the spectrum for the spectral set Υ =

[
0, 12

)
∪
[
N
2 ,

N+1
2

)
and the pair (Λ,Υ) is called a

spectral pair [6,7].

For a given ψ ∈ L2(R), define the nonuniform LCT wavelet system

LM (ψ, j, λ) =
{
ψMj,λ =: (2N)j/2ψ

(
(2N)jx− λ

)
e−

iπA
B (t2−λ2) : j ∈ Z, λ ∈ Λ

}
. (2.2)

We call the wavelet system LM (ψM , j, λ) a nonuniform LCT wavelet frame for L2(R), if there exist positive numbers
0 < P ≤ Q <∞ such that

P
∥∥f∥∥2

2
≤

∑
j∈Z

∑
λ∈Λ

∣∣〈f, ψMj,λ〉∣∣2 ≤ Q
∥∥f∥∥2

2
, (2.3)

holds for every f ∈ L2(R).We call P,Q the lower frame bound and the upper frame bound for the frame, respectively.
If P = Q, then the frame is called a tight frame. If P = Q = 1, then the frame is called a normalized tight frame.
First we prove a lemma which will be used in the proofs of the main results.

Lemma 2.1. If f, ψM ∈ L2(R) then

∑
λ∈Λ

∣∣〈f, ψMj,λ〉∣∣2 =
1

4N

2N−1∑
p=0

∫
R

{
f̂

(
ξ

B
+ (2N)j

p

2

)
ψ̂

(
ξ

(2NB)j
+
p

2

)}
G1(

ξ

B
)dξ

+
1

4N

2N−1∑
p=0

∫
R

{
f̂

(
ξ

B
+ (2N)j

p

2

)
ψ̂

(
ξ

(2NB)j
+
p

2

)(
e−πi

r
N p

)}
G2(

ξ

B
)dξ (2.4)

where

G1

(
ξ

B

)
=

∑
l∈Z

∫
R

{
f̂

(
ξ

B
+ (2N)j

l

2

)
ψ̂

(
ξ

(2NB)j
+
l

2

)}
(2.5)
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and

G2

(
ξ

B

)
=

∑
l∈Z

∫
R

{
f̂

(
ξ

B
+ (2N)j

l

2

)
ψ̂

(
ξ

(2NB)j
+
l

2

)(
eπi

r
N l

)}
(2.6)

Proof . For f ∈ L2(R)

〈
f, ψMj,λ

〉
=

1

(2N)j/2

∫
R
f̂

(
ξ

B

)
ψ̂

(
ξ

(2NB)j

)
e
2πi ξ

(2NB)j
λ
dξ

=
1

(2N)j/2

∑
l∈Z

∫ B(2N)j

2 (l+1)

B(2N)j

2 l

f̂

(
ξ

B

)
ψ̂

(
ξ

(2NB)j

)
e
2πi ξ

(2NB)j
λ
dξ

=
1

(2N)j/2

∑
l∈Z

∫ B(2N)j

2

0

f̂

(
ξ

B
+ (2N)j

l

2

)
ψ̂

(
ξ

(2NB)j
+
l

2

)
× eπiλle

2πi ξ

(2NB)j
λ
dξ

=
1

(2N)j/2

∫ B(2N)j

2

0

∑
l∈Z

f̂

(
ξ

B
+ (2N)j

l

2

)
ψ̂

(
ξ

(2NB)j
+
l

2

)
eπiλl

× e
2πi ξ

(2NB)j
λ
dξ

Now, ∑
λ∈Λ

∣∣〈f, ψMj,λ〉∣∣2 =
∑
λ∈2Z

∣∣〈f, ψMj,λ〉∣∣2 + ∑
λ∈(r/N+2Z)

∣∣〈f, ψMj,λ〉∣∣2 (2.7)

Since {
√
2

(2N)j/2
e2πi(2N)−j2mξ/B}m∈Z is an orthonormal basis for L2(0, B(2N)j

2 ) Parseval’s formula gives:

∑
λ∈2Z

∣∣〈f, ψMj,λ〉∣∣2 =
1

2

∑
m∈Z

∣∣∣∣∣∣
∫ B(2N)j

2

0

∑
l∈Z

f̂

(
ξ

B
+ (2N)j

l

2

)
ψ̂

(
ξ

(2NB)j
+
l

2

) √
2

(2N)j/2
e2πi(2N)−j2mξ/Bdξ

∣∣∣∣∣∣
2

=
1

2

∫ B(2N)j

2

0

∣∣∣∣∣∑
l∈Z

f̂

(
ξ

B
+ (2N)j

l

2

)
ψ̂

(
ξ

(2NB)j
+
l

2

)∣∣∣∣∣
2

dξ

=
1

2

∫ B(2N)j

2

0

∣∣∣∣G1(
ξ

B
)

∣∣∣∣2 dξ
Using Parseval’s formula again, we obtain

∑
λ∈(r/N+2Z)

∣∣〈f, ψMj,λ〉∣∣2 =
1

2

∑
m∈Z

∣∣∣∣∣∣
∫ B(2N)j

2

0

∑
l∈Z

f̂

(
ξ

B
+ (2N)j

l

2

)
ψ̂

(
ξ

(2NB)j
+
l

2

)

× eπirl/N
√
2e2πi(2N)−j(r/N+2m)ξ/B

(2N)j/2
dξ

∣∣∣∣∣
2

=
1

2

∑
m∈Z

∣∣∣∣∣∣
∫ B(2N)j

2

0

∑
l∈Z

f̂

(
ξ

B
+ (2N)j

l

2

)
ψ̂

(
ξ

(2NB)j
+
l

2

)
eπirl/Ndξ

∣∣∣∣∣∣
2

=
1

2

∫ B(2N)j

2

0

∣∣∣∣G2

(
ξ

B

)∣∣∣∣2 dξ
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Therefore (2.7) becomes

∑
λ∈Λ

∣∣〈f, ψMj,λ〉∣∣2 =
1

2

∫ B(2N)j

2

0

∣∣∣∣G1(
ξ

B
)

∣∣∣∣2 dξ + ∫ B(2N)j

2

0

∣∣∣∣G2(
ξ

B
)

∣∣∣∣2 dξ (2.8)

=
1

2
[I + II] (2.9)

where, I =
∫ B(2N)j

2

0

∣∣∣G1(
ξ
B )

∣∣∣2 dξ and II =
∫ B(2N)j

2

0

∣∣∣G2(
ξ
B )

∣∣∣2 dξ
For 1 ≤ p ≤ 2N − 1, we have

G1

(
ξ

B
+

1

2
(2N)jp

)
=

∑
l∈Z

f̂

(
ξ

B
+

1

2
(2N)j(l + p)

)
ψ̂

(
ξ

(2NB)j
+
l

2
(l + p)

)
= G1(

ξ

B
) (2.10)

and

G2

(
ξ

B
+

1

2
(2N)jp

)
=

∑
l∈Z

f̂

(
ξ

B
+

1

2
(2N)j(l + p)

)
ψ̂

(
ξ

(2NB)j
+
l

2
(l + p)

)
eπirl/N

= e−πirp/NG2(
ξ

B
) (2.11)

Since

I =

∫ B(2N)j

2

0

∣∣∣∣G1(
ξ

B
)

∣∣∣∣2 dξ = ∫ B(2N)j+1
2

0

∣∣∣∣G1(
ξ

B
)

∣∣∣∣2 dξ − ∫ B(2N)j+1
2

B(2N)j

2

∣∣∣∣G1(
ξ

B
)

∣∣∣∣2 dξ
Using (2.10), we get

∫ B(2N)j+1
2

B(2N)j

2

∣∣∣∣G1(
ξ

B
)

∣∣∣∣2 dξ =

∫ B(2N)j

B(2N)j

2

∣∣∣∣G1(
ξ

B
)

∣∣∣∣2 dξ + ∫ 3B(2N)j

2

B(2N)j

∣∣∣∣G1(
ξ

B
)

∣∣∣∣2 dξ + · · ·

+

∫ B(2N)j+1
2

B(2N−1)(2N)j

2

∣∣∣∣G1(
ξ

B
)

∣∣∣∣2 dξ = (2N − 1)I (2.12)

Therefore

I =
1

2N

∫ B(2N)j+1
2

0

∣∣∣∣G1(
ξ

B
)

∣∣∣∣2 dξ (2.13)

Similarly

II =
1

2N

∫ B(2N)j+1
2

0

∣∣∣∣G2(
ξ

B
)

∣∣∣∣2 dξ (2.14)
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The function G1(
ξ
B ) can be expressed as

G1

(
ξ

B

)
=

∑
l∈Z

f̂

(
ξ

B
+

(2N)j

2
l

)
ψ̂

(
ξ

(2NB)j
+
l

2

)

=
∑
m∈Z

f̂

(
ξ

B
+

(2N)j2Nm

2
l

)
ψ̂

(
ξ

(2NB)j
+

2Nm

2

)

+
∑
m∈Z

f̂

(
ξ

B
+

(2N)j(2Nm+ 1)

2
l

)
ψ̂

(
ξ

(2NB)j
+

(2Nm+ 1)

2

)
+

...

+
∑
m∈Z

f̂

(
ξ

B
+

(2N)j(2Nm+ 2N − 1)

2
l

)
ψ̂

(
ξ

(2NB)j
+

(2Nm+ 2N − 1)

2

)

=

2N−1∑
p=0

∑
m∈Z

f̂

(
ξ

B
+

(2N)j+1m

2
+

(2N)jp

2

)
ψ̂

(
ξ

(2NB)j
+

(2Nm+ p)

2

)
By similar procedure we can write G2(

ξ
B ) as

G2

(
ξ

B

)
=

2N−1∑
p=0

∑
m∈Z

f̂

(
ξ

B
+

(2N)j+1m

2
+

(2N)jp

2

)
ψ̂

(
ξ

(2NB)j
+

(2Nm+ p)

2

)
eπirp/N

Functions G1(
ξ
B ) and G2(

ξ
B ) are B

2 (2N)j+1-periodic,which gives

I =
1

2N

2N−1∑
p=0

∫ B(2N)j+1
2

0

∑
m∈Z

f̂

(
ξ

B
+

(2N)j+1m

2
+

(2N)jp

2

)
ψ̂

(
ξ

(2NB)j
+

(2Nm+ p)

2

)
G1(

ξ

B
)dξ

=
1

2N

2N−1∑
p=0

∑
m∈Z

∫ B(2N)j+1(m+1)
2

B(2N)j+1

2 m

f̂

(
ξ

B
+

(2N)jp

2

)
ψ̂

(
ξ

(2NB)j
+
p

2

)
G1(

ξ

B
)dξ

=
1

2N

2N−1∑
p=0

∫
R
f̂

(
ξ

B
+

(2N)jp

2

)
ψ̂

(
ξ

(2NB)j
+
p

2

)
G1(

ξ

B
)dξ (2.15)

and similarly

II =
1

2N

2N−1∑
p=0

∫
R
f̂

(
ξ

B
+

(2N)jp

2

)
ψ̂

(
ξ

(2NB)j
+
p

2

)
G2(

ξ

B
)e−πirp/Ndξ (2.16)

Combining all these results, we get

∑
λ∈Λ

∣∣〈f, ψMj,λ〉∣∣2 =
1

4N

2N−1∑
p=0

∫
R
f̂

(
ξ

B
+

(2N)jp

2

)
ψ̂

(
ξ

(2NB)j
+
p

2

)(
G1(

ξ

B
) + eπirp/NG2(

ξ

B
)

)
dξ

Hence completes the proof.□

Analogous to the result of Chui and Shi we prove a necessary condition for the system
{
ψMj,λ(t) : j ∈ Z, λ ∈ Λ

}
. to

be a wavelet frame for L2(R).

Theorem 2.2. If
{
ψMj,λ(t) : j ∈ Z, λ ∈ Λ

}
is a wavelet frame for L2(R) with bounds P and Q, then

P ≤ SψM (ξ/B) ≤ Q a.e ξ ∈ R (2.17)

where

SψM (ξ/B) =
∑
j∈Z

∣∣∣∣ψ̂( ξ

(2NB)J
)

∣∣∣∣2 (2.18)
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Proof . By definition, we have ∑
j∈Z

∑
λ∈Λ

∣∣〈f, ψMj,λ〉∣∣2 ≤ Q||f ||2

for f ∈ L2(R) and for any K > 0,K ∈ Z we write

K∑
j=−K

∑
λ∈Λ

∣∣〈f, ψMj,λ〉∣∣2 ≤ Q||f ||2

Using Lemma 2.1, we get

1

4N

K∑
j=−K

2N−1∑
p=0

[∫
R
f̂

(
ξ

B
+

(2N)jp

2

)
ψ̂

(
ξ

(2NB)j
+
p

2

)

×
∑
l∈Z

f̂

(
ξ

B
+

(2N)j l

2

)
ψ̂

(
ξ

(2NB)j
+
l

2

)
dξ

+

∫
R
f̂

(
ξ

B
+

(2N)jp

2

)
ψ̂

(
ξ

(2NB)j
+
p

2

)
e−πirp/N

×
∑
l∈Z

f̂

(
ξ

B
+

(2N)j l

2

)
ψ̂

(
ξ

(2NB)j
+
l

2

)
e−πirl/Ndξ

]
≤ Q||f̂ ||2 (2.19)

Let ξ0 ∈ R, given ϵ > 0, let us consider

f̂(
ξ

B
) =


1√
2ϵ
, ξ ∈ (ξ0 − ϵ, ξ0 + ϵ),

0, otherwise
(2.20)

For very small ϵ, j ≥ −K, the intervals (ξ0 − ϵ− (2N)j l/2, ξ0 + ϵ− (2N)j l/2), l ∈ Z are mutually disjoint,we have

f̂(
ξ

B
+ (2N)j l/2)f̂(

ξ

B
+ (2N)jm/2) = 0, l ̸= m; l,m ∈ Z (2.21)

Then (2.19)becomes

1

2N

K∑
j=−K

2N−1∑
p=0

∫ ξ0+ϵ−(2N)jp/2

ξ0−ϵ−(2N)jp/2

∣∣∣∣f̂ ( ξ

B
+

(2N)jp

2

)∣∣∣∣2 ∣∣∣∣ψ̂(
ξ

(2NB)j
+
p

2

)∣∣∣∣2 ≤ Q||f̂ ||2 (2.22)

or

1

2N

K∑
j=−K

2N−1∑
p=0

1

2ϵ

∫ ξ0+ϵ−(2N)jp/2

ξ0−ϵ−(2N)jp/2

∣∣∣∣ψ̂(
ξ

(2NB)j
+
p

2

)∣∣∣∣2 dξ ≤ Q (2.23)

By taking ϵ→ 0 andK → ∞ consecutively, we have

1

2N

∑
j∈Z

2N−1∑
p=0

∣∣∣∣ψ̂(
ξ

(2NB)j

)∣∣∣∣2 ≤ Q⇒
∑
j∈Z

∣∣∣∣ψ̂(
ξ

(2NB)j

)∣∣∣∣2 ≤ Q (2.24)

which is the right inequality of (2.17). To prove left inequality of (2.17), consider∑
j∈Z

∑
λ∈Λ

∣∣⟨f, ψMj,λ⟩∣∣2 = I1 + I2 (2.24)

where
I1 =

∑
j>−K

∑
λ∈Λ

∣∣⟨f, ψMj,λ⟩∣∣2



Wavelet frames associated with linear canonical transform on spectrum 2303

and
I2 =

∑
j≤−K

∑
λ∈Λ

∣∣⟨f, ψMj,λ⟩∣∣2
By the frame condition I1 ≥ P − I2. As we have shown that I1 → SψM ( ξB ), now we have to prove that I2 → 0as
K → ∞
Using (2.5), (2.6) and (2.9), we obtain

I2 =
∑
j≤−K

∑
λ∈Λ

∣∣⟨f, ψMj,λ⟩∣∣2
=

1

2

∑
j≤−K

∫ B(2N)j/2

0

∣∣∣∣∣∑
l∈Z

f̂(
ξ

B
+ (2N)j l/2)ψ̂(

ξ

(2NB)j
+ l/2)

∣∣∣∣∣
2

dξ

+
1

2

∑
j≤−K

∫ B(2N)j/2

0

∣∣∣∣∣∑
l∈Z

f̂(
ξ

B
+ (2N)j l/2)ψ̂(

ξ

(2NB)j
+ l/2)eπirl/N

∣∣∣∣∣
2

dξ

≤ 1

2

∑
j≤−K

∫ B(2N)j/2

0

∣∣∣∣∣∑
l∈Z

|f̂( ξ
B

+ (2N)j l/2)ψ̂(
ξ

(2NB)j
+ l/2)|

∣∣∣∣∣
2

dξ

+
1

2

∑
j≤−K

∫ B(2N)j/2

0

∣∣∣∣∣∑
l∈Z

|f̂( ξ
B

+ (2N)j l/2)ψ̂(
ξ

(2NB)j
+ l/2)eπirl/N |

∣∣∣∣∣
2

dξ

=
∑
j≤−K

∫ B(2N)j/2

0

∣∣∣∣∣∑
l∈Z

|f̂( ξ
B

+ (2N)j l/2)ψ̂(
ξ

(2NB)j
+ l/2)|

∣∣∣∣∣
2

dξ

=
∑
j≤−K

∫ B(2N)j/2

0

{∑
l∈Z

|f̂( ξ
B

+ (2N)j l/2)ψ̂(
ξ

(2NB)j
+ l/2)|

}

×

{∑
m∈Z

|f̂( ξ
B

+ (2N)jm/2)ψ̂(
ξ

(2NB)j
+m/2)|

}
dξ

Since the function
∑
l∈Z |f̂(

ξ
B + (2N)j l/2)ψ̂( ξ

(2NB)j + l/2)| isB(2N)j

2 −periodic, we can continue with

I2 ≤
∑
j≤−K

∑
l∈Z

∫ B(2N)j

2 (l+1)

B(2N)j

2 l

|f̂( ξ
B
)ψ̂(

ξ

(2NB)j
)|

×
∑
m∈Z

|f̂( ξ
B

+ (2N)jm/2)ψ̂(
ξ

(2NB)j
+m/2)|dξ

=
∑
j≤−K

∑
m∈Z

∫
R
|f̂( ξ

B
)ψ̂(

ξ

(2NB)j
)||f̂( ξ

B
+ (2N)jm/2)ψ̂(

ξ

(2NB)j
+m/2)|dξ

By Cauchy-Schwarz inequality, we get

I2 ≤
∑
j≤−K

∑
m∈Z

{∫
R
|f̂( ξ

B
)ψ̂(

ξ

(2NB)j
)|2dξ

}1/2

×
{
|f̂( ξ

B
+ (2N)jm/2)ψ̂(

ξ

(2NB)j
+m/2)|2dξ

}1/2

Let ξ0 ∈ R and f̂ be defined as above. If
{
ξ
B + (2N)jm/2

}
∈ (ξ0−ϵ, ξ0+ϵ), then |(2N)Jm/2)| < ϵ for fixed j ≤ −K.By

the hypothesis of f̂ , the number of summation index m is bounded by 2ϵ
(2NB)j . Thus

I2 ≤ 2ϵ

(2NB)j

∑
j≤−K

∫
R

|f̂( ξ
B
)ψ̂(

ξ

(2NB)j
)|2dξ =

∑
j≤−K

∫ B(ξ0−ϵ)

(2N)j

B(ξ0−ϵ)

(2N)j

|ψ̂( ξ
B
)|2dξ (2.25)
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Also for any ξ0 ̸= 0 given η > 0,a positive integer K may be chosen so that∫ ∞

2B(2N)Kξ0
1+2N

|ψ̂( ξ
B
)|2dξ < η (2.26)

It is clear that for 0 < ϵ < 2N−1
2N+1ξ0, the intervals

(
B(ξ0−ϵ)
(2N)j , B(ξ0−ϵ)

(2N)j

)
, j ∈ Z are mutually disjoint. It follows that

I2 ≤
∑
j≤−K

∫ B(ξ0−ϵ)

(2N)j

B(ξ0−ϵ)

(2N)j

|ψ̂( ξ
B
)|2dξ ≤

∫ ∞

2B(2N)Kξ0
1+2N

|ψ̂( ξ
B
)|2dξ < η

hence completes proof. □

3 A Sufficient Condition

In this section, we establish a sufficient condition for the system
{
ψMj,λ(t) : j ∈ Z, λ ∈ Λ

}
to be a wavelet frame

forL2(R). For this we prove the lemma.

Lemma 3.1. Let f be in L2(R) such that f̂ ∈ Cc(R).If ψM ∈ L2(R) and esssupξ∈R∑
j∈Z

∣∣ψ̂( ξ
(2NB)j

)∣∣2 ≤ ∞, then

∑
j∈R

∑
λ∈Λ

∣∣〈f, ψMj,λ〉∣∣2 =

∫
R

∣∣∣∣f̂( ξB )

∣∣∣∣2 ∑
j∈Z

∣∣∣∣ψ̂( ξ

(2NB)j
)∣∣∣∣2 dξ +RψM (f), (3.1)

where RψM (f) = R0 +R1 + · · ·+R2N−1 and for 0 ≤ p ≤ 2N − 1, Rp is given by

Rp =
1

4N

∑
j∈Z

∑
ℓ̸=p

∫
R

{
f̂

(
ξ

B
+ (2N)j

p

2

)
ψ̂

(
ξ

(2NB)j
+
p

2

)}{
f̂

(
ξ

B
+ (2N)j

ℓ

2

)
ψ̂

(
ξ

(2NB)j
+
ℓ

2

)(
1 + eπi

r
N (ℓ−p)

)}
dξ.

(3.2)

Proof . By (2.4), (2.5) and (2.6), we have∑
j∈Z

∑
λ∈Λ

∣∣〈f, ψMj,λ〉∣∣2 =
1

4N

∑
j∈Z

2

∫
R
|f̂( ξ

B
|2ψ̂( ξ

2NB
)|2dξ

+
1

4N

∑
j∈Z

∑
ℓ̸=0

∫
R
f̂(
ξ

B
)ψ̂

( ξ

(2NBj)

)
f̂(
ξ

B
+ 2N j/2)

× ψ̂(
ξ

(2NB)j
+ l/2)(1 + eπirl/N )dξ

+
1

4N

∑
j∈Z

2

∫
R
|f̂( ξ

B
+ (2N)j/2)|2ψ̂

(
ξ

(2NB)j
+ 1/2

)
|2dξ

+
1

4N

∑
j∈Z

∑
l ̸=1

∫
R

{
f̂(
ξ

B
+ (2N)j/2)ψ̂(

ξ

(2NB)j
+ 1/2)

}

×
{
f̂(
ξ

B
+ (2N)j l/2)ψ̂(

ξ

(2NB)j
+ l/2)(1 + eπi(l−1)r/N )

}
dξ

...

+
1

4N

∑
j∈Z

2

∫
|f̂( ξ

B
+ (2N − 1)(2N)j/2)|2|ψ̂( ξ

(2NB)j
+ (2N − 1)/2)|2dξ

+
1

4N

∑
j∈Z

∑
l ̸=2N−1

∫ {
f̂(
ξ

B
+ (2N − 1)(2N)j/2)ψ̂(

ξ

(2NB)j
+ (2N − 1)/2)

}

×
{
f̂(
ξ

B
+ (2N)j l/2)ψ(

ξ

(2NB)j
+ l/2)(1 + eπi(l−2N+1)r/N )

}
dξ
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For 0 ≤ p ≤ 2N − 1, we have

∑
j∈Z

∫
R
|f̂( ξ

B
+ (2N)jp)|2|ψ( ξ

(2NB)j
+ p)|2dξ =

∑
j∈Z

∫
R
|f̂( ξ

B
)|2|ψ( ξ

(2NB)j
)|2dξ. (3.3)

Therefore, we obtain∑
j∈R

∑
λ∈Λ

|⟨f, ψMj,λ⟩|2 =

∫
R
|f̂( ξ

B
)|2

∑
j∈Z

|ψ( ξ

(2NB)j
)|2dξ +R0 +R1 + · · ·+R2N−1,

which is desired result. □

We now establish our first sufficient condition for the nonuniform wavelet system LM(ψ, j, λ) to be a frame for
L2(R). For this, we set

ΞMψ (m) = ess sup

∑
j∈Z

∣∣∣∣tMψ (
m,

ξ

(2NB)j

)∣∣∣∣ : ξ ∈ [1, 2NB]

 , (3.4)

where

tMψ

(
m,

ξ

B

)
=

∑
k∈N0

ψ̂
(
(2N)k

ξ

B

)
ψ̂

(
(2N)k

( ξ
B

+
m

2

))
. (3.5)

and

SψM = ess inf

{
S
(
ξ

B

)
: ξ ∈ [1, 2NB]

}
(3.6)

SψM = ess sup

{
S
(
ξ

B

)
: ξ ∈ [1, 2NB]

}
(3.7)

where

S
(
ξ

B

)
=

∑
j∈Z

∣∣∣∣ψ̂(
ξ

(2NB)j

)∣∣∣∣2 (3.8)

We also use the following set:

Ω =
{
(2N)k + ℓ : k ∈ N0, 1 ≤ ℓ ≤ 2N − 1

}
.

Analogous to the uniform case, we give the first sufficient condition as follows.

Theorem 3.2. Suppose ψM ∈ L2(R) such that

AMψ = SψM −
∑

α̸=β∈Ω

[
ΞMψ

(
α− β

2

)
· ΞMψ

(
β − α

2

)]1/2
> 0,

BMψ = SψM +
∑

α̸=β∈Ω

[
ΞMψ

(
α− β

2

)
· ΞMψ

(
β − α

2

)]1/2
<∞.

Then
{
ψMj,λ : j ∈ Z, λ ∈ Λ

}
is a frame for L2(R) with bounds AMψ and BMψ .

Proof . Since the last series in (3.2) is absolutely convergent for every f ∈ D a dense subset of H, we can estimate
RψM (f) by rearranging the series, changing the orders of summation and integration by Levi Lemma so that we deduce
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that

∣∣∣RMψ (f)
∣∣∣ ≤ 1

4N

2N−1∑
p=0

∑
j∈Z

∫
R

∣∣∣∣f̂( ξB )ψ̂

(
ξ

(2NB)j

)∣∣∣∣
∑
ℓ ̸=p

∣∣∣∣f̂ ( ξ

B
+ (2N)j

(
ℓ− p

2

))
×ψ̂

(
ξ

(2N)j
+
ℓ− p

2

)∣∣∣∣∣
}
dξ

=
1

4N

2N−1∑
α=0

∑
j∈Z

∫
R

∣∣∣∣f̂( ξB )

∣∣∣∣
∑
k∈N0

∑
α ̸=β∈Ω

∣∣∣∣ψ̂(
ξ

(2NB)j

)

×f̂
(
ξ

B
+ (2N)j+k

(
α− β

2

))
ψ̂

(
ξ

(2NB)j
+ (2N)k

(
α− β

2

))∣∣∣∣∣
}
dξ

=
1

4N

2N−1∑
α=0

∫
R

∣∣∣∣f̂( ξB )

∣∣∣∣
∑
k∈N0

∑
α̸=β∈Ω

∑
j∈Z

∣∣∣∣ψ̂(
ξ

(2NB)j−k

)

×f̂
(
ξ

B
+ (2N)j

(
α− β

2

))
ψ̂

(
ξ

(2NB)j−k
+ (2N)k

(
α− β

2

))∣∣∣∣∣
}
dξ

=
1

4N

2N−1∑
α=0

∫
R

∣∣∣∣f̂( ξB )

∣∣∣∣
∑
j∈Z

∑
α̸=β∈Ω

∣∣∣∣f̂ ( ξ

B
+ (2N)j

(
α− β

2

))

×
∑
k∈N0

ψ̂

(
ξ

(2NB)j−k

)
ψ̂

(
(2N)k

(
ξ

(2NB)j
+
α− β

2

))∣∣∣∣∣
}
dξ

=
1

4N

2N−1∑
α=0

∫
R

∣∣∣∣f̂( ξB )

∣∣∣∣
∑
j∈Z

∑
α̸=β∈Ω

∣∣∣∣f̂ ( ξ

B
+ (2N)j

(
α− β

2

))

×
∣∣∣∣tMψ (

α− β

2
,

ξ

(2NB)j

)∣∣∣∣} dξ
=

1

4N

2N−1∑
α=0

∑
j∈Z

∑
α̸=β∈Ω

∫
R

{∣∣∣∣f̂( ξB )

∣∣∣∣ ∣∣∣∣tMψ (
α− β

2
,

ξ

(2NB)j

)∣∣∣∣1/2
}

×

{∣∣∣∣f̂ ( ξ

B
+ (2N)j

(
α− β

2

))∣∣∣∣ ∣∣∣∣tMψ (
α− β

2
,

ξ

(2NB)j

)∣∣∣∣1/2
}
dξ

≤ 1

4N

2N−1∑
α=0

∑
j∈Z

∑
α̸=β∈Ω

{∫
R

∣∣∣∣f̂( ξB )

∣∣∣∣2 ∣∣∣∣tMψ (
α− β

2
,

ξ

(2NB)j

)∣∣∣∣ dξ
}1/2

×

{∫
R

∣∣∣∣f̂ ( ξ

B
+ (2N)j

(
α− β

2

))∣∣∣∣2 ∣∣∣∣tMψ (
α− β

2
,

ξ

(2NB)j

)∣∣∣∣ dξ
}1/2

≤ 1

4N

2N−1∑
α=0

∑
α̸=β∈Ω

∑
j∈Z

∫
R

∣∣∣∣f̂( ξB )

∣∣∣∣2 ∣∣∣∣tMψ (
α− β

2
,

ξ

(2NB)j

)∣∣∣∣ dξ


1/2

×

∑
j∈Z

∫
R

∣∣∣∣f̂ ( ξ

B
+ (2N)j

(
α− β

2

))∣∣∣∣2 ∣∣∣∣tMψ (
α− β

2
,

ξ

(2NB)j

)∣∣∣∣ dξ


1/2
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=
1

4N

2N−1∑
α=0

∑
α ̸=β∈Ω

∑
j∈Z

∫
R

∣∣∣∣f̂( ξB )

∣∣∣∣2 ∣∣∣∣tMψ (
α− β

2
,

ξ

(2NB)j

)∣∣∣∣ dξ


1/2

×

∑
j∈Z

∫
R

∣∣∣f̂( ω
B
)
∣∣∣2 ∣∣∣∣tMψ (

−α− β

2
,

ω

(2NB)j

)∣∣∣∣ dξ


1/2

≤ 1

4N

2N−1∑
α=0

∑
α ̸=β∈Ω

{∫
R

∣∣∣∣f̂( ξB )

∣∣∣∣2 ΞMψ (
α− β

2

)
dξ

}1/2

×

{∫
R

∣∣∣∣f̂( ξB )

∣∣∣∣2 ΞMψ (
−(α− β)

2

)
dξ

}1/2

=
1

4N

2N−1∑
α=0

∫
R

∣∣∣∣f̂( ξB )

∣∣∣∣2 dξ ∑
α̸=β∈Ω

[
ΞMψ

(
α− β

2

)
· ΞMψ

(
−(α− β)

2

)]1/2
.

Consequently, it follows from the expression (3.1) in Lemma 3.1 that

∑
j∈Z

∑
λ∈Λ

∣∣〈f, ψMj,λ〉∣∣2 ≥
∫
R

∣∣∣∣f̂( ξB )

∣∣∣∣2
∑
j∈Z

∣∣∣∣ψ̂(
ξ

(2NB)j

)∣∣∣∣2

−
∑

α ̸=β∈Ω

[
ΞMψ

(
α− β

2

)
· ΞMψ

(
−(α− β)

2

)]1/2 dξ, (3.9)

and

∑
j∈Z

∑
λ∈Λ

∣∣〈f, ψMj,λ〉∣∣2 ≤
∫
R

∣∣∣∣f̂( ξB )

∣∣∣∣2
∑
j∈Z

∣∣∣∣ψ̂(
ξ

(2NB)j

)∣∣∣∣2

+
∑

α ̸=β∈Ω

[
ΞMψ

(
α− β

2

)
· ΞMψ

(
−(α− β)

2

)]1/2 dξ. (3.10)

Taking infimum in (3.9) and supremum in (3.10), respectively, we obtain that

AMψ
∥∥f∥∥2

2
≤

∑
j∈Z

∑
λ∈Λ

∣∣〈f, ψMj,λ〉∣∣2 ≤ BMψ
∥∥f∥∥2

2
,

hold for all f ∈ D. This completes the proof of Theorem. □

Before, we state our next sufficient condition, we introduce some notations. Similar to the a-adic number, we
call an element α ∈ R, a 2N -adic number if it has the form α = (2N)j(λ−σ)/2, j ∈ Z, λ ̸= σ ∈ Λ. With this concept,
we consider the set

Γ =

{
α ∈ R : there exists (j, λ) ∈ Z× Λ such that α =

(2N)j(λ− σ)

2
;λ ̸= σ

}
,

and for all α ∈ Γ, we define

I(α) =

{
(j, λ) ∈ Z× Λ : α =

(2N)j(λ− σ)

2

}
, (3.11)

Ξ+
α (

ξ

B
) =

∑
(j,λ)̸=(j,σ)∈I(α)

ψ̂

(
ξ

(2NB)j

)
ψ̂

(
ξ

(2NB)j
+
λ− σ

2

)
, (3.12)

Ξ−
α (

ξ

B
) =

∑
(j,λ)̸=(j,σ)∈I(α)

ψ̂

(
ξ

(2NB)j

)
ψ̂

(
ξ

(2NB)j
− λ− σ

2

)
. (3.13)
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With the notations above we state the following result.

Theorem 3.3. Suppose ψM ∈ L2(R) such that

CMψ = ess inf
ξ∈[1,2NB]

{
Ξ+
0 (

ξ

B
)−

∑
α∈Γ\{0}

∣∣∣∣Ξ+
α (

ξ

B
)

∣∣∣∣ } > 0,

DM
ψ = ess sup

ξ∈[1,2NB]

∑
α∈Γ\{0}

∣∣∣∣Ξ+
α (

ξ

B
)

∣∣∣∣ < +∞.

Then
{
ψMj,λ : j ∈ Z, λ ∈ Λ

}
is a wavelet frame for L2(R) with bounds CMψ and DM

ψ .

Proof . We first note that Ξ+
0 (

ξ
B ) =

∑
j∈Z

∣∣ψ̂ (
ξ/(2NB)j

) ∣∣2 by the definition of Ξ+
α (

ξ
B ). We apply Lemma 3.1 to

re-estimate RMψ (f) for f ∈ D as

∣∣RMψ (f)
∣∣ =

∣∣∣∣∣∣ 1

4N

2N−1∑
p=0

∑
j∈Z

∑
ℓ ̸=p

∫
R

{
f̂
(
ξ + (2NB)j

p

2

)
ψ̂

(
ξ

(2NB)j
+
p

2

)
f̂

(
ξ

B
+ (2N)j

ℓ

2

)

× ψ̂

(
ξ

(2NB)j
+
ℓ

2

)(
1 + eπi

r
N (ℓ−p)

)}
dξ

∣∣∣∣∣
≤ 1

4N

2N−1∑
p=0

∑
j∈Z

∑
ℓ ̸=p

∫
R

∣∣∣∣∣f̂
(
ξ

B
+ (2N)j

p

2

)
f̂

(
ξ

B
+ (2N)j

ℓ

2

)∣∣∣∣∣
×

∣∣∣∣∣ψ̂
(

ξ

(2NB)j
+
p

2

)
ψ̂

(
ξ

(2NB)j
+
ℓ

2

)∣∣∣∣∣ dξ
=

∑
α∈Γ\{0}

∑
(j,λ)̸=(j,σ)∈I(α)

∫
R

∣∣∣∣∣f̂
(
ξ

B
+ (2N)j

λ

2

)
f̂

(
ξ

B
+ (2N)j

σ

2

)∣∣∣∣∣
×

∣∣∣∣∣ψ̂
(

ξ

(2NB)j
+
λ

2

)
ψ̂

(
ξ

(2NB)j
+
σ

2

)∣∣∣∣∣ dξ
≤

∑
α∈Γ\{0}

∑
(j,λ)̸=(j,σ)∈I(α)

∫
R

∣∣∣∣f̂( ξB )f̂

(
ξ

B
+ (2N)j

(
λ− σ

2

))∣∣∣∣
×

∣∣∣∣∣ψ̂
(

ξ

(2NB)j

)
ψ̂

(
ξ

(2NB)j
+
λ− σ

2

)∣∣∣∣∣ dξ
=

∑
α∈Γ\{0}

∫
R

∣∣∣∣f̂( ξB )f̂

(
ξ

B
+
α

2

)∣∣∣∣
 ∑

(j,λ)̸=(j,σ)∈I(α)

∣∣∣∣∣ψ̂
(

ξ

(2NB)j

)
ψ̂

(
ξ

(2NB)j
+
λ− σ

2

)∣∣∣∣∣
 dξ

=
∑

α∈Γ\{0}

∫
R

∣∣∣∣f̂( ξB )f̂

(
ξ

B
+
α

2

)∣∣∣∣ ∣∣∣Ξ+
α (

ξ

B
)
∣∣∣dξ (

By Eq. (3.12)
)

≤
∑

α∈Γ\{0}

{∫
R

∣∣∣∣f̂( ξB )

∣∣∣∣2 ∣∣∣∣Ξ+
α (

ξ

B
)

∣∣∣∣ dξ
}1/2 {∫

R

∣∣∣∣f̂ ( ξ

B
+
α

2

)∣∣∣∣2 ∣∣∣∣Ξ+
α (

ξ

B
)

∣∣∣∣ dξ
}1/2

≤

 ∑
α∈Γ\{0}

∫
R

∣∣∣∣f̂( ξB )

∣∣∣∣2 ∣∣∣∣Ξ+
α (

ξ

B
)

∣∣∣∣ dξ


1/2  ∑
α∈Γ\{0}

∫
R

∣∣∣∣f̂ ( ξ

B
+
α

2

)∣∣∣∣2 ∣∣∣∣Ξ+
α (

ξ

B
)

∣∣∣∣ dξ


1/2

. (3.14)
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Let ω
B = ξ

B + α/2. We deduce from α = (2N)j(λ− σ) for (j, λ) ̸= (j, σ) ∈ I(α) that

Ξ+
α (

ξ

B
) =

∑
(j,λ) ̸=(j,σ)∈I(α)

ψ̂

(
ξ

(2NB)j

)
ψ̂

(
ξ

(2NB)j
+
λ− σ

2

)

=
∑

(j,λ) ̸=(j,σ)∈I(α)

ψ̂
(
(2NB)−j

(
ω − α

2

))
ψ̂

(
(2NB)−j

(
ω − α

2

)
+
λ− σ

2

)

=
∑

(j,λ) ̸=(j,σ)∈I(α)

ψ̂

(
ω

(2NB)j
− (2N)−j

α

2

)
ψ̂

(
ω

(2NB)j
− (2N)−j

α

2
+
λ− σ

2

)

=
∑

(j,λ) ̸=(j,σ)∈I(α)

ψ̂

(
ω

(2NB)j
− λ− σ

2

)
ψ̂

(
ω

(2NB)j

)
= Ξ−

α (
ω

B
)

(
By Eq. (3.13).

Therefore ∑
α∈Γ\{0}

∣∣Ξ+
α (
ω

B
)
∣∣ = ∑

α∈Γ\{0}

∣∣Ξ−
α (
ω

B
)
∣∣. (3.15)

Replacing ξ + α/2 by ω in the last integration of (3.14), we derive from (3.14) and (3.15) that

∣∣∣RMψ (f)
∣∣∣ ≤

 ∑
α∈Γ\{0}

∫
R

∣∣∣∣f̂( ξB )

∣∣∣∣2 ∣∣∣∣Ξ+
α (

ξ

B
)

∣∣∣∣ dξ


1/2  ∑
α∈Γ\{0}

∫
R

∣∣∣f̂( ω
B
)
∣∣∣2 ∣∣∣∣Ξ−

α (
ω

B
)

∣∣∣∣ dω


1/2

=

∫
R

∣∣∣∣f̂( ξB )

∣∣∣∣2
 ∑
α∈Γ\{0}

∣∣∣∣Ξ+
α (

ξ

B
)

∣∣∣∣
 dξ. (3.16)

Therefore, by (3.16) and (3.1), we have

∫
R

∣∣∣∣f̂( ξB )

∣∣∣∣2
Ξ+

0 (
ξ

B
)−

∑
α∈Γ\{0}

∣∣∣∣Ξ+
α (

ξ

B
)

∣∣∣∣
 dξ ≤

∑
j∈Z

∑
λ∈Λ

∣∣〈f, ψMj,λ〉∣∣2 , (3.17)

and

∑
j∈Z

∑
λ∈Λ

∣∣〈f, ψMj,λ〉∣∣2 ≤
∫
R

∣∣∣∣f̂( ξB )

∣∣∣∣2
Ξ+

0 (
ξ

B
) +

∑
α∈Γ\{0}

∣∣∣∣Ξ+
α (

ξ

B
)

∣∣∣∣
 dξ,

or, equivalently ∑
j∈Z

∑
λ∈Λ

∣∣〈f, ψMj,λ〉∣∣2 ≤
∫
R

∣∣∣∣f̂( ξB )

∣∣∣∣2
{∑
α∈Γ

∣∣∣∣Ξ+
α (

ξ

B
)

∣∣∣∣
}
dξ. (3.18)

Taking infimum in (3.17) and supremum in (3.18), respectively, we obtain again that

CψM

∥∥f∥∥2
2
≤

∑
j∈Z

∑
λ∈Λ

∣∣〈f, ψMj,λ〉∣∣2 ≤ DψM

∥∥f∥∥2
2
.

The proof of Theorem 3.3 is complete.□
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