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Abstract

In this paper, we show that the following three-dimensional rational system of difference equations

o Zn—124n—3 Yn = Tn—1Tn—3 - Yn—1Yn—3
- y Yn — ) An T
bmn72 + azp—3 dyn72 + Ccxp—3 fzn72 + €Yn—3

T 7”6N05

where the parameters a,b, ¢, d, e, f and the initial values x_;,y_;, 2—;, i € {1,2, 3}, are real numbers, can be solved in
explicit form. In addition, the solutions of aforementioned systems according to the special cases of the parameters
are given in closed form. Later, the forbidden set of the initial values for aforementioned system is described. Finally,
an application and numerical examples to support our results are given.
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1 Introduction

There are different types of difference equations in theory of difference equations. One of them is

Tpyl = @nTy + by, n € Np. (1.1)

The equation (1.1]) is non-homogeneous linear difference equation of the first-order with variable coefficients. Equation
(1.1) and its special cases were solved by Levy and Lessman in [23]. The general solution of equation (1.1)) can be

written in the following form
n—1 n—1 n—1
xn:zOHak+ZbiHak,n€N.
k=0 i=0  k=i+1

If every n € Ny, a,, = 0, equation (1.1)) is expressed as

Tp+1 = bn, n € Ng. (12)
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Then, the general solution of equation (1.2)) is x,, = b,_1 for n € N.
If every n € Ny, b, = 0, then equation (L.1) turns into the following homogeneous linear difference equation of the
first-order with variable coefficients

Tpt1 = ATy, 1 € Np. (1.3)
The general solution of equation (|1.3)) is
n—1
CEn:onak, n € N.
k=0

For the case when the sequences (an),,cy, and (bn),cy, are constant, that is, a, = a, b, = b, n € Ny, equation (1.1}
becomes
Tn+1 = azn, +b, n € No, (1.4)

which defines non-homogeneous linear difference equation of the first-order with constant coefficients. The general
solution of equation (1.4)) is

n

Tn =a"zo+ bll__aa , neN (1.5)
if a # 1 and while
Tn =20+ bn, n €N, (1.6)
if a =1.
In equation , if b = 0, we obtain the following equation
Tp41 = ATp, N € Np. (1.7)
The solution of equation has the following form
Tp =a"xg, n € N. (1.8)
Another well-known important difference equation is
Tpt1 = Ty + bxy_1, n € Np. (1.9)

De Moivre solved the homogeneous linear difference equation (1.9) in [6]. The general solution of the sequence
(n),>_1, is given by
()\2.%‘_1 — xo) )\71H_1 + (xo — )\1$_1) )\;H_l

= > —1 1.1
Tn JA— , n>—1, (1.10)
when b # 0 and a? + 4b # 0,
Tn=(xo(m+1)—2_1An) A}, n>—1, (1.11)
when b # 0 and a? +4b = 0, where \; and Ay are the roots of the polynomial P (\) = A2 —aX —b = 0. Also, the roots

of characteristic equation are A\; » = atva®+db V‘;’Hb.
Recently, non-linear difference equations have been studied by mathematicians. A simple example for non-linear
difference equation which can be solved in explicit form is the following difference equation

_ bxn—l +a

= , n € Ny, 1.12
dr,—1 +c¢ " 0 ( )

Tn

where the initial value x_; is real number. Equation ([1.12) is called Riccati difference equation.

b a . . @ . .
It d ¢ ' = 0, then equation ([1.12) is trivial such that x,, = ¢ for n € Ng. If d = 0, equation (1.12) turns into the

linear equation

b
Tn = ~Tp_1 + <, n € Np. (1.13)
C C

From ([1.5)-(1.6)), the general solution of equation (1.13)) is
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if % # 1 and while

xn:x_lJr%(nJrl),
if 2 =1.
Ifd+#0%# (b+c) and ‘ Z z # 0, by means of the change of variables

b+c c
n— 53 Yn — 7 2_1

Using (|1.14)) in equation (1.12) we have

—R+yn1
yn - 7’"’7 n 6 NO’
Yn—1
where the parameter R = E’l:g)‘i, and it is called Riccati number. By using the change of variable
z
Yn = LH7 n 2 _]-7
Zn

then equation transforms into the following second order linear difference equations,
Zn+1 = 2n — Rzp—1, n € Ny.
From ([1.10)-(L.11), the general solution of equation is
. {(A1y1R)/\?(A2y1R)>\§’ if R +# i’
n

A1—A2

(W) (l)n7 ifR = %’ n € No,

2 2

where \; = 1+V;_4R, Ao = 1_V§_4R, M =R = é’l:f)‘;f, the initial values z_1 =1 and 29 = y_;.

Then, the solution of equation (1.15) is given by

Quyor RN —Oova —RAT - e p 1
Yn = (My—1—=R)A}—(A2y—1—R)A\y 4 neN
n 2y 1+(2y_1—1)(n1) FR_ 1 0-
4y_1+(dy_1—2)n 4
Moreover, the solution of equation ([1.12)) is given by
dz_q+c na1 dz_q+c 1
e e L SR
dxr _q1+c dx _1+c - g a1
4 (MEEEE R - (R TR RNy 4’ 4
Tp = gdr_ite | (gdz_ite 1 n € Np.
b+c b+c +( btc )(TL+ ) _c if R _ 1
T ), 3

For more details, see [22].
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(1.14)

(1.15)

(1.16)

(1.17)

Difference equations or systems which transform into linear or Riccati difference equations by applying appropriate

transformations have engaged attention of many mathematicians (see, e.g. [2, Bl 5l [9, 010, 0T, 12} 13, 14} 15} 16, 17, 18|

19, 20, 211, 26, 27, 28, 29} 30, 31, 132} 33, (34} 135] 136, 37, (38, 39, 40, [41]).

For example, following difference equations
TnTp—2

———= — neN
+a, 1 Fap_o’ o

Tp+1 =

(1.18)

reduced to the Riccati difference equation under convenient transformations in [I]. Later, in [7, 8], equations in ([1.18)

were generalized to the following equations
ATp—|Tn—k
bxy—p + Cxr_qg

ATp—|Tn—k

Tpt1 = and zp41 = , n € Ny,

bxyn—p — CTr_q
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where r := max{l, k,p, ¢} is non-negative integer, a, b, ¢ are positive constants.
Then, the equations in ([1.18]) were expanded to the following systems of difference equations
YnYn—2 TnLlp—2

T+l = — s Yn+t1 = [
Tpn-1+ Yn—2 :l:yn—l + Tn—2

, n € No. (1.19)
in [4]. The solutions of systems in given ([1.19)) were found by using induction.
But, two-dimensional systems of difference equations in (1.19) were extended to the following two-dimensional
system of difference equations with constant coefficients
YnYn—2 TpTp—2

y Yn - ———, N S N y 120
bxn—l + aYn—2 Ynt dyn—l +cTp_2 0 ( )

Tn41 =
and system ([1.20) was solved using convenient transformations in [24].

A natural question is if any of the corresponding three-dimensional relatives to equation (|1.18)) and system ([1.19)
is also solvable. Here we give a positive answer to the question. Namely, we consider the following system

T — Zn—12n—3 Yn = Tn—1Tn—3 P Yn—1Yn—3
n—7 . _ 5 Yn= y An —
bxy—o + az,_3 dypn—o +cTpn_3 fan—2 + €yn—3

, n € Ny, (121)

where the parameters a, b, ¢,d, e, f and the initial values x_;,y_;, z—;, i € {1,2,3}, are real numbers. We solve system
in explicit form. Then, the solutions of system according to the special cases of the parameters are given
in closed form. Later, the forbidden set of the initial values for system is described. Finally, an application and
numerical examples to support our results are given.
The following definition will help us to find solutions.

Definition 1.1. [25] The general equation

Tr1 = P (Trp1— (et 1)s T 1-20k41)s - - - T 1—1(k+1)) » 1 € No,

where [ € N and k € Ny is a difference equation with interlacing indices.

2 Solutions of the system (|1.21)) in explicit form

Suppose that x,, = 0 for some ng > —3. Then from the second equation in it follows that y,,+1 = 0. If
Yno+1 = 0, then from the third equation in it follows that zn,+2 = 0, and consequently fz,,4+2 + €Yno+1 = 0,
from which it follows that z,,y4 is not defined. Assume that y,, = 0 for some n; > —3. Then from the third equation
in it follows that z,, 11 = 0. If 2,11 = 0, then from the first equation in it follows that z,, 12 = 0,
and consequently bz, 12 + azn,+1 = 0, from which it follows that x,,t4 is not defined. Suppose that z,, = 0 for
some no > —3. Then from the first equation in it follows that z,,11 = 0. If 2,41 = 0, then from the second
equation in it follows that y,,+2 = 0, and consequently dy,,+2 + cZn,+1 = 0, from which it follows that y,,+4
is not defined. This means that the set

{F:x_]— =0ory_;=0o0rz_; =0, j€ {1,2,3}},
is a subset of the forbidden set of solutions to system ([1.21)), where
F = (x_3,T—2,2_1,Y—3,Y—2,Y—1,2—-3,2—2,2—1). Thus, for every well-defined solution of system 1D we get that
TnYnzn #0,n > =3, if and only if x_jy_;2z_; #0, j € {1,2,3}.
2.1 Particular Cases of System (|1.21))

Now, we will examine the solutions in 15 different cases depending on whether the parameters are zero or non-zero.
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2.1.1 Case b=d = f =0, ace # 0.
In this case, system (1.21]) reduces to the following system

Zn— T _
Ty = nlayn: nlvzn:yn 177’L€N0. (21)
a c e
From ({2.1]), we get
Ty _ Zn—
Tpn = = Sayn:yn Sazn: = 3an227 (2'2)
ace ace ace

which are homogeneous linear third-order difference equations with constant coefficient. Equations in (2.2]) are equa-
tions with interlacing indices of order three. Hence, the sequences
JJ%) = T3m+j, yy(,jl) = Y3m+j Z%) = Z3m+j, M Z _17 .7 S {273a4}a

are solutions of the first-order difference equation

pm =227 e Ny, (2.3)
ace

From (/1.8)), the solution of difference equation ({2.3])

P-1
pm = 7(0106)"1_"_1, m E NO. (2'4)

From ([2.4), we can write the solutions of equations in (2.2]) as in the following form
__Tj-3 _ Yj-3 _ Zj—3
T3m+j = (aC@)erl’ Ysm+j = (aCG)erl’ Z23m+j = (acei)erl’ (25)

for m € Ny and j € {2,3,4}.

2.1.2 Case a =c=e =0, bdf #0.
In this case, system (1.21]) is expressed as

Zn—1%2n—3 Tp—-1Tn—3 Yn—1Yn—3
Ty = ——, =— 2z, = "——— neN, 2.6
" bx, 2 " dyn—2 " fzn—2 0 (26)
From ({2.6), we get
bxnmn—Q = Zn—1”2n—3; dynyn—Q = Tp—-1Tn-3, fznzn—Q = Yn—1Yn-3, N € NO~ (27)
From which it follows that
Tn—3Tn—5 —3Yn—5 Zn—3%n—>5
TpTp—2 = %a YnYn—2 = %7 Znin—2 = %7 n>2. (28)
By employing the change of variables
kn = TpTn—2, kn = YnYn—2, En = ZpZp—2, N = _]-7 (29)
equations in (2.8]) are transformed into the following equations
kn—?y T 7<;\n—?) 7 76'71—3
k. = k, = k. = > 2 2.10
n bdf7 n bdf7 n bdf7n_ 9 ( )

which are homogeneous linear third-order difference equations with constant coefficient. Equations in (2.10]) are
equations with interlacing indices of order three. Hence, the sequences

k(]) = k3m+ja E,%) = 7537n-|—j7 %(J) = Ié?’rm—i—j; m Z _17 .] S {27374}7

m m
are solutions of the first-order difference equation

Tm—1

Tm = bdf’

m € Np.
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From (|1.8)), the general solution is
r_1

Ty = —————, m € Nj.
Tl
From ([2.11)), we can write the solutions of equations in (2.10)),
k3 o k]’_g 76\3 _ kj_g 7{“3 o kj_g
+i = ) N ey +i = oA
T )™ T dy™ T (b)Y
for m € Ny, j € {2,3,4}. From (2.9), we have that
kn kn—4 kn—S
Tp = 7— ——Tp_12, N> 9,
" kn72 knfﬁ knflo "
kn n—g kn_
yn:/\n An 4An8yn7127n297
kn—2 kn—6 kn—10
kn Kp_a kn
P . Y RPN o}
kn—2 kn—6 kn—10
From ([2.13)-(2.15)), we get
_ komyr k2mti-4 kiamyi-s
T12m+1l = T12(m—1)+1>
k12myi—2 k12myi—6 k12m+i—10
_ kiomar Kiomai-a Kiomai-s
Yizm+1 = = = = Y12(m—1)+15
k12myi—2 k12myi—6 k12m+i—10
and _ _ _
_ kiomar Kiomai-a Kiomai-s
Z12m+1 212(m—1)+1s

Eiom+i—2 k12m+i1—6 K12m+i—10

where m € Ny and [ =9, 20, from which it follows that

m—+1
k125+3i+p—2 K125+3i+p—6 K125+3i4+p—10

T12m+3i+p—2 = L3i4+p—14 ,
1 F12sisivp—a Fi2s13i4p—8 F12s3i4p-12

P ~ ~

_ k12s43i4p—2 k12543i4p—6 K1254+3i+p—10

Y12m+3i+p—2 = Y3i4+p—14 = = = )
21 F12s43i4p—14 K12543i+p—8 K1254+3i4p—12

m+1 3 ~ ~

_ k12s+3itp—2 K125+3i+p—6 F125+3i4+p—10

212m+3i+p—2 = Z3i+p—14 = ~ ~ ;
s=1 k125+3i+p—4 k12s+3i+p—8 k125+3i+p—12

where m € Ny, p € {2,3,4} and 7 € {3,4,5,6}.
By applying solutions (2.12)) in (2.16)-(2.18)), after some basic calculation, we get

L3i+j—12 y _ Ysitj-12 5 _ R3itj-—12
T m2ma2o Y12mA3it) = T o A12mA3itj =
(bdf)™" (bdf)™ (

T12m~+3i+j = W,
for m € Ng, j € {0,1,2} and i € {3,4,5,6}.

2.1.3 Case b = 0, acdef # 0.
In this case, system ([1.21)) becomes

Zn—1 Tp—1Tn—3 ~ Yn—-1Yn-3

Ty = y Yn = y An =
a dyn72 +cTp—3 f2n72 + €Yn—3

, n € Np.

Employing the first equation in system ([2.20)) in the second equation in system (2.20)), we get

Zn—22n—4

n > 3.
a?dyn—o + aczp_4’

Yn =

Kara, Yazlik

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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We consider the following two-dimensional system

Zn—22n—4 Yn—1Yn—3

= n>3, zp=——"—""— mné€cNg.
n Pdyp—o + aczp_a’ " 2+ eyn_s 0
The system ([2.21)) can be written in the form
Yn 1 Zn 1
= ,n >3, = — , n € Np.
Zn—2 azdgz:j + ac Yn—1 fz:_i +e
Now, we may use the change of variables
zZ ~
yn :tnv nZ ]-7 - :t’l’H 'I’LZ _2
Zn—2 Yn—1
and transform system ([2.22)) into the following equations
1 ~ 1
=~ n>3 t,=—— neN,.
" a2dt, o +ac " fthote 0

Equations in are equations with interlacing indices of order two. Hence, the sequences
t9) —tgmis, m e Ny, i€ {1,2},
£ =tamyj, m > —1, j €{0,1},

are solutions to the following difference equations

A 1 .
) = ————— meN, ie{1,2}, & =
a?dt,’ | + ac
The solutions of difference equations in ([2.25)

(Mt Ry YAy — (hp 2 Ry )Y

m7 m € Ny, j €{0,1}.

c > c : 1
— - - - = if R1 7A 1
B ad (A adt +c _Ry ))\m—l (A2 adtg+c_R1)/\;n—1 ad’ 47 N
t2m+i - zadt +L ( adt; +¢ m e 0,
¢ +(2—— l)m c . 1
- < if Ry =7
ad’ 47

a4adt +c+<4adt +c 2) (m—1)

. ()\3 f‘j—62+67R2>>\?,+17(/\4 ftj—ez+67R2>>\2n+1 . . X
if RQ 7é 10

. et . b
f >\3 f”]*e2+5’ —Rg)A?’—<A41t];2+e—R2))\T f
fom i = 2f?f*2+c+<2 fgj*ﬁc—l) (m+1) e o,
e ¢ ° ; 1
< — — - if Ro =2
f 4ftj;2+e+(4ftj;2+e 72)m f 2 1

for i € {1,2}, j € {0,1}, where \; = LA ), = IoVIAR ), = LEVIAR ) = Lovioafs
Ry = .
From ([2.23)), we have that

Yn = tntn72tn73tn75yn76v n Z 43

Zn = tntn 1tn_3tn_aZn_6, 1 > 5.

From the first equation in system ([2.20) and ( - -7 we have

! t t, t
x6m+2j2+i2+1 - gZsz-i‘iz 6k+2j2+i2 6k+2j2+ia—1"6k+2j2+1i2—3 " 6k+2j2+ix—4"
k=1

m

Yoms25i 1 = Yaian L1 foksai4m Eonsoi 1 —oloksaf, 458l 27 451 5
k=1
m

6m+2j2+i2 2j2+i2 6k+2j2+iz 6k+2j2+iz—1"6k+2jo+ia—3"6k+2j2+i2—4
k=1

where m € Ny, j, € {—1,0,1}, i1 € {0,1}, j» € {0,1,2} and 75 € {—1,0}.

aR1:7
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(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

c2

(2.30)

(2.31)

(2.32)

By applying (2.26)-(2.27) in (2.30)-(2.32), after some basic calculation, the solutions in explicit form of system (|2.20))

can be found.
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2.1.4 Case d = 0, abcef # 0.
In this case, system (1.21]) is equivalent to the system

o Zn—124n—3 Yn = Tn—1 5 = Yn—1Yn—3
n — y Yn — s An T
bxyp_o + az,_3 c fen—2 + eyn_3

which is an analogue of the system (2.20). By interchanging variables y,, z,, @, ¢, €, f, a, b, instead of z,,, yn, Zn, @,
¢, d,e, f, respectlvely, the system in (2.20)) is transformed into - So, by interchanging s,, S, instead of t,, t,,

the formulas in -7 they are transformed into the following formulas

. n € No, (2.33)

P e S
cf A3 cf3v+e R, )\m—17 /\4Cfsg+efR2>)\ln_1 - cf’ 1 2 Rl
Som4i = gefsite +e+(2 si_ 2+E71)m m € Ny, (2.34)
< - < if Ry =1
cf 4Lf5 62+e+(4cfsel+e —2)(m—1) cf’ 2 4
o Qe RAP T - (6 EEE R AT # %
b ( J 2+a —Rs ))\m (>\5b§j72+a—R3))\gl b 3 47
o a
Soam4j5 = ,2+a+(2 b8, _ 2+a )(m-‘rl) m € Ny, (2.35)
g2 5 —¢ if R3 =1
b b z+a+(4b<] z+a_2>m b 3T o
a

for i € {1,2}, j € {0,1}, where Ay = HVA=Ae ), = 1ot 3 = LVIZA )\ = Iovictis Ry = f and
R = ;—Qb. Then, (2.30))-(2.32)) is transformed into the following formulas

m
Lem4270+472 — L2504 H S6k+270+70 S6k+270+i2—156k+2704+70 —356k+270 11047 (2.36)
k=1
m
1 ~ ~ 9
Yom+2jo+ia+1 = P25+ H S6k+2]2+i2 S6k+2ja+i2—156k+22+i2—356k+272+72—47 (2.37)
k=1
m
Fom+2j1+i1 . “2ji+i H S6k+271+i1 6k+271 +i1 —256k+271 +i1 —356k+271 411 -5 (2.38)
k=1

where m € Ny, j; € {—1,0,1}, 1 € {0,1}, J € {0,1,2} and i, € {—1,0}.

By applying (2.34)-(2.35) in (2.36)-(2.38)), after some basic calculation, the solutions in explicit form of system (2.33))
can be found.

2.1.5 Case f = 0, abcde # 0.
In this case, we obtain the system

Zn—1%2n-3 Tp—1Tn—3 Yn—1
et S P i L S . n €Ny, 2.39
bxy_2 + azn_3 n dyn—2 + cxn_g " e 0 (2:39)

Ty =

which is an analogue of the system 1) By interchanging variables y,,, zn, Tn, ¢, d, €, a, b, instead of zy, Yn, 2n,

a,bce f, respectively, the system in is transformed into (| - So, by interchanging [, lAn instead of s,, S,,
the formulas in -, they are transformed into the following formulas

a a : 1
eb g Bt ebl~+a )\m—l (Ae ebli+a_R3>)\gl—1 T eb? if R3 7£ 1
a
lom+i = geblita Jra+ Zebl +a71)m m € No, (2'40)
a —a if Ra = 1
54@1 +a+(4cbz +a_2)(m_1) eb7 if Rd - 1
()\1 ‘“jfcz-*-c _R1>)\;n+1_ <>\2 ‘“112‘*'6 _R1>>\;n+1 )
c c ;
= = = — = if Rl 75 1
- - i - d’ 4
Ay Ti2te 7R1>>\§”7<)\27dl312+ 7Rl>xgt
lomti = jalsare, Qdfj_‘ﬁcil)(mﬂ) m € No, (2.41)
s - — <, if Ry = 4,

d di; - di; -
4 J;2+C+(4 j-ate —2>m
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for i € {1,2}, j € {0,1}, where \; = IV g = 1oviodlls ) = VISR ), = 1ovIsAh Ry = =D and
Ry = ;—Qd. Then, (2.36])-(2.38) is transformed into the following formulas

m
Lem+2j1431 — Loji+4 l6k:+231+?1 l6k+2§1+?172l6k+231+?173l6k+231+71—57 (2.42)
k=1
m
Yom+27a+i2 = Y250+0n H 16k+2}2+?2Z6k+2}2+?2—116k+2}2+?2—316k+2§2+?2—4v (2.43)
k=1
1 m
Zom+27a+ia+1l T o Y2ja+in H Lot 23,43 Lok 25 470 —1 bk + 25 47 —3lok+ 255 470 20 (2.44)
k=1

where m € Ny, j1 € {-1,0,1}, i€ {0,1}, g € {0,1,2} and = {-1,0}.
By applying (2.40)-(2.41)) in (2.42)-(2.44)), after some basic calculation, the solutions in explicit form of system ([2.39))
can be found.

2.1.6 Case a = 0, bedef # 0.
In this case, system ((1.21)) becomes

Zn—12n—3 Tp—1Tp—3 Yn—1Yn—3
_ = z,=—— """~ né€Ng. 2.45
bxn—Q non dyn—2 + an—3’ " fzn—2 + €Yn—3 ’ 0 ( )

System (2.45|) can be written in the following form

Ty =

T 1 Un, 1 Zn 1
= s = s = — 5 n E NO 246
Zn—1 bi::z Tp—1 diz:i +c Yn—1 fz:_i +e ( )
Next, by employing the change of variables
~ x ~ ~ Z
Up = ——, U, = In , Wy = —— n> =2, (2.47)
Zn—1 Tn—1 Yn—1
and transform (2.46|) into the following equations
M 1 u >2, 7 ! € Ny, w ! eN (2.48)
Up = — =Up_4,n>2, Up=—"—,1 , Wy = ——— 1 , .
n buﬂ72 n—4 n d’Un,Q Te 0 n fwn72 Te 0
which means that (), ~_, are four-periodic, that is,
Uy 7 = Uy (2.49)

where n € Ny and i = —2,1 and the second and the third equations in (2.48]) are equations with interlacing indices of
order two. Hence, the sequences

1 (1) _ 1

=—g5 > W fi,mGNO7 (2.50)
dv() 1+ec " fw,, () 1t+e

~(
m

for I € {0,1}. From equalities in ([1.17)), the solutions of difference equations in (2.50))

P G ) L Sl G et L PR
d 5, _o¥c T5]_5Fc - 4’ 1 1 7é 1
~ B MR R P (e TEEE R Ay cN 251)
Voam+1 = g2dv122+c+(2d1}122+c71>(m+1) . —_— . m 0 .
d 4d171,.2+c+(4d1717l2+c72>m a’ 1= 7>
T I
R 7 )\dfwl R P (Mfwz e R)AZF 7o M7
w2m+l - qu’l 2+c ( fwy_ 2+E 1)(m+1) m € NO, (252)
e . _ 1
% PR 2+ﬁ+<4f“u 2+E—2)m %7 if Ry = )
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for I € {0,1}, where \; = S\ = Ioviodf g = LIS ), VISt Ry = = and Ry = .
From ([2.47)), we get

T = UpWn—10n—2Un—3Wn—40n—5Un—6Wn—7Un—8Un_9Wn_10Vn—11Tn—12, N = 9, (253)
Yn = Unln—1Wn—2Vn—3Un—4Wn—5Vn—6Un—7Wn—8Un—9Un—10Wn—11Yn—12, 1 > 9, (2.54)
Zn, = Wy Up—1Un—2Wn—3Un—aln—5Wn—60n—7Un—8Wn—90n—10Un—112n—12, 7 > 9. (2.55)

From ([2.53))-(2.55) we have

m

T12m+4j+i = Tdj+i Hu12k+4j+iw12k+4j+i717112k+4j+i72ul2k+4j+i73
k=1

XW12k+4j+i—4aV12k+4j+i—5W12k+45+i—6W12k4+4j+i—7 (2-56)

XV12k+4j+i—8U12k+45+i—9W12k+4j+i—10V12k+4j+i—11,

m

Y12m+4j+i = Ydj+i HU12k+4j+iu12k+4j+i—1w12k+4j+i—2vl2k+4j+i—3
k=1

XUL2k+4j4i—4W12k+4j+i—5V12k+45+i—6UL2k+4j+i—T (2.57)

XW12k+4j4+i—8V12k+4j+i—9U12k+45+i—10W12k+45+i—115

m

Z12m4-4j+i = Z4j+i H’w12k+4j+i'U12k+4j+i71U12k+4j+i72w12k+4j+i73
k=1

X V1 2kt 4j+i—aW12k+45+i—5W12k+4j+i—6V12k+4j+i—7 (2.58)
XUi9k+454i—8W12k+45+i—9V12k+4j+i—10U12k+4j+i—115
where m € Ng, j = —1,1and i =1,4.
By applying (2.49), (2.51)), (2.52)) in (2.56))-(2.58]), after some basic calculation, the solutions in explicit form of system
(2.45) can be found.

2.1.7 Case ¢ = 0, abdef # 0.
In this case, system ([1.21)) is equivalent to the system

Zn—1%2n—3 _ Tp—1Tn—3 _ Yn—1Yn—3

L 2y = —2nlInm3 e N, 2.59
fen—2 +eyn_3 0 (2.59)

€T = — =
" bxn—2 +azp—3 on dyn—2

which is an analogue of the system (2.45). By interchanging variables y,, zn, Tn, d, €, f, a, b, instead of x,,, yn, 2n,
b, ¢, d, e, f, respectively, the system in (2.45) is transformed into (2.59)). So, by interchanging v,, instead of u,, the
formulas in (2.49)), it is transformed into the following formula

Ugpy7 = Up (2.60)

where n € Ny and 7 = —2,1. From (2.35)), (2.52)) and (2.60) we have

m

T12m+4j+i = Tdj+i H512k+4j+1’w12k+4j+i—1U12k+4j+i—2512k+4j+i—3
k=1

XW12k+4j+i—4V12k+4j+i—5512k+4j+i—6W12k+4j+i—7 (2.61)

XV12k+4j+i—8512k+4j+i—9W12k+4j+i—10V12k+4j+i—11,

m

Y1om+4j+i = Y45+ HU12k+4j+i812k+4j+i—1w12k+4j+i—2vl2k+4j+i—3
k=1

X812k +4j4+i—4W12k+454+i—5V12k+45+i—6S12k+45+i—7 (2-62)

XW12k+4j+i—8V12k+4j+i—9512k+4j+i—10W12k+4j+i—115
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m

Z12m4-4j+i = 245+ Hw12k+4j+ivl2k+4j+i—1512k+4j+i—2w12k+4j+i—3
k=1

XU12k44j4+i—4512k+4j+i—5W12k+dj+i—6V12k44j4+iT (2.63)
X812k+4j+i—8W12k+4j+i—9V12k+4j+i—10512k+4j+i—11,
where m € Ny, j = —1,1and i =1,4.

By applying (2.35), (2.52)), (2.60]), in (2.61)-(2.63)) after some basic calculation, the solutions in explicit form of system
([2.59) can be found.

2.1.8 Case e = 0, abedf # 0.
In this case, system ((1.21)) can be written in the form

Zn—1%n—3 Tp—1Tp—3 Yn—1Yn—3
T, = _— =

S TR , . n €N, 2.64
bxn72 +azn—3 n dyn72 + CcTp—3 " fzn72 0 ( )

which is an analogue of the system (2.59)). By interchanging variables y,,, zn, Zn, ¢, d, f, a, b, instead of x,, Yn, 2n,
a, b, d, e, f, respectively, the system in (2.59) is transformed into (2.64). So, by interchanging w,, instead of v,, the
formulas in ([2.60)), it is transformed into the following formula

W g7 = Wy, (2.65)

where n € Ny and i = —2,1. From (2.35)), (2.51) and (2.65)) we have

m

T12m+4j+i = Tdj+i H312k+4j+iw12k+4j+i71'Ul2k+4j+i72512k+4j+i73
k=1

XW12k+4j+i—4V12k+4j+i—5512k+45+i—6W12k+4j+i—7 (2.66)

XV12k+4j+i—8512k+4j+i—9W12k+4j+i—10V12k+4j+i—11,

m

Y12m+dj+i = Ydj+i HU12k+4j+i312k+4j+i—1w12k+4j+i—2'012k+4j+i—3
k=1

X812k +4j+i—4W12k+4j+i—5V12k+4j+i—6512k+4j+i—T7 (2.67)

XW12k+45+i—8V12k+4j+i—9512k+4j+i—10W12k+4j+i—11,

m

Z12m4-4j+i = 245+ Hw12k+4j+i012k+4j+i71312k+4j+i72w12k+4j+i73
k=1

XU12k+4j+i—4a812k+4j+i—5W12k+4j+i—6V12k+4j+i—7 (2.68)
X 812k+4j+i—8W12k+4j+i—9V12k+44j+i—10512k+4j+i—11,
where m € Ny, j = —1,1 and ¢ = 1,4.

By applying (2.35)), (2.51)), (2.65)), in (2.66)-(2.68)) after some basic calculation, the solutions in explicit form of system
(2.64) can be found.

2.1.9 Case a = ¢ = 0, bdef # 0.
In this case, system ([1.21)) reduces to the following system

Zn—12n—3 o Tp—-1Tp—3 o Yn—1Yn—3

T, = , = = n € Ny. 2.69
" bxn—2 " dyn—2 n on—2 + eyn—B7 0 ( )
System (2.69)) can be written in the form
= 3 Tn2> = S Un— = FZn- » n € No.
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Next, by employing the change of variables

~ T ~ Yn ~ Zn

Up = , Up = , Wy = ,n> =2 (2.70)
Zn—1 Tn—1 Yn—1
and transform (2.70]) into the following equations
i =& >0 Gy =% >9, @ ! eN @2.71)
Up = 7= = Up—4, N = Up = == = Un—4, N = Wy = =, N .
n bu”_2 n—4 s Un d’Un_g n—4 ) n fwn—2 Te 05
which means that (4,),,>_5, (Un),~_o are four-periodic, that is,
Uy 5 = Uy Uy i3 = U5 (2.72)

where n € Ny and 7 = —2, 1 and the third equation in (2.71)) is equation with interlacing indices of order two. Hence,
the sequence

_ 1
o) = ——— meN,, (2.73)
)
fwmfl +e

for I € {0,1}. From equalities in (2.27)), the solution of difference equation in ([2.73])

(/\3 fﬁz;rre _R2)>\gn+1_<)\4 fﬁlzere _R2>/\2n+1

e e : 1
% = = — < if Ry #£ 3
B L LTSy VO (VELTE T SO 7 1
Wam+1 = Fy_ote F@_g+e m € Ny, (2.74)
B o ) (G DR P
e e e _ e i _1
7 4fwl;2+e+(4fwl;2+e _2)7” 7 2 4

for I € {0,1}, where \3 = LAl ), = I=VIAfe apd R, = ;Tf
From ([2.70), we get

Ty = UpWyp—1Vpn—2Up—3Wp—4Vn_5Un—Wn—7VUn—8Un_9Wn_10Vn—11Tn—12, 1 = 9, (2.75)
Yn = UplUn—1Wn—-2Un—-3Un—-4Wn—5Un—6Un—7Wn—-8Vn—9Un—-10Wn—-11Yn—12, N > 9, (276)
Zn = WpUnp—1Up—2Wn—3Vn—4Un—5Wn—6Vn—7Un—8Wn—9Vn—10Un—112n—12, 7 > 9. (2.77)

From ([2.75)-(2.77) we have

m

T12m+4j+i = T4j+i—12 H U12k+45+iW12k+-45+i—1V12k+-45+i—2U12k+45+i—3
k=0

XW12k+45+i—4V12k+4j+i—5U12k+45+i—6W12k+4j+i—7 (2.78)

XV12k+45+i—8U12k+4j+i—9W12k+45+i—10V12k+4j+i—11,

m

Y12m+4j+i = Ydj+i—12 H V12k+4j+iU12k+4j+i—1W12k+45+i—2V12k+4j+i—3
k=0

X U2k dj4i— AW 2k 44 j4i—5V12k+4j+i—6U12k44j4i—T (2.79)

XW12k+4j+i—8V12k+4j+i—9U12k+4j+i—10W12k+4j+i—11,

m

Z12m4-4j+i = 24j+i—12 H W12k+45+iV12k+454+i—1U12k4-45+i—2W12k+-45+i—3
k=0

XV12k+4j+i—4U12k+4j+i—5W12k+4j+i—6V12k+45+i—7 (2.80)

XUL2k+4j+i—8W12k+4j+i—9V12k+4j+i—10U12k+4j+i—11,

where m € Ny, j € {2,3,4} and i = 1, 4.

By applying (2.72), (2.74), in (2.78])-(2.80)) after some basic calculation, the solutions in explicit form of system ([2.69)
can be found.




On a solvable system of difference equations via some number sequences 2623

2.1.10 Case ¢ = e = 0, abdf # 0.
In this case, system (1.21]) is expressed as

J— Zn—1%2n—3 Y = Tp—1Tn—3 _ Yn—1Yn—3

" bxn—Q + azn—?)’ " dyn—Q n fzn—2

which is an analogue of the system (2.69). By interchanging variables y,,, zn, @n, d, f, a, b, instead of ., Yn, 2n, b, d,

e, f, respectively, the system in (2.69)) is transformed into (2.81]). So, by interchanging v,,, Wy, u, instead of ,, U,
Wy, the formulas in (2.72)),(2.74), they are transformed into the following formulas

, n € Ny, (2.81)

v4n+‘iv = v;” w4n+; = ’w{’ (282)

where n € Ny and 7 = —2,1 and

(2 222 Ry ) A - (2 TR Ry ) A _ )
v (T2 R )ap— (6 2 Ry ) 5 Rs# g,
zbﬁ’jf*“+(2bﬁ’—f+”71)(m+1)

a : 1
T a T a -3 if R3 = 7
b z—aQJr +(4b 1—2+ 72)m b 47

U1 = m € Ny, (2.83)

Sl

4

a

for I € {0,1}, where \s = VAAs g = 1oVIdfs ang Ry = =

Putting (2.82)), (2.83), in (2.78 i—(2.80) after some basic calculation, we get solutions of system ([2.81]).

2.1.11 Case a = e = 0, bedf # 0.
In this case, system (1.21)) can be written in the form

Zn—1%n—3 Tpn—-1Tn—3 Yn—1Yn—3
— Yp = , Bp = , n € Ny, 2.84
bmn72 " dyn72 + czp—3 " fzn72 ( )

Ty =

which is an analogue of the system (2.81)). By interchanging variables y,,, zn, Zn, ¢, d, f, b, instead of x,,, yn, 2n, a, b,
d, f, respectively, system in (2.81)) is transformed into (2.84). So, by interchanging v,,, w,, @, instead of @, Uy, Wy,
the formulas in (2.82)-(2.83)), they are transformed into the following formulas

w4n+§ = U)Z’ u4n+€ =

- (2.85)

77
where n € Ny and 7 = —2,1 and

dv_g+c m41_ d_gte m+1
c (’\1 - Rl)’\l (’\2 - Rl)’\z —<c  ifR #£1L
d Al”%W—Rl )\;"—(Azw%w—fﬁ))\;" a’ 4’
dij,2+c dﬂj,zﬁ—c_
B e it (s B if Ry =
dv; o+ dv; _o5tc =
4Tty (B2 o), d’

52m+l = me N07 (286)

1
47

for I € {0,1}, where \; = LVA=4 ) — 1oVIZAR, V12_4R1 and Ry = %2‘1,
Putting (2.85)), (2.86]), in (2.78 i—(2.80) after some basic calculation, we get solutions of system ((2.84)).

2.1.12 Case b=d = 0, acef # 0.
In this case, system (1.21)) becomes

Zn—1 Yn = Tp—1 = Yn—1Yn—3
b) n — ) n —
a c fzn—Q + €Yn—3

Employing the first equation in system (2.87)) in the second equation in system (2.87)), the second equation in system
(2.87) in the third equation in system (2.87)), we get

Zn—1

, n € N,. (2.87)

Tp =

2>, oz, = “n—3%n=5 n> 4. (2.88)
C

a2c2fz,_o +acezp_s =

Ty = 7nEN0ayn:

We consider the following equation
Zn—3%n—5

>4 2.89
a%c® fz,_o + acez,_s " ( )

Zn =
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The equation (2.89)) can be written in the form

Zn 1
= Z , n >4 2.90
Zn—3 azczfﬁ + ace " ( )
Now, we may use the change of variables
o3 on>2 (2.91)
Zn—3
and transform equation (2.90) into the following equation
1
= n >4 (2.92)

a?c? fZ,_o + ace’
Equation (2.92)) is equation with interlacing indices of order two. Hence, for m € Ny, the sequence
29 = 2544, 1€ {2,3},

is solution to the following difference equation

; 1
20 = : , (2.93)
" a2(:2f2,(7?71 + ace

for m € N, i € {2,3}. From equalities in ([1.17)), the solution of difference equation in ([2.93)

P e

acf (>\3aCfii+E—R2 )\ngl_(A‘LaCfii‘Fﬁ_R2)>\£n71
acf2i+e_

. 1+(2ﬁ 1) (m+1) e if Ry = 1

acf 24,(4E£[%Ltﬁg,2)7n acf”’ 1>

_ﬁa lfRQ#iv

Zom+ti = m € Ny, (2.94)

for i € {2,3}, where \g = V142 V12_4RQ, Ay = 1IViAR V12_4Rz and Ry = ;—rf From |D we have that

Zn = ZnZn—3%Zn—6, M > H. (2.95)

From the first equation in system (2.88]), the second equation in system (2.88)), (2.94) and(2.95)), we have

1 m
Lom+2j+i+1 = 5 2j+i-6 H 2614247 “6h+2j+i—3 (2.96)
k=0
1 m
Yom+2j+ite = ,o%2j+i—6 H 26425 +7%6k+2j4+1—3 (2.97)
k=0
m
Z6m+2i+1 — “2j+i—6 H R6k+2j17%6k+2j+1—3 (2.98)

k=0

where m € No, j € {1,2,3} and 7 € {3,4}.
By applying (2.94)) in (2.96))-(2.98)), after some basic calculation, the solutions in explicit form of system (2.87)) can be
found.

2.1.13 Case d = f = 0, abce # 0.
In this case, system ([1.21)) reduces to the following system

Zn—1%2n—3 Tp—1 -1
Ty = — 0y, = 2, = In , n € Np. (2.99)
br,,—o +az,—3 c e

which is an analogue of system (2.87). By interchanging variables y,,, zn, Zn, ¢, €, a, b, instead of z,, yn, zn, a, ¢, e,
f, respectively, system in (2.87) is transformed into (2.99)). So, by interchanging Zs,,+; instead of Za,,1; the formulas
in (2.91) and (2.94), they are transformed into the following formulas

Tn

=T, n>2, (2.100)
Tn-3
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and
cebT;+a m cebT;+a m
a /\5%71%3 )\5 - A6+7R3 /\6 a 'f R 7é 1
_a_ _ _ _a 1
5 PSR m N (SR Ry TR (2.101)
T ;= = m .
2m+1 . 1+<2 cebiﬁ-a 1) (m+1) . P ) 0>
—_— — —_—— 1 = =
ceb 2+(4 cebzﬁra 72)m ceb? 3 4
for i € {2,3}, where \y = V14 V1274R?’7 Ag = 1=V V1274P“3 and R3 = ;—5’. From (|2.100), we have that
Ty = TpTp_3Tn_g, M > 5. (2.102)

From the second equation in system (2.99)), the third equation in system (2.99)), (2.101) and(2.102), we have

m
Lem+2j+i — L2j+i—6 H £6k+2j+7/x\6k+2j+273’ (2.103)
k=0
1 m
Yomroj+it1 = E$2j+;76 H f‘7\6k+2j+§§6k+2g‘+?—37 (2.104)
k=0
1 m
Fom+2j+i+2 T g L2j+i—6 H Tk 42j47 6k 42j 473" (2.105)
k=0
where m € No, j € {1,2,3} and 7 € {3,4}.
Putting (2.101)) in (2.103)-(2.105)) after some basic calculation, we get solutions of system ([2.99)).
2.1.14 Case b = f = 0, acde # 0.
In this case, we obtain the following system
Zn—1 Tp—1Tn—3 Yn—1
= , = , Zn = , n € Np. 2.106
n a Yn dyn—o + cxp_z’ " e 0 ( )

which is an analogue of system (2.99)). By interchanging variables y,, z,, Tn, ¢, d, €, a, instead of Z, Yn, zn, a, b, ¢,
e, respectively, system in (2.99) is transformed into (2.106)). So, by interchanging ya,,+,; instead of To,,+; the formulas
in (2.100) and (2.101)), they are transformed into the following formulas

In_ _ 5. n>2 (2.107)
Yn—3
and et et
B (Al%le)A;M(Az%le),\g* Lo Rl
ade adeg;tc m—1 adeg;ftc m—1 ade’ 1 4>
Tams = M S R AT (0 S R )X meN (2.108)
Yam+i = . 1+(2 adezi+c_1)(m+1) . T 0, .
ade 2+(4adegi+a72)m ~ ade’ I g = g,
for i € {2,3}, where \; = 14 V1274Rl, Ao = 1Vidf V127431 and Ry = ;—Zd. From 1] we have that
Yn = YnYn—3Yn—6, n > 5. (2.109)

From the first equation in system (2.106f), the third equation in system ([2.106)), (2.108)) and(2.109)), we have

m

1

Tom+2j+it2 = o Y2j+i-6 H Yor+25+i96k+25j+i—3 (2.110)
k=0
m
Yom+2j+7 — Y25+i-6 H Yekr2jridek+2i+i—3 (2.111)
k=0
1 m
Z6m+2j+itl — gy2j+?—6 H Yek42j+iY6k+2j4+7—3 (2.112)
k=0

where m € Ny, j € {1,2,3} and i € {3,4}.
Putting (2.108) in (2.110)-(2.112)) after some basic calculation, we get solutions of system (2.106]).
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2.1.15 Case abcdef # 0.
In this case, system (1.21)) can be written in the form

Zn—1 o bxn—Q +azp—3 Tp-1 o dyn—Q +CTp—3 Yn—1 o

f#n—2 + €yn—s

) )

T Zn—3 Yn Tp—3 Zn Yn—3

for n € Ny. Next, by employing the change of variables
Zn— T _
Up = n17vn: n17wnzm7n2_27

system ([2.113)) is transformed into the following system

AQlp—o + b CUp—o +d eWn_o+ f
Unp = ; Up = , Wp =
Unp—2 Un—2 Wn—2

, n € Np.

Equations in (2.115)) are equations with interlacing indices of order two. Hence, the sequences

() = U2m+i» UT(rZL) = V2m—+i, wﬁrll) = Wam—+4, M Z 717 1€ {071}7

are solutions to the following difference equations

aug) 46 el kd o ewl) 4 f

1 m—1
up) = MO v = L M T o
Upy—1 Um—1 Wy —1
for m € Ny, 7 € {0,1}. The solutions of difference equations in ([2.116)
e e U o) A S,
, Ra—ul) A+ <7> ) J
() 1 1 2
U = ~ N\~ m € Ny
m—1 ( 71(m+1)—)\1m AT 9 ’
I —, a®+4b=0
(u_lmf)\l(mfl)))\l
(xwug)xwu( B35 )A;”“ > 4d 0
, Ga—o D) ag+ (v )op c”+4d #0,
’U(l) = A4 -t :1 4 m € NO
m—1 (U(:)(m+1)—)\3m am ’
L L2 2 +4d=0,
('u(jlm—kg(m—l) Agn71
(o—wl)3g+(wh-Rs)35 0 +4f #0
B B G e e B +4f =0 R
— Z e =
(wg)lm—)\5(m—l)))\;"71 ’ ’

for i € {0,1}, where A, = 9=v/o2+db 2+4 ;A
e—\/e2f4f

5 . and consequently

}:2  Zie 3) )\m+1 + (Zq‘,—3

Ti—

_ Xl) }:72n+1

U2(m—1)+i = = i - N\ ~ , m € No,
(Re = 2=2) 3+ (2= - 20) Ay
when a? +4b # 0, for i € {0, 1},
()\4 — %) )\m-i—l + (;IZ%Z, /\3) S\\ZH_I
V2(m—1)+i = . N\ ~ , m € No,
(M- 2=2) R (222 - %) Ay
when ¢2 +4d # 0, for i € {0, 1},
X6 _ M) ’)\\m+1 i (y@ 3 X5) Xgﬂrl
W2(m—1)+i = - , m € No,

(- ()

afx/a2+4 )\ _ c+\/c2+4 )\ _ c—+\/c2+4d //\\ _
3 = = =5 A =

Kara, Yazlik

(2.113)

(2.114)

(2.115)

(2.116)

24 ~
Wand)\f;:

(2.117)

(2.118)

(2.119)
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when e? +4f # 0, for i € {0,1} and

XTj—2

(Zi;?’ (m+1) - le) XT

Ug(m71)+i = o — 1’ m € NO, (2120)
(m—:‘;’m — A1 (m— 1)) AT
when a? +4b = 0, for i € {0, 1},
(222 (m+1) = Rgm) Xy
v2(m—1)+i = i s — 1’ m € No, (2121)
(ﬁm — A3 (m— 1)) A5
when ¢? +4d = 0, for i € {0, 1},
(4= (m+1) = Rom) A
W2 (m—1)+i = — — , m € Ny, (2122)
(yi—’gm — X5 (m — 1)) PN
Zi—2 & 5
when e +4f = 0, for i € {0,1}.
From (2.114)), we have that
Ty = Tn=6 ,n>3, (2.123)
UpWp—1Vnp—2Un—-3Wn—4Vn—5
Yn = Yn=6 , n >3, (2.124)
UpUp—1Wn—2Vn—-3Unp—4Wn—5
2y = Fn—6 >3 (2.125)

WpUn—1Up—2Wn—-3Un—4Un—5

From ([2.123)-(2.125|), we have

Te(m—1)+1
Tem+1l = ’
UEm+-1Wem~+1—1V6m—+1—2U6m~+1—3Wem+1—4V6m+1—5
Y6(m—1)+1
Yem+1 = 3
Vem+1U6m+1—1Wem+1—2V6m~+1—3U6m+1—4Wem+1—5
and
26(m—1)+1
Z6m+1l —

b
Wem+1V6m~+1—1U6m+1—2Wem+1—3V6m~+1—4U6m+-1—5

where m € N and [ = —3,2, from which it follows that

L254i—1
Tom+2j+i—1 = Tym , (2.126)
szl Uk+2j+i—1W6k+2j+i—2V6k+25+i—3U6k+25+i—4W6k+2j+i—5V6k~+2j+i—6

Y254i—
Yom+2j+i—1 = =m 29+l : (2.127)
|

V6k+2j+i—1U6k4-254+i—2W6k4-25+i—3V6k+2j+i—4U6k+25+i—5W6k+254i—6

22j+4i—1

Z6m+2j+i—1 = , (2.128)

m
[T5 | Wek-+2j+i—1V6k+2j+i—2U6k+2j-+i—3W6k+2j+i—AaV6k+2j+i—5U6k-+2j+i—6
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where m € Ny, j € {-1,0,1} and 7 € {0,1}.

Kara, Yazlik

By applying (2.117)-(2.119) in (2.126)-(2.128)), after some basic calculation, we obtain

Tem+2j+i—1

Yem+25+i—1

N ~skiniad [
m (A2 _ ;272) NokHiHHL (:2 s

iz iz —

L2j+i— H o\ kit S
k=1 Ag — 22zt Al + (2=

y¢,3> ng-‘rj"rl + <yi—3

3\ V3k+j+i+1
/\1> ¥

Tiy—2

Zi—2 Zi—2

Tip—2

3\ U3k+j+1
— )\5> p¥:

_ Yi— 3))\3k+] + (yz 3

Zi—2 Zi—2

_ z@-273> Nok+i+i g (wir
Yin_2 ) '3 Yio—2

_ ;5) A3kt

3 )\ ))\3’C+]+’L

_§1>A

Yig—2 Yig—2
6 , T3k+j+i—1 ) T\ T3k+jti—1 (2.129)
_ Tiy-3 jti— Tin—3 jti—
<>\4 y'i272) >\3 + (%272 AB) Ay
N zi—3 \ \3k+j Zi—z _ Y\ \3k+i
(Ro = 2=2) A 4 (2= - 30) 3
N Zi—3 3k+j71 Zi—3 N A3k+j71
(/\2 - —z_) 3 n (—I_ - )\1) 3
N Yip—3\ Y3k+j+i—1 Yig—3 3\ Y3k+j+i—1
(o - ) B+ (5 - %) X
N Yis—3 \ Y3k+j+i—2 Yig—3 3\ Y3k+j+i—2
(Jo = 222) B2 (i =) B
N oz N3k+7—1 Ti_3 _A[ N3k+7—1 1
(A4 yi—2> >\ + (yi—'z )\‘3) >\4
5 _3) T3k+j—2 Ticz 3\ 3k+i—2
<>\4 _ yf) 3 + (y,,z - Ag) 3
Tig—3 \ \3k+j+it+1 Tin—3 3\ U3k+j+i+1
e (A4 Yig— 2) >\3 + (%‘272 o )\3 /\4
Y2j+i—1 H 3 .
_ Tig—3 \ Y3k+j+i Tig—3 Y\ \3k+jt+i
k=1 ()\4 T 2) A3 + (7%2 > )\3) Ay
N zi—3 \ Y3k+j+1 2i—3 3\ V8k+j+1
()\2 - —m_) % n (—m_ - )\1) N
~ i k ; o~ 3
(R — 222 ) W849 4 (22 - Ry) MW
N Yiz—3 \ Y3k+j+i Yio—3 Y\ V3k+j+i
(R — 2=t ) R (2222 - 35) B3
—~ ’ . (2.130)

T 3>)\3k+j + (11 3

Zip—2

yiz—S) Nok+iHi—1 (yiz,
Zio 2 ) 5 Fa—

Yi—2

Zig—

_ X3> PViar

3 )\5) )\gkﬂﬂq

2

Zi—2 Zi—2

(Ra = 2= ) R 4 (22— R AP

(32 — %) X?kﬂ‘ﬂ‘ﬂ + (% _ Xl) X;kﬂ‘ﬂ‘q
(/)\\2 — %) X§k+j+i—2 4 (iﬁ B Xl) ng+j+i—2
(XG - Zfz) NI (Z%i _ X5> k=1 1
(XG _ yfs) ngﬂ‘% + (y 5 XS) X2k+j72
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_ Yipo 3) X3k+j+i+1 + (yiz—:} _

Zip—2

3\ V3k+j+i+1
Xs) N

Z6m+2j+i—1 =

k=1 Zig—2

(:\\4 _ mifz) :\\gk+j+l + (I%,g o

Z2j+i—1 I | — — .
<)\6 Yig— 3) )\i;k+J+z + <Z:273

2—2

T\ V3k+i+1
PR

3\ 3k+j+i
- )\5) %

2629

% Yi— Yi—2
(ha- w) N 4 (e = Rg) A
(R — Zams ) Rgiitt y (Zame 5,) gt
o~ 2 — : K (2.131)
(/\2 - %) ,\i>k+J+l—l 4 (;2;7:32' _ /\1) Naktiti—1
(R — 22 ) R 4 (=2 = X5 ) N
X
(XG — g%) /\gkﬂﬂ + (Z—:; _XE)) ngﬂ‘ﬂ
) (X4 _ 52%2) RakHiti=1 (% B X3) S3k+s+i-L
<X4 _ zz:;) Nkt (% B /):3) A2
(52 (2 R
X
(R — 222) Wi 4 (222 - 5y ) A3
ifa?4+4b#0,c>+4d #0, e +4f #0, for m € Ny, j € {-1,0,1}, i € {0,1} and
i 1= (1): Zii i(l) Ezzjzi Similarly, by using (2.120))-(2.122)) in (2.126))-(2.128)), after some basic calculation, we
obtain
o (2222 (k4 i 1) = N Bk j 4+ 0)) AT
o R <k1:[1 (ﬁ (3k+j+i) — A (3k+j+i— 1)) PHiarhans
(L (3k +j+1) — As (3k + j)) Aokt
’ (y%‘"‘ (3k +j) — X5 (3k + j — 1)) Aphti—t
. (522 3+ +0) - XsA(Sk:Jerrz’— D) Xgiﬂff .
(3222 Bk +j+i—1) = Rs Bk +j+i—2)) I+
§ (z—j (3k+7) — A1 (3k +5 — 1)) P
(j’.jz (Bk+35—1) =X\ (3k+j — 2)) Aokti—2
(/ 2 (3k+j+i—1)—As (3k+j+i—2)) Ak FIti=2
’ (y = Bk +j+i—2)— A5 (3k+j+i— 3)) Akt +i=3
(y (Bk+j—1)—Xs (3k+jf2)) ngﬂ"? —1
’ (w (3k+j—2) — A3 (3k+j — 3)) N3 )
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m (—zj’;’:j (Bk+j+i+1)— A3 (3k+j+ i)) At
Y2j+i 1(

y6m+2j+¢,1 — H - - ] -
bt (5252 Bk 45 ) = X Bk +j i — 1)) A
(% Bk+j+1)— X (3k+ j)> /\515k+j
X 3 -~ .
(;7:2 (Bk+j) — A 3k +j — 1)) N3hti-1
<Z2)7:2 Bk +j+i) = As (Bk+j+i— 1)) Nohtiticl
X Yio—3 . . ~ . i 3kt iti—2 (2133)
(;7,2(3]{14—]4-1—1)—)\5(3k+]+2_2)>>\5 ;
% (Z j (Bk+7) = A3 3k +j — 1)) )\gk-i-j—l
( = Bk+i—1) - s Bk 47— 2)) Nohti-2
(;?272 (3]11 +j 41— 1) — 3\\1 (3k + ] +7— 2)) X?k+j+i_2
ig—
(L= Bk 5= 1) = Rs 3k + 5 — 2)) RgFH 72\
>< .
(y = (3k+j—2)— A 3k +J — 3)) Sk
Z6m+2j+i—1 = 22j4i—1 : - R
=t <Zt27:z Bk+j+i)—As(Bk+j+1i— 1)) )\gkﬂ—&-z 1
o ] b\ A\ T3k4j
y (ﬁ(3k+j+l)—)\3(3k+])))\3
(;7:2 (Bk+7) — A3 (3k +j — 1)) ngﬂel
(zz%z (3k +j+1) — A1 Bk+j+i-— 1)) Xil”k+j+i—1
X ziz—s . T _ T3k+j+i—2 (2_134)
h\ 1 T3k+j—1
<21 2(3k+]) )\5(3]43#»]71)) )\5 +J
x N -~ .
(Z (Bk+j—1)—=As Bk +j — 2)) /\gk+]—2
( ip—3 3k+]+2—1) )\3(3k+j+i_2))3\‘§k+j+i,2
X o~ . .
( 23 3k+]+l*2) >\3(3k+j+7:—3)))\§k+]+273
( )= A1 Bk 47 — 2)) RHI=2 g
X

(ﬁ (8K +5—2) = (3K + — 3)) AP

ifa?4+4b=0,c>+4d=0,e?+4f =0, for m € Ny, j € {-1,0,1}, i € {0,1} and

1, ++1=1 d2
ig =1 Z + (mo ) We say that the following result holds from the above calculations.
0, i+1=0 (mod2)

Theorem 2.1. Suppose that a, b, ¢, d, e, f and the initial values x_;,y_;, i € {1,2,3}, are real numbers. Then, the
following statements hold.

a) If b=d = f =0 and ace # 0, then the general solutions of system is given by formulas in (2.5).

b) If a = ¢ =e =0 and bdf # 0, then the general solutions of system is given by formulas in .
c) If b=0 and acdef # 0, then the general solutions of system is given by formulas in —.
d) If d = 0 and abcef # 0, then the general solutions of system is given by formulas in —.
e) If f =0 and abcde # 0, then the general solutions of system is given by formulas in —.
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) If a = 0 and bedef # 0, then the general solutions of system is given by formulas in ([2.56)-(2.58).
) If ¢ =0 and abdef # 0, then the general solutions of system is given by formulas in —.
) If e = 0 and abedf # 0, then the general solutions of system is given by formulas in (2.66)-(2.68)).
) If a =c¢ =0 and bdef # 0, then the general solutions of system is given by formulas in @—@
j) If ¢ =e =0 and abdf # 0, then the general solutions of system ([1.21) is given by formulas in (2.78))- 2 80 .
k) If a = e = 0 and bedf # 0, then the general solutions of system 1 21 is given by formulas in 2 78
)
)
)
)

If b=d =0 and acef # 0, then the general solutions of system is given by formulas in -

If d = f =0 and abce # 0, then the general solutions of system is given by formulas in (2.103)-(2.105).
If b= f =0 and acde # 0, then the general solutions of system is given by formulas in —.
If abedef # 0, a®> +4b # 0, c® + 4d # 0 and e? + 4f # 0, then the general solutions of system is given by
formulas in —.

p) If abedef # 0, a® +4b =0, ¢? + 4d = 0 and e? + 4f = 0, then the general solutions of system (1.21]) is given by

formulas in (2.132])-(2.134)).

By the following theorem, we characterize the forbidden set of the initial values for system (1.21)).

Theorem 2.2. The forbidden set of the initial values for system (|1.21)) is given by the set

ml (_b> ) x%73 = g_m_l <_d) )
m&ENg i=0 a Yi-2 ¢

L < >}UU{$<31 _(3,1):Z-(3,1)) €ER?: (2.135)

Zi—2

2z_j=0o0ry_;=0o0r z_; :O},

where 53'7(3,1) = (v_3,2_2,2_1), yt(s,l) = (Y-3,¥-2,¥-1), 21(3,1) = (2-3,2-2,2_1).

Proof . At the beginning of Section [2| we have acquired that the set

3
U{x(gl (31),z(31))€R9:aj_j:Oory_j:OOrz_j:()},

where Z_(31) = (r_3,2_2,2_1), §_(3,1) = (Y-3,Y—2,%—1), Z_(3,1) = (2-3,2_2, 2_1), belongs to the forbidden set of the
initial values for system (1.21). If x_; # 0, y_; # 0 and z_; # 0, j € {1,2,3}, then system ([1.21) is undefined if and
only if

bxp_o+azn_3=0, dyn—2+cxn_3=0, fzp_o+eypn—3 =0,
for n € Ny. By taking into account the change of variables (2.114)), we can write the corresponding conditions

b d
Up_9 = ——, Up_o = —— and w,_s = —i, n € Np. (2.136)
a c e
Thus, we can define the forbidden set of the initial values for system ([1.21)) by using equations in (2.115). We know

that following statements

Unmai = [ (ui—2) (2.137)
Vot = 9" (vim2) (2.138)
Wam i = W™ (wis) (2.139)

where m € Ny, i € {0,1}, f( ) = 4t g (z) = <ttd and h( ) = €L characterize the solutions of equations in

[2.115). By using the conditions (2.136)) and the statements ﬁ, we get
—m—1 b
uio = f -, (2.140)

a
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Vi_g =g ™! <d> , (2.141)

C

wij_o =h™™! (—f) , (2.142)

e

where m € Ny, i € {0,1} and abedef # 0. This means that if one of the conditions in (2.140)-(2.142)) holds, then
m—th iteration or (m + 1) —th iteration in system (1.21]) cannot be calculated. Consequently, desired result follows

from (2.135). O

3 An application

In this section, we will derive the solution forms of system (1.21)) witha =b= f=1,¢c=3,d= —1, e = 2 that
is, we get the following system

Zn—124n—3 Tn—1Tn—3 Yn—1Yn—3
= _ = B = 5 6 N . 3.1
o Tn—2 + Zn—3 Yn —Yn—2 + 3$n73 - Zn—2 + 2yn73 " 0 ( )

From ([2.116)), we get
(4) (@) (@)
) ., +1 ) v, —1 . 2w,” 1 +1

ul®) = “mil) o) = ”rn% w') = wm(i)l (3.2)

Upy—1 Um—1 Wyn—1

for m € Ny, i € {0,1}. It is well-known that the substitutions

B _ Tm (i) _ Sm i _ tm
umfl - ’ Umfl - ’ wmfl - t , m € NO,
Tm—1 Sm—1 m—1

transforms equations in (3.2)) into the following second order linear difference equations,

T+l — Tm — Tm—1 = 0, m € N, (3.3)
Sm+1 — 38m + Sm—1 =0, m € Ng, (34)
tim41 — 2t —tm—1 =0, m € Ny. (35)

It can be clearly obtained from the roots A\; and Ay of characteristic equation of (3.3 as the form A2 — A —1 = 0,
where A\ = 1+T\/g =qa and Ay = % = (. On the other hand, taking into account a5 = —1 and the Binet Formula

m

for Fibonacci numbers, which is defined by F;, = O‘Z:B , Fy =0, F; = 1, then we can rewrite the equation (2.117))

—Ti—o0™ — zi_za™ T 4 z; 3BT x4
—Tipa™ Tl — g™ + 2;_3f™ + 1o
TioFm + 2 3Fmi

_ 3.6
Ti—oFp_1+ zi3Fy,’ (36)

U2 (m—1)+i

where m € Ny, i € {0,1} and F,, is mth Fibonacci number.
It can be clearly obtained from the roots A3 and A4 of characteristic equation of (3.4) as the form A2 — 3\ +1 = 0,

2 2
where A3 = 3+T\/5 = (1+T\/5) = o2 and \y = % = (%) = 2. On the other hand, taking into account
af = —1, a?B? = 1 and the Binet Formula for Fibonacci numbers, then we can rewrite the equation (2.118)

i 00®™ — 3 0?2 g GB2MA2 g, 32m

Yie20®™™2 — 330 + 33" — ;o372

Yi—2Fom — Ti—3Fomy2 (3.7)
YioFom—2 — Ti—3Fom .

Vo(m—-1)+i —

where m € Ny, ¢ € {0,1} and F,, is mth Fibonacci number.
It can be clearly obtained from the roots A5 and )¢ of characteristic equation of (3.5 as the form A2 — 2\ — 1 = 0,
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where \s = 14++v/2 =y and A\¢ = 1 —+/2 = 4. On the other hand, taking into account v§ = —1 and the Binet Formula
for Pell numbers, which is defined by P,, = %, Py =0, P, =1, then we can rewrite the equation (2.119)

—2i 97" = Y3y Y30 4 2 00™

—2i—2Y™ 7 = Yim3Y™ + Y30 + 220"

_ zi2Pm A yi-3Pn . (3.9)
Zi—2Pm—1 + Yi—3Pm

W2(m—1)+i —

where m € Ny, i € {0,1} and P, is mth Pell number.
By substituting the formulas in (3.6)-(3.8]) into (2.126[)-(2.128)) and changing indices, we have the following results.

Theorem 3.1. Assume that (2, Yn,2n),>_5 is a well-defined solution of system 1D Then the following results are
true. -

m

H Tiy—2F3k1jri + Zip3F3k 45101 2i2P3k1s + Yi—3 P41
Tiy—2F3k1jti—1 + Ziy—3F304 15 2i—2P3gyj—1 + Yi—3 P34

Tem+2j+i—1 = $2j+z‘1(
k=1

Yio—2F6k42j42i—2 — Tis—3F6rt2j42i  Ti—2F3prj—1 + 2i—3F354;

Yig—2F6k12j42i—4 — Tiy—3F6k42j4+2i—2 Ti—2F3k1j—2 + 2;_3F35 451

—1

Zig—2P3kyjri—2 + Yiy—3P3kyjri—1 Yi—2Fort2j—4 — ﬂﬁi—3F6k+2j—2>
b

Zig—2P3kyjyio3 + Yis— 3Pk jri—2 Yi—2Fory2j—6 — Ti—3Fort2i-4

m
Yig—2F6k42j+2i — Tin—3F6p+2j42i+2 Ti—oF3ptj + 2i—3F354 541

Yem—+2j+i—1 = Y2j+i—1 (
Pt yi272F6k+2j+2i72 - $i273F6k+2j+2¢ $i72F3k+j71 + Zi73F3k+j

Ziy—2P3k1jvi1 t Yis—3P3k+jri Yi—2Fekr2j—2 — Ti—3Fer12;

Zig—2 Pkt jri—o + Yis—3P3kyjyi1 Yi—oForyoj—a — Ti—3F6rt2j—2

“1

Tiy—2F3k1jri-2+ 2y 3F3k1j1i-1 Zi2P3kq5-2 + yi—3P3k+j—1)
9

Tiy—2F3k1 i3 + Ziy—3F3k1jvi—2 2i2P3kyj-3 + Yi—3P3k1j-2

m

H Zig—2P3kyjri + Yin—3P3k4j1it1 Yi—2F6ri2 — Ti3Feri2542
Ziy—2P3k4j i1+ Yis—3Psktjti Yi—2F6k+2i—2 — Ti—3F6k+2;

Z6m—4-2j+i—1 = 22j+i—1 (
k=1

Tig—2F3k1jtim1 + 2iy—3F3k4jri  Zi—oP3kqj—1 + Yi—3P3pyj

Tiy—2F3p1j1i—2 + Ziy—3F3ky i1 ZioPapyj—2 + Yi—3P3gqj-1

—1

yi2—2F6k+2j+2i—4 - $i2—3F6k+2j+2i—2 Sﬂz‘—2F3k+j—2 + Zi—3F3k+j—1)
b

Yio—2L6k+2j42i—6 — Tis—3F6k+2j+2i—4 Ti—2F3p4j—3 + 2_3F314j_2

1, i+1=1 (mod2)

f €Ny, je{-1,0,1},i e {0,1 d iy := :
or m 0, J €1 },i€{0,1} and iy {07 i+1=0 (mod2)

4 Numerical Examples
To support our theoretical results, we present numerical examples for the solutions of system ((1.21)) regard to the
different values of a, b, ¢, d, e and f.

Example 4.1. Consider system (|1.21)) with the initial values z_3 =2.3, x_o = 3.5, x_1 = 1.4, y_3 = 2.25, y_o = 4.9,
y_1 =129, z_3 = 5.2, z_9 = 8.6, z_1; = 22.7, and the parameters, a = 1.5, b=0,c=2,d =0, e = %, f =0 the
solutions are represented as in the following figures.
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201 b
g o ]
X
G
=
~ 101 7
[} L
4 L
50 b
O; T O S S S S S SR N L1
0 20 40 60 80 100 12C
n
— x(n) — y() z(n)

In this case equations in (2.5) are satisfied. Hence, the solutions of system (1.21)) has a periodic solution with
period three.

Example 4.2. Consider system ([L.21)) with the initial values z_3 = 2, z_5 = 70.6, z_1 = 0.99, y_3 = 25, y_o = 4,
y_1 =19, 2.3 =0.23, z_9 = 5.3, z_1 = 2.74, and the parameters, a =0, b=4.8, ¢c=0,d=25,e=0, f = 1—12 the
solutions are represented as in the following figures.

400% | T " IR T " 1
3001 |

&
E:’ 2001 ~
i 1005 b
R R R
0 20 40 60 80 100 12C

— x(n) — y(nr)1 z(n)

In this case equations in (2.19) are satisfied. Hence, the solutions of system (|1.21) has a periodic solution with
period twelve.

5 Conclusion

In this study, we consider the following three-dimensional system of difference equations

o Zn—1%n—3 Y = Tp—1Tn—3 o Yn—1Yn—3
n — ) n — ) n —
bxn—? + azp—3 dyn—2 + CTp—3 fzn—Q + eYn—3

,’H,EN(),

where the parameters a, b, ¢, d, e, f and the initial values x_;,y_;, z_;, @ € {1, 2,3}, are real numbers. We have obtained
solutions of above system in closed form according to the special cases of the parameters. In addition, the forbidden

set of the initial values for aforementioned system is obtained. Finally, an application and numerical examples to
support our results are given.
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We will give the following important open problem for system of difference equations theory researchers.

Open Problem: System (|1.21)) can extend to the following p—dimensional system of difference equations

3) (3
1 _ xgzllxgzlzz

B b(l)ngl_)Q + a(l)xf’_)g,

4) (4
2 _ xgzllxgzlzz

B b(2)x§_)2 + a(2)x514_)3,

n

(5.1)
INENE!
(p—1) _ xézﬁéza
Tn T T 0D L (D
br=Dg, 7 +alP—Vg, o
2) (2
2P — xgk)ﬁglz?,

b(p) ngp_)Q —+ a(P)zilQ_)S ’

for n € Ny, where the parameters /), b) for j = T,p and the initial values ac(_& i € {1,2,3}, j = 1,p, are real

numbers. Can system (5.1) be solved? If the p—dimensional system (5.1)) can be solved, how will solutions obtain
according to the special cases of the parameters? How will the forbidden set of the initial values for system (5.1f) get?
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