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Abstract

In this work, the fractional natural transform decomposition method (FNTDM) is employed to obtain approximate
analytical solutions for some time-fractional versions of the nonlinear Swift-Hohenberg (S-H) equation with the frac-
tional derivatives taken in the sense of Caputo. The S-H equation models problems arising from fluid dynamics and
describes temperature dynamics of thermal convection as well as complex pattern formation processes in liquid surfaces
bounded along a horizontally well-conducting boundary. To explore the applicability, simplicity, and efficiency of the
FNTDM, numerical simulations are provided for each of the considered problems to demonstrate the behavior of the
obtained approximate solutions for different values of the fractional parameter index. The obtained simulations show
a similar resemblance with those in existing related literature and further confirm the applicability of the considered
method to even complex problems arising in diverse fields of applied mathematics and physics.
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decomposition method
2010 MSC: Primary 26A33, Secondary 35A22, 34A08

1 Introduction

The theory of fractional calculus (that is, calculus of non-integer or arbitrary order differential and integral opera-
tors) is one of the indispensable areas of modern mathematical analysis with extensive range of important applications
in diverse research areas of applied mathematics [6] [7} 1T, 12} T4} 16} [17] 18| 19} 20} 23| 29| 30, 40, B35, 36, 37, 52]. It
generalizes the concept of classical (integer order) calculus in the sense that it allows fractional values for the order
of differentiation and integration. Generally, fractional calculus encompasses various studies involving fractional order
(ordinary and partial) differential and integral operators/equations. Significant advantages of fractional calculus that
necessitate its wide applicability in the mathematical modeling of various physical phenomena are embedded in the
nonlocality properties of the operators, which cannot be adequately captured when modeling within the framework
of classical calculus. By nonlocality properties, we refer to features which allow future states of a given dynamical
system to not only depend on its present state, but also on all past states as well. This makes it possible for the
system’s response to be influenced by all previous responses at any given moment. In many studies, the nonlocality
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properties have been shown to include global information as well as memory and hereditary effects which are elegantly
incorporated in the modeling of real world problems via suitable extensions of the classical differential and integral
operators to those of fractional orders.

Following their immense important significance, fractional differential and integral operators are now being used
to reformulate and study interesting dynamical properties of various new and existing models arising in fluid flow
and turbulence, mathematical epidemiology, financial systems, electric networks and oscillatory systems, reaction-
diffusion and anomalous processes, optical fibers and plasma, climate change, porous structures and several other
physical phenomena (see, for instance [17, 18|, 19, 20} 23] [35, [36] 37, [48] 51] and the references therein). Essentially,
the formulated models are often posed in the forms of systems of nonlinear differential equations with fractional
order derivatives. Unlike the classical differential and integral operators, there abound different types of fractional
order differential and integral operators such as the Riesz, Hadamard, Griinwald-Letnikov, Erdélyi-Kober, Riemann-
Liouville, Caputo (see [IT], 14}, 29] [30], [40]) types as well as the recently introduced Caputo-Fabrizio [I2] and Atangana-
Baleanu [6] types . However, recent related works indicate that the Caputo fractional derivative appears to be the most
widely used type of fractional differential operator. Its definition borders around the convolution of the local derivative
of a given function with the power law function as its kernel. For this operator, the derivative of a constant function
is zero and the initial conditions for the Caputo fractional differential equation can be properly defined and handled
in a similar manner as that of the classical ordinary derivative. In recent years, there have been several studies on
nonlinear fractional partial differential equations (PDEs). This have yielded a wealth of interesting works on nonlinear
mathematical models arising in diverse fields of applied mathematics, engineering and finance within the framework
of the Caputo fractional derivative (see, for instance [B] [15], B1] as well as some of the earlier cited references).

Generally, obtaining exact solutions of nonlinear PDEs is more difficult than those of linear PDEs. However, the
case of nonlinear fractional PDEs is even much more complex as there exist no known straightforward method for
finding their exact or analytical solutions with respect to given initial and/or boundary conditions. Due to this general
difficulty, many authors have introduced effective numerical techniques as well as analytical methods for obtaining
approximate and series-type solutions for the aforementioned class of problems. Some well studied numerical solution
techniques for fractional differential equations include, the meshless method [23], Riccati transformation method [§],
reproducing kernel Hilbert space method [7] and finite element method [25] 26]. On the other hand, examples of some
analytical techniques that have been extensively used to solve nonlinear fractional order PDEs include variational
iteration method (VIM) [2], homotopy analysis method (HAM) [4, 22| [34], residual power series method (RPSM) [41],
differential transform method (DTM) [46], Laplace transform method (LPM) [49], natural transform method (NTM)
[43], Sumudu transform method (STM) [45] and many more. In other to further extend these analytical methods, some
authors have devised new hybrid techniques by suitable combination of some of the mentioned analytical techniques
with each other to obtain even more efficient hybrid methods. Some of such hybrid methods include the g—homotopy
analysis transform method (¢—HATM) [37], modified reduced differential transform method (MRDTM), fractional
natural transform decomposition method (FNDTM) [I] and several others (see, for instance [3], 10} 18], 19 24] among
others). Particularly, the FNDTM is a unique combination of the NTM and the ADM. For this method, the solution
of the considered problem assumes the form of a decomposition series while the nonlinear term is decomposed by using
Adomian polynomials. Generally, analytical solution methods are essentially based on obtaining succeeding solution
components of the series from given initial conditions by using properly defined iterative processes yielded by the
associated recurrence relations.

In this paper, the FNTDM is applied to obtain series-type solutions of some one dimensional fractional versions of
the Swift-Hohenberg (S-H) equation whose general classical form given by

%:nu—(l—VQ)Qu—FN(u), zER, >0, (1.1)

was first introduced in 1977 by J. Swift and P. Hohenberg [50] as a universal model for describing fluid velocity and
temperature dynamics of thermal convection. Here, u = u(x,t) is a scalar function defined on the line or the plane,
n is a bifurcation parameter and N(u) is a nonlinear term. Apart from its use in the study of the impact of noise on
bifurcations, spatiotemporal chaos and defect dynamics, it has also been used to model patterns in both simplistic
(e.g., Rayleig-Bénard convection) and complicated liquids and biological substances (e.g., brain tissues) [43]. There are
diverse important applications of the S-H equation in biological and chemical systems, laser physics, hydrodynamics,
magneto-convection as well as in liquid-crystal light-valve experiment, see [I3] 21 Bl [38] [39]. It plays a central role in
complex pattern formation phenomena arising in fluid layers confined between horizontal well-conducting boundaries.
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More precisely, the fractional versions of the S-H equation considered are

ot R
D (s, T) + 82517 T) 49 ag, 7) +(1-a)¥(s,7)+ \IJ?’(g,T) =0, (1.2)
oM (s, 7) BV (s,7) 02V (s,7)
Doy A ’ A/ —2p? v3 = 1.
D-r (§7 T) + a§4 n a§3 +2 agQ v (§7T> 2 (§7T) + ((, T) Oa ( 3)
and .
o* 02U (g, ov (s,
DU (s, 7) + aizﬁ) +9 ag ) + (1 -a)¥(s,7) — \I/l(g,’r) + (ggT)> =0, (1.4)

where (¢,7) €, a € R, 1 > 00 < ¢ < 1 is the fractional parameter index and n and v are dispersive and bifurcation
parameters, respectively. Some important approximate results have been obtained for various versions of the S-H
equation. For instance, using the HAM, Akyildiz et al. [4] obtained analytical solutions for the classical version
of the S-H equation The HPM and DTM were employed by Khan et al. [27] to obtain analytical solutions
for the time-fractional S-H equation The fractional S-H equations were considered in [56] using the
Laplace Adomian decomposition method (LADM). Vishal and others obtained approximate analytical solutions of
time-fractional versions of nonlinear S-H equation while the fractional variational iteration method (FVIM) with
modified Riemann—Liouville derivative was employed by Merdan [33] to obtain approximate solutions of time-fractional
S-H equation.

In concluding this section of the paper, we outline the arrangement of the remaining part of this paper as follows:
In Section 77 we present basic definitions of the fractional operator related to this work. We also provide a brief
discussion on the natural transform operator as well as on some of its important properties. By considering a general
fractional initial value problem with time-fractional derivative in the sense of Caputo, we present the basic solution
principle of the FNDTM in Section [3] In Section [d] we exhibit the effectiveness of the considered method by present
the main results on the application of the FNDTM for three variant forms of the fraction S-H equation. Finally, we
summarize our findings via the conclusion provided in Section

2 Preliminaries

Here, we recall some important definitions and results that are sufficient for this work (see [11I, [30, 0] for more
details). We also introduce the natural transform operator [9) B2] as well as some of its important properties.

Definition 2.1. A real function ¥(7), 7 > 0, is said to be in the space C,, (u € R) if there exists a real number
p(> p) such that W(7) = 7P9(7), where 9 (1) € C[0, 00). It is said to be in the space C}} if vm e C,,neN

Definition 2.2. The Riemann-Liouville fractional derivative of a function ¥ € C™; (n € N) is defined as

d™(r) .

RLDE\II(T) = dTln dr t ) (21)
- _ A\n—o— -
g | O n-1<o<n

where I'(+) is the well known Gamma function.

Definition 2.3. The Riemann-Liouville fractional integral of order ¢ > 0 of a function ¥ € C,, (u > —1), is defined

as
U(r), 0=0,
I20(r) ={ 1 /t (2.2)
T\ (T - C)gil\Il(C)d<7 0> 07 7> 0.
I'(e) Jo
Definition 2.4. The fractional derivative of order o > 0 in the Caputo sense is defined as
A"
d El’r) ) Q = n’
CDew(r) = Tl (2.3)

m/o (T - C)"—Q—lD?‘II(C)dC, n—1< 0 <n.
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Lemma 2.5. Forn —1<o<neNand ¥ e O} (1> —1), the relations
°De[IeW(r)] = ¥(r), >0, and I°[CD2U(r Z (0 k, , T>0,

are satisfied by the Riemann-Liouville integral and Caputo derivative.

Definition 2.6. The natural transform (NT*) of the function ¥ € A, denoted by NT™[¥(7)], over the set

A= {\I/(T) 3 M,v1,v9 > 0,|9(7)| < Mexp (' > Jifte (1) x [0,00)},
is defined by the integral
NT*[¥(r)] = / exp(—st) W (wt)dt, (2.4)
0

where s > 0 and w > 0 denote the natural transform variables.

Remark 2.7. The natural transform admits the following properties:

w

@ NT+[1] - é; NT+[T] =2 NT+[79] = M

SQ+1

=12,

n—1 n—1
o> —1; N’]I‘+[T ]—“
Sn

(n—1)!
(ii) NT[aW,(7) + ¥s(7)] = aNTF[W, (7)] + SNT T [¥y(7)] where o and § are non-zero constants.

n—1 n_k—1

(iif) NTT[@" ()] = Z—ZNT*[\IJ(T)] - Swn_k T®)(0), n e N.
k=0

Definition 2.8. The inverse NT™ is defined by

d+ico ST
NT N[ (r)]] = ¥(r) = —— /5 exp (27) T (5, w)ds, (2.5)

A%y —ico

where 0 is a real constant and the integral is taken along s = § in the complex plane s = x + iy.

3 Basic solution principle of the FNTDM

In this section, we discuss the basic solution principle of the FNTDM. Firstly, we state the following important
result.

Theorem 3.1. [28] If NT*[¥(s,7)] is the NTT of ¥(s,7), then the NT' of the Riemann-Liouville fractional integral
of U(s,7) of order p, is given by

NT* (129 (s, 7)] = %SNW[\I/@,T)}. (3.1)

Theorem 3.2. [28] Let n — 1 < o < n with n € N and NT"[¥(s,7)] be the NTT of the function ¥(s,7). Then the
NT* with respect to the Riemann-Liouville and Caputo fractional derivatives of the function W(s,7) is given by

- 00 1W(s, 7)
2 + ’ = _
we N’]T kg |: 37’9_’“_1 :|7_=0, Zf ‘—‘(Q) RL7
NT+[E@ Dew(s, )] = (3.2)
n—1
52 se=k=1 1ok W (¢, 1 _
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Next, to discuss the solution methodology of the FNTDM, we consider the following general fractional initial value
problem with time-fractional derivative given in the sense of Caputo:

D2V (s, 7) + L[V(s, )]+ A [¥(s,7)] = F(s,7), (c,7) €[0,1] x [0,T], n—1< o< n, 53
(¢, 0)=T,(c), n=0,1,2,--- ,n—1, (3:3)

where £ and .4 represent linear and nonlinear partial differential operators, respectively, and F(s,7) is a non-
homogeneous term. An application of NT™ on (3.3)) gives

NT*[*D2¥(c, 7)) + NTT[L[¥(, 7)]] + NTT[A[¥(c, 7)]] = NTT[F(c, 7)].
Moreover, the differentiation property (3.2)) for the Caputo derivative implies

Wwe n—1

NTHU (1)) =— >

Sg—k—l

—k [CDk\II(§7 T)}'r:() + %SNT+ [F(C, T)]

Applying the inverse NTT on (3.4) gives

we n—1 ngkyfl A we .
572 o DT )]0 + S NTT[F(s, 7))

U(g,7) =NT!

(3.5)
NI NI 20, )] + A (s ]

As in the ADM, the FNTDM defines the solution ¥(s, 7) of the general fractional IVP (3.3) as an infinite series of the
form

(oo}
\I’(§, T) = Z \I’n(§7 T)v (36)
n=0
while the nonlinear term appearing in (3.3]) is represented by the infinite series of the Adomian polynomials [55]
N U( T>]—§:A with Ag = & |4 wi(ﬁ\y( T)) k=0,1,2,- (3.7)
Sy - k k_k' A\E kS, ’ =Y L4 . .
k=0 k=0 A=0
Substituting (3.6)-(3.7)) into (3.5)) yields
n=0 ) [ T
_ —1 | Wt
> W,(s,7) = K(s,7) — NT NIt |2 ZO U, (s, 7)| + ZOA” , (3.8)
where the term .
R S T w?
K(s,7)=NT~" | = > — DM, m))r=o +  NTH[F(s, 7))
k=0 ]

arises from the prescribed initial data and the non-homogeneous term. From (3.8, we equate terms on both sides to
obtain the first few solution components as

Yo(s,7) = K(s,7),

- -
U, (s, 7) = —NT ! “:—QNW L To(s, 7)) + Ao
L we 1 (3.9)
Wy(s,7) = —NT! S—gNT* (L (s, 7)] + Ay .
B :wg 2
U3(s,7) = —NT~! STNW [LUs(s,7)] + A2,
which yields the general recurrence relation as
Uo(s,7) = K(s,7),
(3.10)

o
W1 (6,7) = —NT~! | NTF (20, (6, 7)] + A |, 120,
S



2674 Shaheed, Newton Okposo

Finally, the approximate FNTDM solution is given by

U(s,7) = i U, (¢, 7) = Wo(s,7) + Ui(s,7) + Ua s, 7) + - . (3.11)
n=0

3.1 Convergence analysis
We present the uniqueness and convergence of the FNTDM.

Theorem 3.3. (Uniqueness Result) The FNTDM solution for the fractional IVP is unique if 0 < ¢ < 1 holds

where
o

e=(m +V2)m-

Proof . Let X = (C[J], || - ||) be a Banach space of continuous mapping defined on J = [0,T") with norm ||¥ (¢, 7)| =
max,cy |V(s,7)|. We introduce the mapping IT : X — X with

e
U5, 7) = Uo(s,7) + NT ! [O;QN']I“”' (LY, (s, 7) + JV\I/n(c,T)]] , n>0. (3.12)

Suppose that | LW, (c,7) = LWL (s, 7)[| < nl[Un(s, 7) = WL (, 7)[| and AW (s, 7) = AW (e, 7)|| < 72| Un(s, 7) —
U* (¢, 7)|| where y1 and 9 are Lipschitz constants, then

T (s, 7)] = T (s, )|

_ —1 ig -+ _ * ig + _ *

—max NI~ | ENT* [ [0, (6, 7)] = L1, 7)] | + NI [ A W<, 7) mmwn]”
-1 wf@ + Wt —1 wa + Wt

SIPea}( v NT o NT™ |, (s,7) — U (s, 7)|| +72NT 0 NT™ |, (s, 7) — UF (s, 7)|

(3.13)
NT ! 1

Wl N
SigNT |\Pn(§77) - \IJn(§7 T)l

<
<(71 + 72) max

NT!

w? *
S(A/l +72) STNT—FH\I/TL(QT) _\Ijn(guT)|‘|‘|

<(n +) Wn(s, ) = (s, 7).

py:
I'(e+1)
Under the condition that 0 < € < 1, the mapping II is a contraction. Hence, the Banach fixed point theorem asserts
that there exists a unique solution to the fractional IVP (3.3]). The proof is complete. [J

Theorem 3.4. (Convergence Result) The FNTDM solution of the fractional IVP is convergent.

k
Proof . Let ¥y(s,7) = Z\I/T(§,T). We prove that (s, 7) is a Cauchy sequence in X. To this end, we have

r=0

1Wk(s,7) = Unls, 7)

= max [U(,7) = Un(s, 7)| = max rgl V,(s,7)

< max NT ! :“;SNW il (L[, —1(s,7)] +JV[\IJT1(<,T)])H’

— mas [NT _ijw 2_: (L1, (s, 7)] + A5, 7)]) ] '

<max \NT™! fi:)NT* (L1 (5, 7)] = LW (6, )] + A [Cpemr (6, 7)] = A [Ta (s, T)])]] ’
< max NT ! ::fNW (L[Wr_1(s,7)] — f[\lfnl(w)})]} ’
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-+ max
TeJ

NT* KjNT* [(Wh1(s,7) — \I/n_l(w)}] ‘

NE [N (0 )] = A s oD

<71 max
TeJ

-1 w? 4
+ Y2 IqI_lea}( NT |:89NT [\I’k—1<§,7-) - \I/n—l(gaT)]] ‘ :

This implies

1055, 7) = Wa (s, T =< (71 + 72) [Wk—1(s,7) = W (s, ). (3.14)

e
T(o+1)
11 (6:7) = Wl D)l AW (6,7) = Woa (67| £ 72 Wao1(67) = Bras, )|
< AW (s, ) — Tols, 7],

where v = (11 + '72)1“(;75;1)' Similarly, we easily see that

k(s 7) = W, D <NWnpa(s;m) = Wnls, T + [1Wnta(s; 7) = Ynpa (s, 7
o 16 T) = W (s, )l

{’Y _|_,Yn+1 .+7m71:||‘\111(§,7')_\IIO(gaT)”
1_,ym—n

<1 .

< (1) mapien

Now 0 < v < 1 implies 0 < 4™~" < 1 and hence

n

19k(s, ) = W, <75

v .
- max Wi (s, 7)]

But |Uy(s,7)| < oo (since ¥U(s,7) is bounded). Thus ||¥x(s,7) — U, (s, 7)|| = 0 when n — 0. Hence, ¥x(s,7) is a
Cauchy sequence in X, therefore the series is convergent. O

4 Implementation and Results
4.1 Problem I
Let 0 < p <1, a € R, 7> 0. Consider nonlinear time-fractional S-H equation [27], 54 [56]
4 2
0*V(s, 1) +28 U(s,T)
Ot 062

U(s,0) = %sin (%) .

‘D2U(s,7) +

+(1—a)¥(s,7)+ ¥, 7) =0,
(4.1)

In view of the earlier discussed approach, we assume an infinite series solution for (4.1) in the form ¥(s,7) =
> o ¥n(s,7) while the nonlinear term A4 [¥(c,7)] = W3(s,7) defined by the Adomian polynomials. By virtue
of the FNTDM solution steps leading to (3.8)), we have

i U, (c,7) =NT ! [‘I’(i 0)] ~ NT
n=0
+(1 - (X) Z \I]n(gvT) + Z An
n=0

Zaxlf 228\1/ S, T

n=0

“ T
14

(4.2)

o, (
S 20ler) o5 Bl
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from which we obtain the recursive relation

1
\I’O(gaT) = ——sin (ﬂ-g) )

10 ] w3
_ L1 @8 o [0 (S T) 0P (s, T) ‘
Banalerr) = -1 [ [2Ralen) P e ) 4] nzo
Here, we have that
Ag =T, A; =3V20,, Ay =3U30,y + 30,05, ... . (4.4)

(a) 0=10.5 (b) 0=10.75 (c)o=1

Figure 1: Nature of 3rd-order approximate FNTDM solution for Problem I at distinct values of 7 when o« = 1 and
l=10.

Figure 2: Surface plots for 3rd-order approximate FNTDM solution for Problem I at distinct values of ¢ when o =1
and [ = 10.

In view of (4.3)) and , some of the solution iterates are obtained as

Uo(s,7) :% sin (7rlg> ,

2
Wy (,7) =~ NT! [SQNW {0 Vo) | 50 Wo(s,7)

o ST (1= e, )| + o).

~ 7%sin (Z=) (1*sin® (%) + 100 (— ((o — 1)1*) — 27212 + 7))
100004T' (¢ + 1) ’

oM (s, 7) 0%V (s, 7)
g4 2 0s? - a)qjl(g’ﬂ} - Al] ’

. s . s . s
=sin <T) <318 sin® (T) +3000* (= ((o — 1)I*) — 27%1* + «*) sin® (T)
+10000* (= (@ = 1)i*) — 67212 4 212) sin? (T2 + 100000 (@ = 1)i* + 2% — %)

4
Uy(s,7) =—NT™! [%NTF [

2

20
_ 2 2 g2 4 2 E T
120007 (57 — 1%) I* cos ( I )) 1000000637 (20 + 1)
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Moreover, the remaining iterates for n > 3 can be generated in the same manner. According to (3.10), the FNTDM
series solution of Problem I is obtained as

1 T T¢sin (%) (I*sin (Tg) 4100 (— (( — 1)1*) — 27212 + 7))
(e, 7) =1g sin ( I ) N 1000/T (o + 1)
(TS 5 (TS g (TS
+ sin (T) (3l8 sin® (7) +3000* (— ((a — 1)1*) — 27212 + «*) sin® (T)
+10000* (= (@ = 1)1*) — 6w 4 217) sin? (T ) + 100000 (@ = 1)i* + 202 — ')

20
B 2 2 _ 72\ 74 2 ZES T
120007* (5% — I%) I* cos ( l )) 10000000°T (20 + 1)

)

2

A |

04

\
| U
|
|

02 \ | 02}

00}

-20 -20 -10

(b) 0=0.75 (c)o=1

Figure 3: Contour surfaces for 3rd-order approximate FNTDM solution
a=1andl=10.

g
250 RRE
— =3
20 — =4
15F
5 1% £ 10
05 AoE S
00 rem _—
‘ 05 ‘
“10 s 0 5 10 -0 5 0 5 10
¢ < ¢
(a) 0=10.5 (b) 0=10.75 (c)o=1

Figure 4: Nature of approximate FNTDM solution for Problem IT at distinct values of 7 with n = 1, v = 0.5 and
l=10.

4.2 Problem II
Consider nonlinear fractional S-H equation [53} 56}, 43]

oM (s, 7) BV (s,7) 02V (s,7)
C e 9 _ 9 9 _ _ 2 3 _
De¥ (s, T)+ R 53 +2 52 YU(c,7) —2U%(s,7) + ¥ (¢, 7) = 0, o)
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where 0 < ¢ < 1, 7 and ~ are dispersive and bifurcations real parameters, respectively. As in Problem [4.1] above, the
FNTDM yields

1 . /mg
Wo(s,7) l—osm(T),
1 wf 4 ot ( ) 83\Iln(g,7') 82\Ijn(§77—)
W 41(s,7) = —NT ™ | =NT B g T2 g — 1 lals7) (4.7)
—2A,+ B, n > 0.

as the recursive relation for Problem II from which all iterations for n > 0 can be obtained. Here A,, and B,, are

components of the Adomian polynomials representing the nonlinear terngﬁ[ (
U3 (g, 1), respectively, with

,7)] = ¥2(c,7) and A3[V(s,T)] =
Ay =V2
Ay =200V,

Ay =20 Uy + U2

By = U3,

By = 3030, (4.8)
By = 3020, 4 30,02,

and so on. By substituting into the recurrence system , some of the solution iterates are explicitly obtained

as

l
Q 4\11 3\11
(s, 7) =—NT! [WNTr [8 ofs,7) 9 Wo(s,T)

02V (s, 7)
ot dc3 2 02 _7‘1’0(97)—2140+30” ;
(Sln( ) (14 sin ( ; ) 2014 sin (”‘) + 100 ( yl* — 2722 + 7r4)) + 100739l cos (T*))
1000/4T (o + 1)

0 4 3 2
Wy(c,7) = — NT! {“’QNT* [8 Wils,r) (s T) | 0TS, T)
S

R S5 () -2+ 5]
=— (60071'37715 cos® ( ; ) + 200007371 cos ( ; ) (714 + 1 sm( ) + 27212 — )
1
8

+400m*1* (3 (572 — 12) sin (T) +20 (12 = 20%) ) cos? (%) — 2 sin (72 ) (80000722°
148000718 sln( : ) 1600~ — 60008 an( : ) + 20008 sin (3z ) +38co (47T<>

2
320908 + 32000072~1® + 1280007218 sin (7; ) 4800721 + 96007317 sin ( ”g)

—1600007%71* — 16000071 mn( : ) + 3296007474 — 80000757212 — 3200007512

2mg 720
41* (4007 — 803)1* + 12007212 — 24007*) cos [ — | + 800007® .
417 ((400y — 803)1 + 12007 7 cos { = ) 4800007 ) ) 0005 (20§ 1)
. Moreover, the FNTDM series solution is

The remaining iterates for n > 3 can be obtained in the same manner
obtained as

1000/4T (o + 1)
l 8 l

) (I*sin® (Z£) — 2004 sin (Z£) 4 100 (—y1* — 27212 + 7*)) + 100737l cos (Z2))
(6007‘!’ nl® cos® ( ; ) + 200007371 cos( ; ) (’yl4 + 14 sm( ) + 27212 —
T 1 T
+400721* (3 (57r2 —1 )sm ( / ) + 20 (l 2)) cos? (—) — —sin ( )
(800007%8 + 48000718 sin (Wl ) — 1600~1% — 600(% sin ( : ) + 20008 sin (3 g)
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4
431 cos (%) + 320008 + 32000072~1® + 1280007216 sin (”Tg)

2
—48007215 + 960073717 sin (?) — 1600007 %1% — 1600007414 sin (WTC)

+3296007*1* — 800007°7%1? — 3200007°12 + 41* (400 — 803)1* + 1200721 (4.9)
2
—24007) cos <%§> + 800007r8)>
T2e

* 100000FT (20 +1) T

Figure 5: Surface plots for 3rd-order approximate FNTDM solution for Problem IT at distinct values of o with n = 1,
v = 0.5 and [ = 10.

N 0 Iy 1

n n |
-20 -10 o 10 20

(a) 0o=0.5 (b) 0=0.75

Figure 6: Contour surfaces for 3rd-order approximate FNTDM solution for Problem IT at distinct values of o with
v =0.5 and [ = 10.

4.3 Problem III
Let 0 < p <1, a € R. Consider nonlinear fractional S-H equation [43]

4 2
o (g, 1) +28 U(s,T)

cpew
oW (s,7) + 5 ez

:07

aq;(g,T)>l

- a)u(en) - i) + (2

(4.10)
W(s,0) = exp(s).
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As in Problem 1 above, the FNTDM yields

Wo(s,7) = exp(c),
| we PV, (s, 1) 0%, (s, 7)
v, — _NT!|“_NT+ nlS 9 X nls 1-a)0,
+1(§7 T) N 50 N ¢t Oc2 + ( a) (C, T) (4.11)
—A,+B, n > 0.

as the recursive relation from which all iterations for n > 0 can be obtained. Here A,, and B, are components

!
of the Adomian polynomials representing the nonlinear terms A41[¥(s,7)] = W!(s,7) and 5[V (s,7)] = (%ﬁ’ﬂ) )
respectively, with

v\
0 0 0 ( 6§ > 3
ave\' " 0w
Ay =105 By = 0 1
1 =1V, 1= l( 8() B (4.12)
R -1 1 _ A ow; 0o\ Tt 00y
Ay =3 (11— 1)UL 203 + 20051 T,), By = 5 (=1 Be B +21 B B

and so on. For | = 2, we substitute (4.12)) into the recurrence system (4.11)) to obtain the following few iterations:
Wo(s,7) = exp(s),

_ [0* (s, T) 9?Wo(s,7) 11 (a—4)esre
_ 1 |% + 0\5, 0\5, . N _\&me T
\Ifl(§77') = NT i NT i (9§4 8(2 +(1 Oé)\Ilo(g,T) A0+B0_ F(Q+1) s
_ (04 (s, 7) 0%V, (s,7) | (a — 4)%es 720
_ 1 |% + 15, 15, _ N _\&mr e’
Us(s,7) = —NT _ NT T +2 92 +(1—-a)¥:(s,7) — A1 + Bl_ T2t 1)
_ [0 Wy (s, T) 0?Ws(s,7) 1 (a — 4)3esr30
_ 1 |% + 205, 215, o B _\&—r e’
Us(s,7) =—NT _ NT P +2 D2 + (1= )P, 7) — Ax + B2_ TGot1)

In a similar manner, the remaining solution iterates for n > 3 can be obtained. Moreover, the FNTDM series solution
is obtained as

(¢ —4)esTe 2e

L(o+1)

(o —4)%esT
I'(20+1)

(o — 4
I'(3p+1)

(s, 1) = exp(s) +

(4.13)

W)
We.r)

Figure 7: Behavior of approximate series solution for Problem III at distinct values of 7 with a = 5, and [ = 2.
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(a) 0=10.5 (b) 0=10.75

Figure 8: Surface plots for 3rd-order approximate FNTDM solution for Problem IITI at distinct values of o with
a=>5and ! =2

Figure 9: Contour surfaces for 3rd-order approximate FNTDM solution for Problem III at distinct values of ¢ with
a=1and!=10.

4.4 Numerical simulations and Discussion

In the present work, the FNTDM formulation is tested upon three time-fractional versions of the Swift-Hohenberg
equations. To present the behavior of the obtained results we provide numerical simulations of the third-order iterative
solution for each of the considered problem. Furthermore, since the considered problems model important physical
phenomena, it is very important to capture the behaviour of their approximate solutions with respect to particular
values of the parameters. The numerical plots in Figures [I} [f] and [7] demonstrate the behaviour of the approximate
solutions for Problems I, IT and III, respectively at distinct values of 7 and stated values of «, 1, + and [. For
each of the mentioned figures, the respective simulations are considered for different values of and for g, viz., o = 0.5,
0= 0.75 and ¢ = 1. The 3D-plots in Figures [2] [§] and [§] and the corresponding contour surface plots in Figures [3] [f]
and [0 represent the 3rd order approximate FNTDM solutions for Problems I, IT and III, respectively at the stated
values of o.

5 Conclusion

In the present work, we obtained approximate series-type solutions of some special fractional order versions of the
Swift-Hohenberg equation by utilizing a modified integral transform technique namely, the fraction natural transform
decomposition method. The method, which is clearly a very effective combination of the Adomian decomposition
method and natural transform, yields series solutions with high exactness and with minimal computations required.
In carrying out this work, we first defined the natural transformation of the Caputo fractional operator and employed
the considered method to obtain a general recurrence relation for a general fractional order nonlinear partial differential
equation. A key advantage of the FNTDM is that it solves the equation directly without any form of discretization,
linearization, or perturbation. The reliability, effectiveness and straightforwardness of the considered solution method
are attributed to the fact that it has admits a strong ability to yield better convergence region for the solution.
Moreover, the considered method generally requires computation of only a few series solution components of the
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considered problem to attain to the exact solution. This further establishes the strength of method in relation to other
existing numerical techniques. Finally, we can reveal that the FNTDM can be considered as a good refinement of the
existing numerical techniques and can be employed to study strongly nonlinear mathematical models describing even
more complex natural phenomena.
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