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Abstract

Recently, the authors introduce a four-step iterative algorithm called the UD-iteration scheme (Udofia and Igbokwe
[35]). Here we introduce the multivalued version of the UD-iteration scheme and show that it can be used to approx-
imate the fixed points of multivalued contraction and multivalued generalized a-nonexpansive mappings. we prove
strong and weak convergence of the iteration scheme to the fixed point of multivalued generalized a-nonexpansive
mapping. We also prove that the scheme is T-stable and Data dependent. Convergence analysis shows that the mul-
tivalued UD-iteration scheme has a faster rate of convergence for multivalued contraction and multivalued generalized
a-nonexpansive mappings than some well-known existing iteration schemes in the literature.
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1 Introduction

Over the past four decades, researchers have developed various iteration schemes to approximate the fixed points of
different evolving classes of single-valued and multivalued operators. The existence, stability and convergence results
of such research findings abound in literature.

In 2008, Suzuki [32] introduced the class of nonexpansive mappings known as generalized nonexpansive mapping
(i.e, a mapping satisfying condition (C) defined in (2.5))) for single-valued mappings and proved some existence and
convergence theorems for this class of operator in a Banach space.

In 2011, Eslamain and Abkar [2] introduced the multivalued Suzuki’s generalized nonexpansive mapping defined in
(2.10) and proved a fixed point theorem satisfying the modified Suzuki condition amongst other results in a uniformly
convex Banach space.

Also, Aoyama and Kohsaka [5] introduced the class of a-nonexpansive mapping defined in (2.4, and obtained a
fixed point theorem for this class of operator in a uniformly convex Banach space.
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In 2017, Pant and Shukla [25] introduced the class of generalized a-nonexpansive mapping defined in which
contains the Suzuki type generalized mappings. (If & = 0, generalized a-nonexpansive mapping reduces to Suzuki
type generalized mappings), and proved some existence and convergence results for this class of operator in a uniformly
convex Banach space.

In 2109, motivated by the work of [2, 25], Igbal et al [I7] introduced the multivalued generalized a-nonexpansive
mapping defined in and obtained some convergence and stability results in a uniformly convex Banach space.
They also proposed a multivalued modified Piri et al. iteration process defined by:

Let T : ( — ¢, and ¢ a non empty, closed and convex subset of a real Banach space {2.

51 S Cv

§n+1 = (1 - Oén)’l)n + antn

n € Pr(zn), Vn > 1. (1.1)
Zn = (1 - 6n)£n + /an'ru

where {a,},{Bn} C (0,1), and s, € Pr(&,), tn € Pr(yn), vn € Pr(z,). They proved that the multivalued version of
the modified Piri et al. iteration process (|1.1)) converges faster than iteration processes of Mann [21], Ishikawa [18],
and Thakur et al. [33], (see definition in Table 1).

Interestingly, solutions of nonlinear equations can be rigorous and sometimes very difficult to obtain. One of the
easiest ways to solve such problems is to transform into a fixed point problem. Let T : { — (, and ¢ a non empty,
closed and convex subset of a real Banach space (2, then

Tre=¢, (1.2)

where £ € (, is a fixed point problem. The solution of the fixed point equation (1.2)) of the mapping 7" is considered
as the solution to the nonlinear problem.

In furtherance of intense research in this regard, a number of iterative processes have been introduced to study the
fixed point of various single-valued and multivalued operators, such as:
Mann [21], Ishikawa [I8], Noor [23], Agarwal et al. [3] (S-iteration), Abbas and Nazir [I], Thakur et al. [33], Piri et
al. and many others.

Recently, Udofia and Igbokwe [35] introduced the UD-iteration process defined as follows: Let 7 : ( — ¢, and ¢ a
non empty, closed and convex subset of a real Banach space (2. Define the four step UD-iteration process by:

&1 €C,
§nt1 = (1 =) Yn + T 20
2Zn = Twy,,

wp = (1 — ap)én + a1,

where {an}, {Bn}, {1} C (0,1). They proved that UD-iteration process converges faster than some well known
iteration process including Mann [21], Ishikawa [I8], Noor [23], Agarwal et al. [3] (S-iteration), Abbas and Nazir [I],
Thakur et al. [33] for contraction and generalized a-nonexpansive mappings.

Motivated by the work of Igbal et al [I7], we introduce the multivalued version of the UD-iteration process
and show that the scheme can be used to approximate the fixed points of multivalued generalized a-nonexpansive
mapping in the framework of uniformly convex Banach space. We propose some existence and convergence theorems.
Furthermore, we show that the proposed multivalued UD-iteration scheme is data dependent and 1 -stable. Finally,
analytically and with concrete numerical examples, we show that the multivalued UD-iteration scheme converges faster
than the multivalued modified Piri et al. iteration process introduced by Igbal et al [I7] and many other multivalued
iteration processes in literature for multivalued contraction mappings and multivalued generalized a-nonexpansive
mapping.

Shahzad and Zegeye [28] presented the set Pr = {v € Tu : d(u,Tu) = |ju — v||} for a multivalued mapping,
Y : ¢ — P(¢) and showed that Mann and the Ishikawa iteration processes for multivalued mappings are well defined.
Outlined below in Table is the single-valued and multivalued versions of the schemes adopted for the purpose of
this research work. Let 7 : ( — ¢, and ( a non empty, closed and convex subset of a uniformly convex Banach space
2, then we have the following: where {a,},{8n}, {7} C (0,1), and s, € Pr(dn), tn € Pr(yn), vn € Pr(z,).
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Table 1: Table showing Single-valued and Multivalued Iteration Schemes

Iteration Single Valued Version Multivalued Version
MANN §n1 = (1 — an)én + anTéy Enr1 = (1 — an)én + ansy
£n+1 = (1 - an)gn + anTyn £n+1 = (1 - an)gn + anty,
ISHIKAWA Yn = (1 - /Bn)gn + B TR Yn = (1 - Bn)fn + Bnsn
£n+1 (1 - an)gn + anryn £n+1 (1 an)gn + apty
NOOR y (1 - Bn)gn + BnT zn (1 ﬂn)fn + Bnvn
(1 - ’Yn) n+ T Zn = (1 Vn)gn + YnSn
ARGAWAL §n+1 = (1 - an)trgn +a, Yy, Ent1 = (1 an)trgn + apty
€n+1 (1 - an)TZn + anTyn gn-{—l = (1 057L)Un + antn
ABBASNAZIR | "t = (1 Bu)T60 + BuT20 | a= (1= fo)on + fut
(]- - ’Vn)gn + Ty Zn = (]— 'Yn)gn + YnSn
gn—&-l (1 - an)TZn + anTyn Snt1 = (1 - an)vn + anty
(1 - ’Vn)gn + v TEy Zn = (]- - ’Yn)gn + YnSn
§n+1 (1 - an)TZn + anTyn £n+1 = (1 - 057L)Un + antn
Modified Yn = T2y Yn € Pr(z,)
PIRI-et-al Zn = ( 5n)£n + 8. T&, Zn = (]- - ﬂn)fn + Bnsn

2 Preliminaries

Throughout this paper, let { be a nonempty, closed and convex subset of a uniformly convex Banach space {2 and
Y:(— ¢ Let F(T)={u€ 2:Tu=u} denote the set of all fixed points of the mapping 7.

A mapping 7T is called;
(1) contraction if there exists a constant ¢ € [0,1) such that
Tu—Tv| <d|lu—vl|, Yu,v € (. (2.1)
(2) nonexpansive if
Tu—Yo| <|lu—2], Yu,v €. (2.2)
(3) quasi-nonezpansive if there exists F(T') #( such that
17— pl < flu - pl, (2.3)

forall pe F(T) and ue€(.
(4) a-nonexpansive if for some o < 1, and for all u,v € ¢

17w =Tl < al[Pu—of]? + alTo — ul]? + (1 - 20) u — o]> (2.4)
(5) Suzuki’s generalized nonexpansive [32] if T satisfy condition (C), that is 3|lu — Yu| < ||u — v||, implies that
Tu—"v]| < |lu—2v|, Yu,v €. (2.5)
(6) generalized a-nonezpansive [25], if there exists o € [0,1) , such that 3|lu — Yu < [[u — v|| implies that
1Tu=Tol> < allTu—vl® +alTv —ul* + (1 - 20)[Ju — o], (2.6)
for all u,v € (. If & = 0, then reduces to ([2.5)).

A set ( is called proximinal if for each u € {2 there exists an element v €  such that
d(u,v) = d(u, ) = inf{d(u,v) : v € (}.

A point p € ( is called a fixed point of T : ( — P(¢) if p € T'p, where P(() is the set of all subsets of (. The set of
all fixed points of 7" is denoted by F(T'). Let Pu(¢), Pep(¢), Ppz(¢) and P(¢) denote the families of nonempty closed
and bounded subsets, compact subsets, proximinal subsets, and all subsets of (, respectively.
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Let X,Y € P(¢). A mapping H : Pyp(¢) X Pyp(¢) = RT  defined by

H(X,Y) =max { supd(w,Y), supd(v, X) 1,

vey
is called the Hausdorff-Pompeiu metric on Py (¢) (or onP,,(¢)) induced by d. A multivalued mapping 1" : { — P(¢)
is said to be;
(1) contraction if there exists a constant ¢ € [0, 1) such that for any u,v € (;
H(Tu, Tv) < 6|lu—v. (2.7)
(2) nonexpansive if for any wu,v € ¢
H( u,Yv) < ||lu—v]. (2.8)
(3) quasi-nonexpansive if there exists F(X') # () such that
H(Xu,Tp) < [u—pl, (2.9)

forall pe F(T) and we(.
(4) Suzuki’s generalized nonexpansive [2] if T satisfy condition (C), that is 1d(u, Yu) < |lu — v||, implies that

HYu,Yv) < |u—v|, foranyu,ve( (2.10)

(5) generalized a-nonexpansive [25], if there exists a € [0,1), such that for any u,v € ¢, 3d(u,Tu) < [Ju— v|| implies
that

H(Tu,Tv) < ad(u,Tv)+ ad(v,Tu)+ (1 — 2a)||lu — v, (2.11)

The following definitions and lemmas will be useful in proving our main results.

Definition 2.1. A Banach space {2 is said to be:

(i) Strictly convex if L[ju+v| <1 for all u,v € 2 with |[lul| = [|v|| =1 and u # v.
(ii) Uniformly convez if, for all € € (0,2], there exists § > 0 such that 3|lu+v|| <1 -6, for all u,v € 2 with
[ull <1, ol <1 and [ju—vf| > e

Definition 2.2. Let ¢ be a nonempty, closed, bounded and convex subset of a uniformly convex Banach space {2
and {¢,} be a bounded sequence in 2. For each ¢ € {2, we define the following:

(i) Asymptotic radius of {&,} at € by r(&,{&,}) := limsup [|€, — &]|.

(ii) Asymptotic radius of {&,} relative to ¢ by 7(C, {E:LL}) = inf{r(£,&,) : £ € ¢}
(iii) Asymptotic center of {&,} relative to ¢ by A((, {&n}) :={& € (:r(&{&}) =7 {& )}

Definition 2.3. [24]: A Banach space {2 is said to satisfy the Opial’s condition if for any sequence {uy} in 2,
up — u, implies that
limsup |Jux — u|| < limsup |Jux, — v||, for all v e 2 with v # u,
k—o0 k—o0

or by contrapositive,

lim sup |lug, — v|| < limsup ||ug — u]|.
k—o0 k—o0

Example 2.4. Examples of spaces that satisfy the Opial’s property include:

(1) Every Hilbert space has the Opial property.

(2) The sequence space [,, 1 <p < oo have the Opial property.

(3) For uniformly convex Banach spaces, Opial property holds if and only if Delta-convergence coincides with weak
convergence.

(4) For every separable Banach space, there exists an equivalent norm that endows it with the Opial property.

However, L?[0, 7] space with 1< p # 2 fails to satisfy the Opial’s property.
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Definition 2.5. [9] Let {u,} and {v,} be two sequences of real numbers that converge to v and v respectively, and
assume that there exists

(2.12)

Then,

(Ry) if £ =0, we say that {u,} converges faster to u than {v,} does to v.
(R2) If 0 < £ < 00, we say that {u,} and {v,} have the same rate of convergence.

Definition 2.6. [9] Let 7', T : ¢ — ¢ be two operators. We say that 7" is an approximate operator for 7" if for some
€ > 0, we have

[Yu—Tu| <e, YueC. (2.13)

Definition 2.7. [14] Let {¢,,} be any sequence in . Then, an iteration process &,+1 = f(7,&s), converging to fixed
point ¢, is said to be T-stable with respect to 7', if for &, = ||tn41 — f(T )], for all n € N, we have

lim ¢, =0 & lim ¢, =gq. (2.14)
n— oo

n—oo

Lemma 2.8. [27] Let {2 be a uniformly convex Banach space and {\,} be a sequence of real numbers such that
0<a< X <b<l foralln > 1. If {f,} and {g,} are two sequences in {2 such that lim sup [|f.| < 7,
—00

lim sup ||gn|| < rand lim ||\, fn + (1 — An)gnl| = r hold for some r > 0. Then lim | f, — gn|| = 0.
n—00 n— o0

n—oo

Lemma 2.9. [1I] Let 7 : { = P(¢). A sequence {£,} in ¢ is called an approximate fixed point sequence (or a.f.p.s)
for 7" provided that d(&,,7(&,)) — 0 as n — oco. f H({&,}, 1 (&n)) — 0, we say that (£,) is a strong a.f.p.s. for 7.

Lemma 2.10. [20] A multivalued mapping 7" : ( — P(() is called demiclosed at v €  if for any sequence {f,} in ¢
weakly converges to v and a sequence g, € T f,, strongly converges to v, then we have v € Tu.

Lemma 2.11. [I7] A multivalued mapping 7" : ( — P(() is said to satisfy Condition (I) if there exists a continuous
nondecreasing function f : [0,00) — [0,00) with f(0) =0, f(r) >0 for all r € (0,00) such that d(u,Yu) >
fld(u, F(T))) for all u € (.

Lemma 2.12. [30] Let {¢,,} and {¢,} be nonnegative real sequences satisfying the following inequalities:

wn-i-l S (1 - Un)'l/)n + Jn¢n7 (215)

(o)
where 0, € (0,1) for alln € N, > o0, = 00 and ¢, > 0 for all n € N, then
n=0

0 < limsup ¢, < limsup ¢,,. (2.16)

n—oo n—oo

Lemma 2.13. [39] Let {¢,,} and {¢,} be nonnegative real sequences satisfying the following inequalities:
Yoy < (1 - Un)'ll)n + Pn, (217)

(o)
where 0, € (0,1) foralln €N, > o, =00 and lim f—” =0, then lim ¢, =0.
n—oo

n
n—0 n— 00

Lemma 2.14. (See Goebel and Reich [13], Theorem 5.1) Let ¢ be a bounded closed convex subset of a uniformly
convex Banach space 2. If 7 : ( — ( is nonexpansive, then 7" has a fixed point.
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Lemma 2.15. (See Goebel and Kirk [12], Lemma 3.4) If ¢ is a closed and convex subset of a uniformly convex Banach
space {2 and if 7" : { — ( is nonexpansive, then the set F(7°)) of fixed points of 7" is closed and convex.

Lemma 2.16. [40] For any real numbers ¢ > 1 and r > 0, a Banach space 2 is uniformly convex if and only if there
exists a continuous strictly increasing convex function g : [0, +00) — [0, 4+00) with g(0) = 0 such that

[tw + (1 = t)v[|! = lul]” + (1 = B)[|v]|* — w(g, )g(llu — ), (2.18)

for all u,v € B,(0) = {u € 2 : ||ul]| <r} and ¢ € [0, 1], where w(q,t) = t%(1 —¢) + ¢(1 — ¢)9. In particular, taking ¢ = 2
and t = 1
2

u+v||2 <

|| !
2 - 2

1
lel® + Sl1oll* = Sl = vl)- (2.19)

Lemma 2.17. [40] Let 7" : { — Pp,(¢) and Py = {v € Tu : d(u,Tu) = |ju — v||}. Then the following are equivalent:
(1) we F(Y)

(2) Pr(u) = {u}
(3) u e F(PT)
Moreover, F(T) = F(Pr).

3 Main Result

In this section, we introduce the multivalued UD-iteration scheme and use it to prove some existence and con-
vergence results for multivalued generalized a-nonexpansive mappings in a uniformly convex Banach space. We
also analyze the convergence and stability of the scheme for multivalued contraction and multivalued generalized
a-nonexpansive mappings.

We now define the multivalued UD-iteration scheme as follows:

Let T : ¢ — P(¢), and ¢ a non empty subset of a uniformly convex Banach space {2. Define the four step
multivalued UD-iteration process by:

51 € C7

fn—l—l - (1 - ’Yn)tn + YnUn

Yn = (1 = Bn)sn + Bnzn, Vn € N. (3.1)
zn € Pr(wy),

Wn = (]- - an)gn + ansn

where  {an}, {fn}, {1} C (0,1), and s, € Pr(&n), tn € Pr(yn), vn € Pr(z,).

3.1 Existence of Fixed Point for Multivalued Generalized a-nonexpansive Mappings

Lemma 3.1. [I7] Let ¢ be a nonempty, closed and convex subset of a uniformly convex Banach space 2 and 7" : ( —
P.,(¢) a generalized a-nonexpansive mappings. Then the following results hold:

(1) For any w € 2 and z € Yu,d(z,1z) < ||u— z||
(2) For any u,v € 2 and z € Tu either 3d(u,Tu) < [u—v| or 3d(z,7z) < ||z — .
Proof .
(1) Since 3d(u,Tu) < |ju — z|| for any z € Yu, we obtain
HTu,Tz) < ad(z,Tu)+ ad(u,Tz)+ (1 —2a)||u — 2|
= ad(u,Tz)+ (1 —2a)||u— z|.
Hence,
d(z,7z) < ad(z,Tz)+allu—z||+ (1 —2a)||u—z].
This implies that,
d(z,Tz) < JJu—z|| forany zé€ Tu.
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(2) Assume on the contrary that for any w,v € 2 and z € Y'u, we have $d(u,Tu) > |[u—v| and d(z,7%2) > [z—v].
It follows from (1) that

lu — z]|

< lu=wll+ o=z

1 1
< §d(u,Tu) + id(z,Tz)

< 1|| H+1|| =1l |
— — 2z — — = — 2z
< 5 U 5 u—z U ,

a contradiction. Hence the result. [J

Lemma 3.2. Let ¢ be a nonempty, closed and convex subset of a uniformly convex Banach space 2 and 1" : { — Pu(()
a generalized a-nonexpansive mappings. Then for any u,v € ¢ and z € Tu, we have

d(u,Tv) < 3d(u, Tu) + |lu —v|. (3.2)

Proof . Lets consider the following cases:

Case 1: If 2d(u, Yu) < |lu — 2| for any z € Tu and d(u,v) = ||u — v||, then from Lemma (3.1 we have

d(u,Tv)

so that

(VAN VAN VAN VAR VARSI VAN

d(u,Yu) + H(Tu, Tv)

d(zu, Tu) + ad(u, Y'v) + ad(v, Tu) + (1 — 2a)d(u,v)

d(u, Tu) + ad(u, Tv) + a(d(u,v) + d(u, Tu)) + (1 — 2a)d(u,v)
2d(u, Yu) + ad(u, Tv) + (1 — ) (d(u, v) + d(u, Tu))

2d(u, Yu) + (1 — a)d(u, Tu) + ad(u, Tv) + (1 — a)d(u,v)

(3 — a)d(u, Tu) + ad(u, Tv) + (1 — a)d(u, v)

(1-a)d(u,Tv) < (3—-a)du,Tu)+ (1—a)d(u,v),

and we have that

d(u, Tv)

B—a)
(1-a)

d(u, Tu) + ||lu— vl (3.3)

Case 2: If 1d(2,7z) < ||z — v|| for any 2 € Yu and d(u,v) = ||u — v||, then by Lemma (3.1))(1) we have

d(u,Tv)

so that

VAN VAN VAN VAN

IN

d(u, z) + d(z,Tv)
d(u, z) + H(Tu,Tv)
d(u, z) + ad(u, Yv) + ad(v, Tu) + (1 — 2a)d(u, v)
d(u, 2) + ad(u, Tv) + a(d(z,v) + d(z, Tu)) + (1 — 2a)(d(u, 2) + d(z,v))
2 —2a)d(u, z) + ad(u, Tv) + ad(z,v) + ad(z,Tu) + (1 — 2a)d(z, v)
d

(
(3 = 3a)d(u, z) + ad(u, Tv) + (1 — a)d(u, v)

(1—-a)d(u,Tv) < (3-3a)d(u,z)+ (1—a)d(u,v),

and we have that

d(u,Tv)

<

Since z € Tu, we have

d(u,Tv)

<

Hd(u, z) + 8 : Z% d(u,v).
3d(u, Yu) + ||lu—v]|. (3.4)
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Lemma 3.3. Let ( be a nonempty, closed, bounded and convex subset of a uniformly convex Banach space (2 and
T : ( — Pu(¢) satisfies (3.2)). Suppose {£,,} is a bounded approximate fixed point sequence (a.f.p.s.) for 7" in ¢, then
A(¢, {&n}) is T-invariant.

Proof . Let v € A((,&,). As T satisfies (3.2]), we obtain

d(€n, Tv) < 3d(n, TEn) + (1€ — V|-
By the definition of asymptotic center, we have

r(Yv,{&.}) lim sup d(&,,Tv)

n—oo

3limsupd(&,,TE,) + limsup ||, — v]|
n— o0

n—oo

IN

= limsup||&, — v||
n— oo

= (v, {&})
Therefore, Tv € A(¢,{&,}) O

Lemma 3.4. Let ¢ be a nonempty, closed, bounded and convex subset of a uniformly convex Banach space {2 and
Y :( — P.,(C) satisfies (3.2). Suppose {£,} is an approximate fixed point sequence (a.f.p.s.) for 7" in ¢, then

lim sup d(&,,Tv) < limsup ||&, — v]|,
n— oo

n— oo

for each v € ¢
Proof . Since 7 satisfies (3.2)), for any v € ¢ we have

As {£,} is an approximate fixed point sequence for 7", we have that

limsupd(é,, Tv) < 3limsupd(€,,T,) + limsup &, — v
n— o0

n— oo n—oo

— limsup & — ol
n— oo
O

Lemma 3.5. Let { be a nonempty, closed, bounded and convex subset of a uniformly convex Banach space {2 and
Y : { — P, () satisfies (3.2). Suppose that the asymptotic center is nonempty and compact for each approximate
fixed point sequence for 7" in (. Then 7" has a fixed point.

Proof . Since ( is nonempty, closed, bounded, convex and 7 -invariant, there exists an approximate fixed point
sequence (a.f.p.s.) for 7', say {&,} in (. Since the asymptotic center is nonempty and compact, by Lemma (3.3), ¢ is
also compact, then there exists a subsequence {&,,} of {¢,} such that {&,,} converges to some z € (. By Lemma

B3

lim sup d({gm}’TZ) < lim sup Hfm - Z” =0,
n—o0

n— oo

and hence, d(z,7z) =0, that is z € Tz. O

Lemma 3.6. Let {2 be a uniformly convex Banach space and ¢ a nonempty, closed and convex subset of (2. Let
Y : ¢ = P,;(¢) be a multivalued mapping such that F(2) # 0 and Pr is a generalized a-nonexpansive mapping. Let
{&n} be the sequence defined by (3.1). Then
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(1) ILm I€n — p|| exists for all pe F(Y) and
@ "im . - Pr(&)ll =0.

Proof . Let p € F(T). By Lemma (2.16), Pr(p) ={p} and F(Y)= F(Pr). Since Pr is generalized a-nonexpansive
and d(&,,p) = ||&. — pl|, we have that

d(p, Pr(p)) d(p, Pr(&n)) + H(Pr(&n), Pr(p))

<
< 206 —pll

so that

240, Pr(0)) < 6w — 7] (35

; 3d(p, Pr(p)) = 0 = ||&, — p||. We note that
ad(én, Pr(p)) + ad(p, Pr(&,)) + (1 — 2a)d(&n, p)

H(Pr(&,), Pr(p))
ol = pll + a(d(p, Pr(p)) + H(Pr(p), Pr(&s))) + (1 —2a)[|&, — pll
allén = pll + aH(Pr(p), Pr(én)) + (1 = 20)[|§, — pll,

Thus

AN A

so that

(1= a)H(Pr(&n), Pr(p)) < (1-a)|& —pll

and
H(Pr(&n), Pr(p)) < [I& —»pl. (3.6)

(1) From and (3.6)), we have
l[wn —pl| 1((1 = an)én + ansn) — pl|
(1 — an)ll€n — pll + and(sn, Pr(p))
(1 —an)llén — pll + anH(Pr(&n), Pr(p))
(1 = an)l|€n = pll + anll&n — pll
1€n — P (3.7)
Also, from and (3.7)), we have

[ IAIA A

[zn —pll < d(zn, Pr(p))
< H(Pr(wn), Pr(p))
< lwn —pll
< [l&n —pll (3.8)
Again, from , and we have
lyn =2l = (A= Bn)sn + Buzn) — 1l
< (1= Bn)d(sn — Pr(p)) + Bnd(zn — Pr(p))
< (1 =B)H(Pr(&) — Pr(p) + BuH(Pr(w,) — Pr(p))
< (=Bl —pll + Bullén — pl|

16 — plI. (3.9)
Further, from and we have that
[€ns1 — D (1 = vn)tn + Ynvn) — pll
(1 =v)d(tn — Pr(p)) + md(vn — Pr(p))
(1 =) H(Pr(yn) — Pr(p)) + vH(Pr(z,) — Pr(p))
(L = v)llyn = pll + vallzn — pll
(1 =)l = Il + 7 llén — Dl

€ — pll. (3.10)
Thus, the sequence {||&, — p||} is bounded and nonincreasing, hence lim ||&,, — p|| exists for all p € F(Y).
n—r oo

I VAN VAN VAN VAN 1
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(2) Now, we show that lim [|&, — s,] = 0.
n—oo
Lets suppose that

Tim & —pl =c. (3.11)
So from , and , we have that

limsup [[w, —p| < ¢ (3.12)

timsuplen —7l S o (5.13

li:n—:l(l)p lyn —pl < e (3.14)

n—oo

Also, we obtain the following inequalities as follows:

[sn —pll < H(Pr(&) — Pr(p)) < 1€ —pll
lve —pll < H(Pr(zn) = Pr(p) < [lzn —pl (3.15)
[tn =l < H(Pr(yn) — Pr(p)) < llyn — 1l

Taking the limsup on both sides of the inequalities above, we have that

n—oo
limsup ||s, —pl] < ¢ (3.16)
n—oo
lim 1 SUp lon = pll < ¢ (3.17)
hmsup It, —pll < e (3.18)
Now from (3.1} , and (| -, we have that
c= lim ||§n+1 —pl = lm [[(1 —w)ts +ymvn) — |l

n—0o0 n—oo
= lim ”(1 - ’7n)(tn _p) + ’Vn('Un - p)” (319)

n—oo

By Lemma (2.8), since limsup||t, —p|| < ¢ and limsup ||v, — p|| < ¢, then we have that
n— oo

n— oo

lim ||t, —v,|| = 0. (3.20)
n—oo

Again, from (3.1), we have that
[€nt1 — ol < [[((1 =)t + ymvn) =l

< ltn = pll+ nlltn — onll, (3.21)

which gives

c< linrgigéf [t — pl|. (3.22)
From and , we have that

ligl_}solip It —pll <ec< linn_1>ior<1>f It — plls (3.23)
so that

Jim[[t, —pl| = c. (3.24)
From . and (| -,

= [lim IIt pll

< nlgxolo H(Pr(yn) — Pr(p))

< lim [y, —pll
n—oo

< lim (1= B)lsn —pll + lim Bullza — pl (3.25)
n—oo n—oo

< lim (1= 8,)[|& —pll + lim B,|&, — pl| (3.27)
n—o0 n—oo

= ¢ (3.28)
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Consequently, from (|3.26))
nhHH;o (1 = Bn)(sn —p) + Bulén — p)|| = . (3.29)
Thus from (3.11)), (3.15)), (3.16) and Lemma (2.8)), we have that

lim |[&, — sall =0,
n—oo
which implies that
1 [j&, — Pr(&)] = 0.

and this completes the proof.

O

3.2 Convergence Results

Theorem 3.7. Let {2 be a uniformly convex Banach space and ( a nonempty compact convex subset of (2. Let
Y : { = P,;(¢) be such that F(Y') # 0 and Pr is a generalized a-nonexpansive mapping. Let {,} be the sequence
defined by (3.1). Then {&,} converges strongly to a fixed point of 7.

Proof . From Lemma (3.5), we have that {,} is bounded and lim d(&,, Pr(&,)) = 0. Since ¢ is compact, then there
n—oo

exists a subsequence {,,} of {&,} such that {,,} converges to some y € (. Since Pr is generalized a-nonexpansive
mapping, it satisfies (3.2]) and hence

d(&ns, Pr(y)) < 3d(&n;, Pr(én.)) + [1€n, — vl

As F(Y) = F(Pr), so on taking limit as ¢ — oo, we have that y € Ty. Therefore, {£,} converges strongly to
ye FT). O

Theorem 3.8. Let {2 be a uniformly convex Banach space satisfying Opial’s condition and ¢ a nonempty, closed and

convex subset of £2. Suppose that Py is generalized a-nonexpansive mapping, where Let 7" : { — Py, ({). Let {&,} be

the sequence defined by (3.1). If F(T) # 0 be such that liminf d(&,, F(Y')) = 0. Then {,} converges strongly to a
n—oo

fixed point of T.

Proof . By Lemma (3.6), we know that lim ||&, —p|| exists, for all p € F(Py) = F(Y). Thus, lim d(&,, F(T)) exists.
n—oo n—oo

Now, 1in_1>inf d(&,, F(T)) = 0 implies that ILm d(&,, F(T)) = 0. Therefore, there exists a subsequence {&,,} of {&,}

and y; € F(T) such that [|&,, — y;]| < 5 for all i € N. Also since {&,} is nonincreasing, we have that

1
€niss = will < ll&n; —will < 55

Consequently,
lyier —will < Mlivr — &l + 1€ — will
< 1 1
D T
1

—0 as i — o0.

9i—1
Hence, {&,} is a cauchy sequence in ¢ and converges to a point say, p € (. As Py satisfies (3.2]), we have

d(p, Pr(p)) < |I&n — ol +d(én, Pr(p))
< lgn = pll + d(&ns Pr(p) + 160 — pll — 0 as n — oo.

This implies that p € Py(p) and p € F(Py) By Lemma (2.17)), we have p € F(T") and hence {,,} converges strongly
to a fixed point of 7. [J
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Theorem 3.9. Let {2 be a uniformly convex Banach space satisfying Opial’s condition and ¢ a nonempty, closed and
convex subset of £2. Let 1" : ( = P,,({) be a multivalued mapping satisfying Condition (I) such that F(7") # . Let
{&n} be the sequence defined by . Suppose Pr is a generalized a-nonexpansive mapping. Then {¢,} converges
strongly to a fixed point of 1.

Proof . By Lemma (3.6)(1), {£,} is nonincreasing and lim ||£,, — p|| exists, for all p € F(T). Let ¢ = lim ||&, — p||,
n—oo n—oo
for some ¢ > 0. If ¢ =0, then the result follows. Now suppose that ¢ > 0. Then

1€nt1 = pll < [1€n = I,

implies that
liminf ||&,+1 — p|| < liminf ||£, — p||.
n— 00 n— o0

Therefore, d(&,+1, F (1)) < d(&n, F(T)). Consequently, li_}rn d(xn, F(Y)) exists. As F(Py) = F(T'), and by Lemma
n oo
(3.6) and Condition (I), we have

lim_f(d(€,, F(T))) < lim d(€,. Pr(E,)) = 0.

n—oo

As f is nondecreasing and f(0) = 0, we have that
lim d(&,, F(T)) =0.

n—oo

Thus, the result follows from Theorem (3.8). O

Theorem 3.10. Let (2 be a uniformly convex Banach space satisfying Opial’s condition and ¢ a nonempty, closed and
convex subset of £2. Let 1" : ( = P,,({) be a multivalued mapping such that F(Y") # (. Suppose Pr is a generalized
a-nonexpansive mapping and I — Py is demiclosed with respect to zero. If {£,} is a sequence defined by . Then
{&,} converges weakly to a fixed point of 7.

Proof . Let p € F(Pr) = F(T). From Lemma (3.6), it is shown that {&,} is bounded and lim ||&, — p|| exists,
n— oo

for all p € F(T). Since §2 is uniformly convex, then (2 is reflexive. Thus there exists a subsequence {&,,} of
{&n} such that {&,,} converges weakly to some y; € (. Since (I — Pr) is demiclosed with respect to zero, then
y1 € F(Pr)=F(T). It & - y1, then there exists a subsequence {,, } of {&,} such that {&,,} — y2, where y2 # y;.
Clearly, y» € F(Pr) = F(Y). By the Opial’s property, we have that

lim £, =yl < lim [|§, — vl
< lim (|6, — w2l
n—oo
= lim [[& — vol
n—oo
< lim (|6, — v2|
n— o0
< lim (|6, —wl
n— oo

lim ”gn - y1||7
n—oo

a contradiction. Hence, y; = yo. Thus, {&,} converges weakly to a fixed point of 7. O

3.3 Stability Result

In this section, we analyze the stability of the iteration process (3.1) with respect to multivalued contraction
mapping.

Theorem 3.11. Let { a nonempty, closed and convex subset of a uniformly convex Banach space 2. Let 7 : ( —
P,:(¢) be a multivalued mapping and Pr a multivalued contraction with § € [0,1). If {£,} is a sequence defined

o0

in (3.1) with the real sequences {ay}, {Bn}, {7} € (0,1) satisfying anfn(l —,) = oo. Then {,} converges
0

s=

strongly to a fixed point of 7.
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Proof . From (3.1), we have

[((1 = an)én + ansn) — 1
1 —an)ll&n — pll + and(sn, Pr(p))
1= a)l|én — pll + anH(Pr (&), Pr(p))
1= an)ll&n = pll + and||&n = pl|
— (1 =0)an)ll&n —pl- (3.30)

l|wn — pl|

INIAIA

(
(
(
(1

Also, from ) and -, we have

d(zn, Pr(p))

H(Pr(wy), Pr(p))

6l|wn — pl|

6(1 = (L =0)an)[I&n — plI- (3.31)

Again, from (3.1) , (3.30) and (3.31]) we have

(1 = Bn)sn + Bnzn) — Dl

(1 = Br)d(8n, Pr(p)) + Bnd(zn, Pr(p))

(1= Bn)H(Pr(&n), Pr(p)) + BuH(Pr(wn), Pr(p))

(1= Bn)6ll&n — pll + Brbllwn — pl|

6(1 — anBn(l —0))I€ — plI- (3.32)

Further, from (3.1)), (3-31) and (3.32)) we have that

(1 = v )tn + Ynvn) — pl|

(L =vn)d(tn, Pr(p)) + ynd(vn, Pr(p))

(1 =) H(Pr(yn), —Pr(p)) + mH(Pr(z.), Pr(p))

(1 =70)6llyn — pll + mdl[2n — P

52((1 = Yn) (1 = anBn(1 = )& — pll) + 'Yn52((1 — (1= d0)awn)|& —pll)

32 (1 = (1 = ) (1 = 8)) 1€ — p]|- (3.33)

llzn =

VAN VAN VAN VA

yn — pll

VAN VAN VAN VAN

[€n+1 — pll

VAN VAN VAN VAN

From ([3.33)) we deduce that

[t —pl < 01— anfu(l —7u)(1 = 8)[[én — pll
16 —pll < 6 (1= an-1Bn-1(1 = yn-1)(1 =) [[&n-1 —p
[€n1—pl < 0*(1 = an—2Bn—2(1 = n—2)(1 = 0))[l€n—2 — pl|
& —pl < 631 — apBo(l —70)(1 —9))|I& — p- (3.34)

Thus, from (3.34) we have

& —pll < VT = (1= )awBr(l —wm))lI€ —pl- (3.35)
k=0

Since for all n € N, {a, }, {Bn}, {7} € (0,1) and § € [0, 1), it follows that (1 — (1 — §)aBk(1 — %)) < 1 and from
classical analysis, we know that 1 — ¢ < exp~¢ for all £ € [0,1]. Then from (3.34)), we have that

0> Vljgo — pl|

= —0 as k — oco. 3.36
exp(1=9) 370 o o Br(1 — i) (3.36)

16 =pl <
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Consequently, {£,} converges to a fixed point of Pr. Since p € F(Pr), by Lemma (2.17), we have that p € F(Y)
and hence {¢,} - pe F(Y). O

Theorem 3.12. Let ( a nonempty, closed and convex subset of a uniformly convex Banach space 2. Let 7 : { —
P,:(¢) be a multivalued mapping and Pr a multivalued contraction with § € [0,1). If {{,} is a sequence defined in

(3.1) with the real sequences {an}, {Bn}, {7} € (0,1) and > @B, (1 —v,) = oo. Then the iteration process (3.1)
s=0
is T-stable.

Proof . Let {g,} be an arbitrary sequence in ¢ and suppose that the UD iterative sequence generated by (3.1))

is  gnt1 = f(¥,9n). Then by Theorem (3.11), {g,} converges to a unique fixed point ¢ of 7. Lets define ¢, =

lgns1 — f(X,gn)|| for m > 1. To prove that {¢,} is T-stable, we have to show that lim e, = 0 if and only if
n—oo

nh_)rréo gn =q. If nh_}n;o €n = 0. Then from (3.33)) we have,

lgne1 —all = llgns1 — F(Xgn) + F(T,90) — 4l
< ||gn+1 - f(T, gn)H =+ ”f(Ta gn) - QH
< en+ (1 =y)lltn — gl +ynllvn — 4l
< en+ 021 = anfu(l = 3)(1 = 8))llgn — all. (3.37)
Now, let
an = |lgn —dll (3.38)
bn = anﬂn(l - ’yn)(l - 6) (339)

Then from (3.38)), (3.39), and (3.37)) becomes

ant1 < (1 —by)ay, + €, (3.40)

Since >~ 1 b, = 0o and nl;ngo €, = 0, then

an . e’ﬂ
lim — = lim —0asn— oo.

From Lemma (2.13)), since all the conditions are satisfied by inequality (3.40)), then we obtain that lim a, = 0.

n—oo
Consequently, lim g, = ¢
n—roo

Conversely, suppose that lim g, = ¢, then from (3.33)) we have that
k— o0

€n = ||gn+1 - f(T, gn)”

[(gn+1—a) + (g = f(T, gn)|

gn+1 —all + £ (Y. gn) — 4l

gn+1 — all + 6*(1 = anBn(1 = 1) (1 = 8))llgn — ql- (3.41)

IN A

Now, since lim g, = ¢, and taking the limit as n — oo in (3.40)), we have that lim ¢, = 0. Hence the iteration
n—oo n—oo
process defined in (3.1]) is stable with respect to 7. O

3.4 Data Dependence Analysis

Theorem 3.13. Let 7" be an approximate operator of a mapping 7" satisfying the contraction mapping (2.1). Let
{&.} be the multivalued UD iterative sequence generated by (3.1) for 7° and define an iterative sequence {&,} as
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follows:

§1€<7

gn+1 = (1 - 'Yn){n + ’Y@ru
Un = (1 = Bn)Sn + Bnin, Vn > 1. (3.42)

Zn = Priy,),

u~)n = (]- - an)gn + angn

where {an}, {Bn}, {1} € (0,1), n € N satisfy the following conditions:

-7

n)a Vne Na

(11) i‘é O‘nﬂn(l - 'Vn) = 00,

n=0

and 5, € Py(én), Uy, € Isy(én), Iy € Py(gjn) If Yq = q and 7§ = § such that li_>m &, = q, then we have

_all < ———
lg—dll = -

Te

where € > 0 is a fixed number.

Proof . From (3.1)), (3.42) and (2.1) we have

l[wn, — @ |

VAN VAN VAN VAN

Also, from (3.1)), (3.42) and (2.1) we have

|20 — Znll

VAN VANVAN

Substituting (3.44)) into (3.45), we have

120 — Znl

<

Again, from (3.1]), (3.42) and (2.1) we have

IAIA

(3.43)

H((l - an)fn +~ansn) - ((1 - an)gn + angn)”

(I*O‘n)an*f?HJFO‘nHSn*gn” o

0ol €l +anllPrien) - Br@E)l

(1 —an)llén — é:nH + O‘n||PT(§n)~_ Pr(&n)|l + anl|Pr(&n) — Pr (&)l

(1 - an)”fn - gn” + a~n5”£n - fn” + Qp€

(1 - O‘n(l - 5))”571 - §n|| + ape (3.44)
1Pr(wp) — Pr(@y)]| i
| Pr(wy,) — Py (W) || + || Pr (@) — Pr(dy,)]]
O|wy, — Wy || + €. (3.45)
6(1 — an(1 = 0))||&n — Enll + ande + e (3.46)
(L = Bn)sn + Bnzn) — (1 = Bn)3n + BnZn)||

Substituting (3.46|) into (3.47)), we have

[VANVAN

IN

(L= Bn)lPr(&n) — PT(S}JH +Bn(0(1 = an(l = 9))l&n — Enll + ande +€)

(1= Ba)IPr(&n) = Pr(&a)ll + (1= Ba)[|Pr(én) — Pr(&)|l

+6,6(1 — an(l —0))[I& — gn” + anfnde + Bre

(1= Bn)dl1&n — gn” + (1= Bn)e+ Bnd(1 — an(l —9))[|§n — gn” + QpBnode + Bne

0(1 = cnfBu(1 = ))llen = Enll + anBude + e (3.48)
(1 — anfBn(1=0))I€n — gnH + anBrde + e (3.49)
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Furthermore, from (3.1)), (3.42) and (2.1)), we have

(1 =y )tn + vnvn) — (1 - 'Yn)fn + YnUn) ||

(1 =)t — En” + Y llvn — Tl

(1 =) 1Pr(yn) = Pr(@n)l| + vall Pr(zn) — Pr(z,)|
(1 =)0y — Gnll + mbllzn — Znll + €

||£n+1 - ﬁn-&-lH

IAINCIA

Substituting (3.46]) and (3.49) into (3.50]), we have

IN

(1= 7)3(8(1 = anBu(1 = 8))[l€n = &nll + anBrde + )
+70(0(1 — an (1 = 0))[|€n — &nll + ande+€) + €
= (°(1 = anfu(l = 9)) = 10*(1 — anfn(1 = 3)) + 7,6
_an7n52(1 —))én — énH +(1 - 'Yn)anﬁn(SQ’f + (1 —vn)de + an7n52€ + Ynoe+€
= 52(1 = anBn(l =6) + anBpyn(l = 6) — anyn(l = 9))[I&n — gnH
+(1 = Yn)anBrnd?€e + anyndie + e + ¢
< 52(1 = (1= 0)anfBn(l =) — gn” +(1— 'Yn)an/Bn52€ + an'}/na?e + de +e.

||£n+1 - gn+1 H

(3.50)

(3.51)

Since 8,02 € (0,1), an, Bn, 7 C (0,1) and by condition (i), 1 < 2a,B,(1 —,) for all n € N, then (3.51)) becomes

< (=1 =68)anbn(l—v))&n — {n” + anBn(1 = Yn)e + anyne + 2¢
< (1 - (1 - 5)O‘nﬂn(1 - 'Yn))”gn - §n|| + 7an/6n(1 - ’Yn)e

j . (1 — 8)anBn(1 —vn)Te
= (1— (1—(5)0571671(1_’Vn))”fn_gnn + (1_5) :

||£n+1 - gnJrl H

(3.52)
(3.53)

Now, we set ay, = [|€n—Enll; on = (1=0)nfBn(1=7n); by = ﬁ From Theorem ({3.11)), we have that nl;ngo & =q.

Thus by Lemma (2.12) > anfn(1 —45) = o0 and (17%5) >0, so we have that
n=0
Te
(1-0)

0 < limsup ||£, — & < limsup
n—oo n—oo

Since by Theorem(3.11)), lim &, = ¢, and by our assumption that lim &, = g, then from (3.54)
n—oo n—oo

o=l < =5

Thus, the multivalued UD iterative scheme (3.1]) is data dependent. This completes the proof. O

4 Rate of convergence

(3.54)

(3.55)

4.1 Rate of Convergence of Multivalued UD Iteration Scheme for Multivalued Contraction Mapping

In this section, we show that the multivalued UD iteration scheme (3.1)) converges faster than the multivalued

modified Piri et al iteration scheme ([1.3]) for multivalued contraction mapping.

Theorem 4.1. Let Py be a contraction mapping defined on a nonempty, closed and convex subset ¢ of a uniformly
convex Banach space 2 with a contraction factor 6 € (0,1) and F(Pr) # ¢. If {£,} is a sequence defined by ({3.1)),

then {&,} converges faster than the iteration process (1.3)).
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Proof .

(1 = an)én + ansn) — pll
1= )& = pll + and(sn, Prp))
1—an)ll&n — pll + anH(Pr(§a), Pr(p))
1 — o) [[&n = pll + 246]1&n — D]

— (1 =d8)an)|&n —pll
l€n — pll, since (1—(1—98)ay,) < 1.

Also, from (3.1)) and ( ., we have

d(zn, Pr(p))
H(Pr(wn), Pr(p))
6ljwn — pl|

3|&n —pll-

Again, from (3.1 , (4.1) and (4.2) we have

(1 = Bn)sn + Bnzn) — Dl

(1 = Brn)d(sn, Pr(p)) + Bnd(zn, Pr(p))

(1= Bp)H(Pr(&a), Pr(p)) + BuH(Pr(wn), Pr(p))
6((1 = Bp)lI&n — pll + Bullwn — pll)

8[|€n — -

Further, from (3.1}, (4.1), (4.2) and (4.3) we have that

[[wn = pll

(
(
(
(1

(VAN R VAN VAN VAN 1

l[zn — 1l

VAN VAN VAN VAN

yn — pll

I IA AN

l€ns1 =2l = [I((1 = vn)tn +Ynvn) — Pl
< (I =9)H(Pr(yn), —Pr(p)) + mH(Pr(zn), Pr(p))
< 6 =) llyn — 2l + ¥ llzn — pIl)
< (1= )ll&n — pll + 7 ll&n —pl)
= 62”£n 7p||
< 86 —pll.
Let

pn = 62"& — pl|.

Also from (|1.3)), we have

[((1 = Bn)&n + Busn) — pl|

(1 = Bu)ll&n — pll + Bnd(sn, Pr(p))
(1= (1 =8Bl —pl

l€n — pl|l, since (1—(1-10)8,) < 1.

Using (1.3]) and .

d(Pr(zn),p)
H(Pr(zn), Pr(p))
8[| zn — pll

8[|&n — plI.

l[zn — 1l

IA A A

Iyn = pll

VAN VAN VAN VA

61

(4.2)

(4.3)
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Using (1.3)), (4.6) and (4.7), we have

€nt1 =l = [[((1 = an)vn + antn) — pl|
< (1= ap)d(vn, Pr(p)) + and(t,, Pr(p))
< (1= an)H(Pr(z,), Pr(p)) + anH(Pr(yn), Pr(p))
< (1= an)dllzn —pll + andllyn — pll
< 6(1_ (1_5)0‘n)”£n_p|‘
< ||&n —p|, since (1—(1—=20)ay,) < 1.
< o —pl (4.8)
Let
rn = 6"[& — 4| (4.9)

So from (4.5) and (4.9)), we have that

5271 _
@_7||§1 4l =0"—0, as n— oo.

rn 0"|& —qll
Hence (3.1) converges faster than (1.3). O

4.2 Numerical Example

We now show the comparison between the rate of convergence of the multivalued UD iteration process (3.1) and
other well known iteration algorithms in literature.

Example 4.2. Let (R, ||.]|) be a normed space with the usual norm and ¢ = [0, 1]. Let 1" : { — P(() be a multivalued
contraction defined by

Tu=1[03] (4.10)

For Table Al/Table B1 (see (Appendix A) and (Appendix BJ) respectively), we use the following parameters:
Qp = n%_l , 8= #_7 , ¥ = #’41_5, and the initial value t; = 0.5. Obviously, the fixed point of T is p =0,
with a contraction constant § = %. Table Al/Table B1 shows the behavior of the multivalued UD iteration process
in comparison with the multivalued iteration processes (see Table (1)) of Mann , Ishikawa , Noor , Agarwal et
al. (S-iteration), Abbas and Nazir , Thakur et al. , modified Piri et al. to the fixed point of 7" in 80-iterations with

|t — p|l < 107 as the stop criterion.

From the Table A1l and Table B1, we observed that since Mann converges after 173 iterations, Ishikawa converges
after 157 iterations, Noor converges after 155 iterations, they have been excluded from the table, but S-iteration
converges at the 76th iteration, Thakur converges at the 67th iteration, Abbas and Nazir converges at the 52nd
iteration, modified Piri et al. converges at the 51st iteration, and NEW UD converges at the 38th iteration.

For Table C1 (see (Appendix C])), we use the following parameters: «,, = 8, = v, = % , and the initial value
t1 = 0.5. Number of iterations: 55-iterations with ||, — p|| < 10715 as the stop criterion.

Again, from Table C1, we observe that since Mann converges after 111 iterations and Ishikawa converges after 67
iterations, they have been excluded from the table, but Noor converges at the 54th iteration, S-iteration converges at
the 53rd iteration, Thakur converges at the 36th iteration, Abbas-Nazir converges at the 35th iteration, modified Piri
et al. converges at the 33rd iteration, and NEW UD converges at the 30th iteration.

Clearly, the tabulations in Table Al, Table B1 (See Figure 1) and Table C1 (See Figure 2) in ,
(Appendix BJ) and (Appendix C)]) respectively shows that the multivalued UD iteration process has a faster rate
of convergence than the modified Piri et al. iterative scheme and some well known iteration schemes in literature
for multivalued contraction mapping.
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Example 4.3. Let (R, ||.||) be a normed space with the usual norm and ¢ = [1,4]. Let 7" : { — P(({) be defined by

_J0,5], uel0,2]
T“{o, u € (2,4]

(SIS

(4.11)

o O

Then

(1) 7 is multivalued generalized a-nonexpansive mapping.
(2) Y does not satisfy Condition (C).

Proof .

(1) We now consider the following cases:

Case (i): If u € [0, 2], then

U v 1
Tu,Tv) = [Tu—To| = |2~ Y= Zju =
HTu,Tv) = [Tu v |2 2| 2|u v|

and,
ad(Tu—v) +ad(Tv—u) + (1= 20)[u—of = S1%— o+ 212 —ul+ Lju—y
- 32 32 3
13u 3v 1
> Z|22 2t Ty —
= 3l —gltgh—y
> Sl vl 4 glu—l
2 glu—vl+3lu—v
1
> 5\u—v|=?—l(Tu,Tv)
Case (ii): If u € (2,4], then
HTu,Tv)=Lu—-Yv|=]1-1]=0
and,
1 1 1
ad(Tu—v)+ad(Tv—u)+ (1 —2a)||lu—v| = 5\0—v|+§|0—u|+§|u—v\
> glu—vl+ gl
2 glu—vl+3lu—v
> 4o
-3
= 0=HQu,Tv).
Case (iii): If uw € [0,2] and v € (2, 4], then
H(mm:m—m:g_m:g
and,
1w 1 1
ad(Tu —v)+ad(Yv—u)+ (1 —2a)||Ju—v|]| = §\§—U|+§|O—u|+§|u—v\

> T Y puly Sl
“lv—=+ul+zlu—v
- 3 2 3

Yo+ Y Ll
= v+ -]+ |lu—vw
3 2 3

S 1‘ +u+ |
—|lv+=+u—v
- 3 2

1‘3u‘

3 2

U

5= H(Yu, Tv).

Hence, T is multivalued generalized %—nonexpansive mapping.
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(2) We now show that 7" does not satisfy Condition (C). Let u =2 and v =1}, then we have

HTu,Tv) = adPu—v)+adPv—u)+ (1 -2a)||u—2]|
19 14 +1 7 9 119 14
~3]10 5] 3[5 5| 3[5 5

_ LW
—3\10

(o
1
3

19 12

1

=
Also, |u—v\:f%—1—54’:1,and,

biaro = -2l

19 9

- 2‘5_10

19

- 3l

9

T2

< 1=lu—wv|.
But on the other hand, #(Tu,Tv) = 15 > 1= |z —y|.

Thus, 7" does not satisfy Condition (C). O

Hence, we show that Py is multivalued generalized a-nonexpansive mapping. We consider the following cases:

Case 1: If u € [0, 2], then we have

Py = {veTurlv—M:d(“’ {1ED}

2
{UGTU:|’U—U|=’U—%’}

= {vGTu:|vfu|:’g‘}

= {veTu:u—v:g}

= {veTu:v:g}.

Case 2: If u € (2,4], then we have

Pr = {veYu:|v—u|=d(u,{0})}
= {velu:|lv—u|l=|u—-0]}
= {weTlu:u—v=u}
= {veTu:v=0}

By following the same arguments as in Example (4.3), we can clearly show that Py is a multivalued generalized
a-nonexpansive mapping.

Finally, using the above Example (4.3), we show that the multivalued UD iteration process (3.1]) converges faster
than iterative processes of Mann, Ishikawa, Noor, Agarwal et al. (S-iteration) , Abbas and Nazir, Thakur et al., and
modified Piri et al. to the fixed point of multivalued generalized a-nonexpansive mapping.
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Example 4.4. Let (R,].]|) be a normed space with the usual norm and ¢ = [0,4]. Let Pr : {( — P(({) be a
multivalued generalized a-nonexpansive mapping defined by

_J[0,3], uwelo,2]
PT“_{O, u e (2,4]

For Table D1 (see (Appendix DJ)), we use the following parameters:

Choose «;, = 83%, Bn = %_;’_47 Yn = 52712, and the initial value ¢; = 0.5. Obviously, the fixed point of Py is
p = 0 € Pyru. Table D1 shows the behavior of the multivalued UD iteration process in comparison with the
multivalued iteration processes (see Table ) of Mann, Ishikawa, Noor, Agarwal et al. (S-iteration) , Abbas and
Nazir, Thakur et al., and modified Piri et al. to the fixed point of 7" in 40-iterations with ||t, — p|| < 10715 as the
stop criterion.

From Table D1, we observed that since Mann converges after 173 iterations, Ishikawa converges after 156 iterations,
Noor converges after 154 iterations, they have been excluded from the table, but S-iteration converges at the 33rd
iteration, Thakur converges at the 27th iteration, modified Piri et al. converges at the 25th iteration, Abbas-Nazir
converges at the 24th iteration and NEW UD converges at the 20th iteration.

For Table E1/Table F'1 (see (Appendix E)) and (Appendix F)), we use the following parameters:
Choose a,, = B = Yo = % , and the initial value ¢; = 0.5, Number of iterations:.’/ 60-iterations with
|tn — pl| < 10715 as the stop criterion.

Again, from Table E1/Table F1, we observe that Mann converges at the 57th iteration, Ishikawa converges at the
40th iteration, Noor converges at the 36th iteration, S-iteration converges at the 25th iteration, Thakur converges at
the 18th iteration, Abbas-Nazir converges at the 17th iteration, modified Piri et al. converges at the 16th iteration,
and NEW UD converges at the 14th iteration.

Clearly, the tabulations in Table Table D1 (See Figure 3), Table E1 and Table F'1 (See Figure 4) in (Appendix D)),

(Appendix E|) and (Appendix F|) respectively shows that the multivalued UD iteration process (3.1) has a faster
rate of convergence than some well known iteration schemes in literature for multivalued generalized a-nonexpansive
mapping.

GRAPH CORREZPONDING TO TAELE A7 AND TABLE B1

RGURE 1 10 Humber of erations
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Appendix A Table A1l

Convergence Analysis of Multivalued UD-Iteration Process in Comparison with Mann, Ishikawa, Noor, Agarwal, Thakur,

Udofia, Igbokwe

Abbas-Nazir and Piri et al. Iteration Schemes for Multivalued Contraction Mapping in 80-iterations

n AGARWAL THAKUR ABBAS-NAZIR | PIRI ET AL NEW UD

0 | 0.5000000000 | 0.5000000000 0.5000000000 0.5000000000 | 0.5000000000
1 | 0.3691406250 | 0.3537597656 0.3195800781 0.3178710938 | 0.2717285156
2 | 0.2725296021 | 0.2502919436 0.2042628527 0.2020840645 | 0.1476727724
3 | 0.2012034953 | 0.1770864386 0.1305566768 0.1284733652 | 0.0802538065
4 | 0.1485447680 | 0.1252921140 0.0834466260 0.0816759382 | 0.0436144954
5 | 0.1096678170 | 0.0886466178 0.0533357585 0.0519248396 | 0.0237026042
6 | 0.0809656930 | 0.0627192135 0.0340900917 0.0330108111 | 0.0128813469
7 | 0.0597754530 | 0.0443750685 0.0217890284 0.0209863653 | 0.0070004586
8 | 0.0441310962 | 0.0313962277 0.0139266788 0.0133419178 | 0.0038044484
9 | 0.0325811609 | 0.0222134443 0.0089013782 0.0084820200 | 0.0020675542
10 | 0.0240540602 | 0.0157164457 0.0056894063 0.0053923779 | 0.0011236269
11 | 0.0177586616 | 0.0111196923 0.0036364418 0.0034281621 | 0.0006106429
12 | 0.0131108869 | 0.0078673995 0.0023242687 0.0021794273 | 0.0003318582
13 | 0.0096795220 | 0.0055663388 0.0014855800 0.0013855539 | 0.0001803507
14 | 0.0071462096 | 0.0039382934 0.0009495235 0.0008808551 | 0.0000980128
15 | 0.0052759125 | 0.0027864195 0.0006068976 0.0005599967 | 0.0000532658
16 | 0.0038951073 | 0.0019714462 0.0003879048 0.0003560135 | 0.0000289477
17 | 0.0028756847 | 0.0013948367 0.0002479333 0.0002263328 | 0.0000157318
18 | 0.0021230641 | 0.0009868742 0.0001584691 0.0001438893 | 0.0000085496
19 | 0.0015674184 | 0.0006982328 0.0001012871 0.0000914765 | 0.0000046463
20 | 0.0011571956 | 0.0004940133 0.0000647387 0.0000581555 | 0.0000025251
21 | 0.0008543358 | 0.0003495241 0.0000413784 0.0000369719 | 0.0000013723
22 | 0.0006307401 | 0.0002472951 0.0000264474 0.0000235046 | 0.0000007458
23 | 0.0004656636 | 0.0001749661 0.0000169041 0.0000149429 | 0.0000004053
24 | 0.0003437907 | 0.0001237919 0.0000108045 0.0000094998 | 0.0000002203
25 | 0.0002538142 | 0.0000875852 0.0000069058 0.0000060394 | 0.0000001197
26 | 0.0001873863 | 0.0000619683 0.0000044139 0.0000038395 | 0.0000000651
27 | 0.0001383438 | 0.0000438438 0.0000028212 0.0000024409 | 0.0000000354
28 | 0.0001021366 | 0.0000310203 0.0000018032 0.0000015518 | 0.0000000192
29 | 0.0000754056 | 0.0000219475 0.0000011525 0.0000009866 | 0.0000000104
30 | 0.0000556705 | 0.0000155283 0.0000007366 0.0000006272 | 0.0000000057
31 | 0.0000411005 | 0.0000109866 0.0000004708 0.0000003987 | 0.0000000031
32 | 0.0000303437 | 0.0000077732 0.0000003009 0.0000002535 | 0.0000000017
33 | 0.0000224022 | 0.0000054997 0.0000001923 0.0000001612 | 0.0000000009
34 | 0.0000165391 | 0.0000038911 0.0000001229 0.0000001025 | 0.0000000005
35 | 0.0000122105 | 0.0000027531 0.0000000786 0.0000000651 | 0.0000000003
36 | 0.0000090148 | 0.0000019478 0.0000000502 0.0000000414 | 0.0000000001
37 | 0.0000066555 | 0.0000013781 0.0000000321 0.0000000263 | 0.0000000001
38 | 0.0000049136 | 0.0000009751 0.0000000205 0.0000000167 | 0.0000000000
39 | 0.0000036276 | 0.0000006899 0.0000000131 0.0000000106 | 0.0000000000
40 | 0.0000026782 | 0.0000004881 0.0000000084 0.0000000068 | 0.0000000000
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Appendix B Table B1: Continuation of Table Al

n AGARWAL THAKUR ABBAS-NAZIR | PIRI ET AL NEW UD
41 | 0.0000019773 | 0.0000003453 0.0000000054 0.0000000043 | 0.0000000000
42 | 0.0000014598 | 0.0000002443 0.0000000034 0.0000000027 | 0.0000000000
43 | 0.0000010777 | 0.0000001729 0.0000000022 0.0000000017 | 0.0000000000
44 | 0.0000007957 | 0.0000001223 0.0000000014 0.0000000011 | 0.0000000000
45 | 0.0000005874 | 0.0000000865 0.0000000009 0.0000000007 | 0.0000000000
46 | 0.0000004337 | 0.0000000612 0.0000000006 0.0000000004 | 0.0000000000
47 | 0.0000003202 | 0.0000000433 0.0000000004 0.0000000003 | 0.0000000000
48 | 0.0000002364 | 0.0000000306 0.0000000002 0.0000000002 | 0.0000000000
49 | 0.0000001745 | 0.0000000217 0.0000000001 0.0000000001 | 0.0000000000
50 | 0.0000001288 | 0.0000000153 0.0000000001 0.0000000001 | 0.0000000000
51 | 0.0000000951 | 0.0000000109 0.0000000001 0.0000000000 | 0.0000000000
52 | 0.0000000702 | 0.0000000077 0.0000000000 0.0000000000 | 0.0000000000
53 | 0.0000000518 | 0.0000000054 0.0000000000 0.0000000000 | 0.0000000000
54 | 0.0000000383 | 0.0000000038 0.0000000000 0.0000000000 | 0.0000000000
55 | 0.0000000283 | 0.0000000027 0.0000000000 0.0000000000 | 0.0000000000
56 | 0.0000000209 | 0.0000000019 0.0000000000 0.0000000000 | 0.0000000000
57 | 0.0000000154 | 0.0000000014 0.0000000000 0.0000000000 | 0.0000000000
58 | 0.0000000114 | 0.0000000010 0.0000000000 0.0000000000 | 0.0000000000
59 | 0.0000000084 | 0.0000000007 0.0000000000 0.0000000000 | 0.0000000000
60 | 0.0000000062 | 0.0000000005 0.0000000000 0.0000000000 | 0.0000000000
61 | 0.0000000046 | 0.0000000003 0.0000000000 0.0000000000 | 0.0000000000
62 | 0.0000000034 | 0.0000000002 0.0000000000 0.0000000000 | 0.0000000000
63 | 0.0000000025 | 0.0000000002 0.0000000000 0.0000000000 | 0.0000000000
64 | 0.0000000018 | 0.0000000001 0.0000000000 0.0000000000 | 0.0000000000
65 | 0.0000000014 | 0.0000000001 0.0000000000 0.0000000000 | 0.0000000000
66 | 0.0000000010 | 0.0000000001 0.0000000000 0.0000000000 | 0.0000000000
67 | 0.0000000007 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
68 | 0.0000000005 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
69 | 0.0000000004 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
70 | 0.0000000003 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
71 | 0.0000000002 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
72 | 0.0000000002 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
73 | 0.0000000001 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
74 | 0.0000000001 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
75 | 0.0000000001 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
76 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
77 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
78 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
79 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
80 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000

67
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Appendix C Table C1

Udofia, Igbokwe

Schemes for Multivalued Generalized a-Nonexpansive Mapping in 55-iterations

n NOOR AGARWAL THAKUR ABBAS-NAZIR | PIRI ET AL NEW UD

0 | 0.5000000000 | 0.5000000000 | 0.5000000000 0.5000000000 0.5000000000 | 0.5000000000
1 | 0.3238525391 | 0.3222656250 | 0.2618408203 0.2574462891 0.2475585938 | 0.2318115234
2 1 0.2097609341 | 0.2077102661 | 0.1371212304 0.1325571835 0.1225705147 | 0.1074731648
3 | 0.1358632222 | 0.1338757575 | 0.0718078709 0.0682527100 0.0606867685 | 0.0498270361
4 | 0.0879992990 | 0.0862871093 | 0.0376044636 0.0351428138 0.0300470621 | 0.0231009623
5 | 0.0569975928 | 0.0556147384 | 0.0196927672 0.0180947740 0.0148768169 | 0.0107101385
6 | 0.0369176303 | 0.0358454369 | 0.0103127406 0.0093168648 0.0073657677 | 0.0049654671
7 1 0.0239117366 | 0.0231035042 | 0.0054005929 0.0047971846 0.0036469182 | 0.0023021050
8 | 0.0154877532 | 0.0148909305 | 0.0028281914 0.0024700347 0.0018056519 | 0.0010673089
9 | 0.0100314964 | 0.0095976700 | 0.0014810719 0.0012718025 0.0008940093 | 0.0004948290
10 | 0.0064974512 | 0.0061859983 | 0.0007756102 0.0006548417 0.0004426394 | 0.0002294141
11 | 0.0042084321 | 0.0039870692 | 0.0004061728 0.0003371731 0.0002191584 | 0.0001063617
12 | 0.0027258229 | 0.0025697907 | 0.0002127052 0.0001736079 0.0001085091 | 0.0000493117
13 | 0.0017655293 | 0.0016563104 | 0.0001113898 0.0000893894 0.0000537247 | 0.0000228621
14 | 0.0011435423 | 0.0010675438 | 0.0000583328 0.0000460260 0.0000266000 | 0.0000105994
15 | 0.0007406782 | 0.0006880653 | 0.0000305478 0.0000236984 0.0000131701 | 0.0000049141
16 | 0.0004797410 | 0.0004434796 | 0.0000159973 0.0000122021 0.0000065208 | 0.0000022783
17 | 0.0003107307 | 0.0002858365 | 0.0000083775 0.0000062828 0.0000032285 | 0.0000010563
18 | 0.0002012618 | 0.0001842305 | 0.0000043871 0.0000032350 0.0000015985 | 0.0000004897
19 | 0.0001303583 | 0.0001187423 | 0.0000022975 0.0000016657 0.0000007914 | 0.0000002270
20 | 0.0000844337 | 0.0000765331 | 0.0000012031 0.0000008576 0.0000003919 | 0.0000001053
21 | 0.0000546882 | 0.0000493280 | 0.0000006301 0.0000004416 0.0000001940 | 0.0000000488
22 | 0.0000354218 | 0.0000317934 | 0.0000003300 0.0000002274 0.0000000961 | 0.0000000226
23 | 0.0000229429 | 0.0000204919 | 0.0000001728 0.0000001171 0.0000000476 | 0.0000000105
24 | 0.0000148602 | 0.0000132076 | 0.0000000905 0.0000000603 0.0000000235 | 0.0000000049
25 | 0.0000096250 | 0.0000085127 | 0.0000000474 0.0000000310 0.0000000117 | 0.0000000023
26 | 0.0000062342 | 0.0000054867 | 0.0000000248 0.0000000160 0.0000000058 | 0.0000000010
27 | 0.0000040379 | 0.0000035364 | 0.0000000130 0.0000000082 0.0000000029 | 0.0000000005
28 | 0.0000026154 | 0.0000022793 | 0.0000000068 0.0000000042 0.0000000014 | 0.0000000002
29 | 0.0000016940 | 0.0000014691 | 0.0000000036 0.0000000022 0.0000000007 | 0.0000000001
30 | 0.0000010972 | 0.0000009469 | 0.0000000019 0.0000000011 0.0000000003 | 0.0000000000
31 | 0.0000007107 | 0.0000006103 | 0.0000000010 0.0000000006 0.0000000002 | 0.0000000000
32 | 0.0000004603 | 0.0000003933 | 0.0000000005 0.0000000003 0.0000000001 | 0.0000000000
33 | 0.0000002981 | 0.0000002535 | 0.0000000003 0.0000000002 0.0000000000 | 0.0000000000
34 | 0.0000001931 | 0.0000001634 | 0.0000000001 0.0000000001 0.0000000000 | 0.0000000000
35 | 0.0000001251 | 0.0000001053 | 0.0000000001 0.0000000000 0.0000000000 | 0.0000000000
36 | 0.0000000810 | 0.0000000679 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
50 | 0.0000000002 | 0.0000000001 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
51 | 0.0000000001 | 0.0000000001 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
52 | 0.0000000001 | 0.0000000001 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
53 | 0.0000000001 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
54 | 0.0000000000 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
55 | 0.0000000000 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
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GRAPH CORRESPOMDING TO TABLE C1

FIGURE - 10" Kumber of Reratons

GRAPH CORRESPONDING TO TABLE I

GRAPH CORRESPONDING TO TABLE E1 AND F1
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Appendix D Table D1

Convergence Analysis of Multivalued UD-Iteration Process in Comparison with Agarwal, Thakur, Piri et al. and Abbas-Nazir

Iteration Schemes for Multivalued Generalized a-Nonexpansive Mapping in 40-iterations

n AGARWAL THAKUR PIRI et al. ABBAS-NAZIR NEW UD

0 | 0.5000000000 | 0.5000000000 | 0.5000000000 0.5000000000 0.5000000000
1 | 0.2437500000 | 0.2089285714 | 0.1968750000 0.1910714286 0.1547619048
2 | 0.1188281250 | 0.0873022959 | 0.0775195313 0.0730165816 0.0479024943
3 | 0.0579287109 | 0.0364798879 | 0.0305233154 0.0279027651 0.0148269625
4 | 0.0282402466 | 0.0152433817 | 0.0120185555 0.0106628424 0.0045892979
5 | 0.0137671202 | 0.0063695559 | 0.0047323062 0.0040747291 0.0014204970
6 | 0.0067114711 | 0.0026615644 | 0.0018633456 0.0015571286 0.0004396776
7 | 0.0032718422 | 0.0011121537 | 0.0007336923 0.0005950456 0.0001360907
8 | 0.0015950231 | 0.0004647214 | 0.0002888914 0.0002273924 0.0000421233
9 | 0.0007775737 | 0.0001941871 | 0.0001137510 0.0000868964 0.0000130382
10 | 0.0003790672 | 0.0000811425 | 0.0000447894 0.0000332068 0.0000040356
11 | 0.0001847953 | 0.0000339060 | 0.0000176358 0.0000126898 0.0000012491
12 | 0.0000900877 | 0.0000141679 | 0.0000069441 0.0000048493 0.0000003866
13 | 0.0000439177 | 0.0000059201 | 0.0000027342 0.0000018531 0.0000001197
14 | 0.0000214099 | 0.0000024738 | 0.0000010766 0.0000007082 0.0000000370
15 | 0.0000104373 | 0.0000010337 | 0.0000004239 0.0000002706 0.0000000115
16 | 0.0000050882 | 0.0000004319 | 0.0000001669 0.0000001034 0.0000000035
17 | 0.0000024805 | 0.0000001805 | 0.0000000657 0.0000000395 0.0000000011
18 | 0.0000012092 | 0.0000000754 | 0.0000000259 0.0000000151 0.0000000003
19 | 0.0000005895 | 0.0000000315 | 0.0000000102 0.0000000058 0.0000000001
20 | 0.0000002874 | 0.0000000132 | 0.0000000040 0.0000000022 0.0000000000
21 | 0.0000001401 | 0.0000000055 | 0.0000000016 0.0000000008 0.0000000000
22 | 0.0000000683 | 0.0000000023 | 0.0000000006 0.0000000003 0.0000000000
23 | 0.0000000333 | 0.0000000010 | 0.0000000002 0.0000000001 0.0000000000
24 | 0.0000000162 | 0.0000000004 | 0.0000000001 0.0000000000 0.0000000000
25 | 0.0000000079 | 0.0000000002 | 0.0000000000 0.0000000000 0.0000000000
26 | 0.0000000039 | 0.0000000001 | 0.0000000000 0.0000000000 0.0000000000
27 | 0.0000000019 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000
28 | 0.0000000009 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000
29 | 0.0000000004 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000
30 | 0.0000000002 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000
31 | 0.0000000001 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000
32 | 0.0000000001 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000
33 | 0.0000000000 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000
34 | 0.0000000000 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000
35 | 0.0000000000 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000
36 | 0.0000000000 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000
37 | 0.0000000000 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000
38 | 0.0000000000 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000
39 | 0.0000000000 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000
40 | 0.0000000000 | 0.0000000000 | 0.0000000000 0.0000000000 0.0000000000

Udofia, Igbokwe
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Appendix E Table E1

Convergence Analysis of Multivalued UD-Iteration Process in Comparison with Mann, Ishikawa, Noor and Agarwal Iteration

Schemes for Multivalued Generalized a-Nonexpansive Mapping in 60-iterations

n MANN ISHIKAWA NOOR AGARWAL NEW UD

0 | 0.5000000000 | 0.5000000000 | 0.5000000000 | 0.5000000000 | 0.5000000000
1 | 0.3333333333 | 0.2777777778 | 0.2592592593 | 0.1944444444 | 0.0879629630
2 | 0.2222222222 | 0.1543209877 | 0.1344307270 | 0.0756172840 | 0.0154749657
3 | 0.1481481481 | 0.0857338820 | 0.0697048214 | 0.0294067215 | 0.0027224477
4 | 0.0987654321 | 0.0476299345 | 0.0361432407 | 0.0114359473 | 0.0004789491
5 | 0.0658436214 | 0.0264610747 | 0.0187409396 | 0.0044473128 | 0.0000842596
6 | 0.0438957476 | 0.0147005971 | 0.0097175243 | 0.0017295105 | 0.0000148234
7 1 0.0292638317 | 0.0081669984 | 0.0050387163 | 0.0006725874 | 0.0000026078
8 | 0.0195092212 | 0.0045372213 | 0.0026126677 | 0.0002615618 | 0.0000004588
9 | 0.0130061474 | 0.0025206785 | 0.0013547166 | 0.0001017185 | 0.0000000807
10 | 0.0086707650 | 0.0014003769 | 0.0007024456 | 0.0000395572 | 0.0000000142
11 | 0.0057805100 | 0.0007779872 | 0.0003642311 | 0.0000153833 | 0.0000000025
12 | 0.0038536733 | 0.0004322151 | 0.0001888606 | 0.0000059824 | 0.0000000004
13 | 0.0025691155 | 0.0002401195 | 0.0000979277 | 0.0000023265 | 0.0000000001
14 | 0.0017127437 | 0.0001333997 | 0.0000507773 | 0.0000009047 | 0.0000000000
15 | 0.0011418291 | 0.0000741110 | 0.0000263290 | 0.0000003518 | 0.0000000000
16 | 0.0007612194 | 0.0000411728 | 0.0000136521 | 0.0000001368 | 0.0000000000
17 | 0.0005074796 | 0.0000228738 | 0.0000070788 | 0.0000000532 | 0.0000000000
18 | 0.0003383197 | 0.0000127076 | 0.0000036705 | 0.0000000207 | 0.0000000000
19 | 0.0002255465 | 0.0000070598 | 0.0000019032 | 0.0000000080 | 0.0000000000
20 | 0.0001503643 | 0.0000039221 | 0.0000009869 | 0.0000000031 | 0.0000000000
21 | 0.0001002429 | 0.0000021790 | 0.0000005117 | 0.0000000012 | 0.0000000000
22 | 0.0000668286 | 0.0000012105 | 0.0000002653 | 0.0000000005 | 0.0000000000
23 | 0.0000445524 | 0.0000006725 | 0.0000001376 | 0.0000000002 | 0.0000000000
24 | 0.0000297016 | 0.0000003736 | 0.0000000713 | 0.0000000001 | 0.0000000000
25 | 0.0000198011 | 0.0000002076 | 0.0000000370 | 0.0000000000 | 0.0000000000
26 | 0.0000132007 | 0.0000001153 | 0.0000000192 | 0.0000000000 | 0.0000000000
27 | 0.0000088005 | 0.0000000641 | 0.0000000099 | 0.0000000000 | 0.0000000000
28 | 0.0000058670 | 0.0000000356 | 0.0000000052 | 0.0000000000 | 0.0000000000
29 | 0.0000039113 | 0.0000000198 | 0.0000000027 | 0.0000000000 | 0.0000000000
30 | 0.0000026075 | 0.0000000110 | 0.0000000014 | 0.0000000000 | 0.0000000000
31 | 0.0000017384 | 0.0000000061 | 0.0000000007 | 0.0000000000 | 0.0000000000
32 | 0.0000011589 | 0.0000000034 | 0.0000000004 | 0.0000000000 | 0.0000000000
33 | 0.0000007726 | 0.0000000019 | 0.0000000002 | 0.0000000000 | 0.0000000000
34 | 0.0000005151 | 0.0000000010 | 0.0000000001 | 0.0000000000 | 0.0000000000
35 | 0.0000003434 | 0.0000000006 | 0.0000000001 | 0.0000000000 | 0.0000000000
36 | 0.0000002289 | 0.0000000003 | 0.0000000000 | 0.0000000000 | 0.0000000000
37 | 0.0000001526 | 0.0000000002 | 0.0000000000 | 0.0000000000 | 0.0000000000
38 | 0.0000001017 | 0.0000000001 | 0.0000000000 | 0.0000000000 | 0.0000000000
39 | 0.0000000678 | 0.0000000001 | 0.0000000000 | 0.0000000000 | 0.0000000000
40 | 0.0000000452 | 0.0000000000 | 0.0000000000 | 0.0000000000 | 0.0000000000
57 | 0.0000000000 | 0.0000000000 | 0.0000000000 | 0.0000000000 | 0.0000000000
60 | 0.0000000000 | 0.0000000000 | 0.0000000000 | 0.0000000000 | 0.0000000000
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Appendix F Table F1

Convergence Analysis of Multivalued UD-Iteration Process in Comparison with Thakur, Abbas-Nazir and Piri et al. Iteration

ing in 60-iterations

n THAKUR ABBAS-NAZIR PIRI et al. NEW UD

0 | 0.5000000000 0.5000000000 0.5000000000 | 0.5000000000
1 | 0.1296296296 0.1203703704 0.1111111111 | 0.0879629630
2 | 0.0336076818 0.0289780521 0.0246913580 | 0.0154749657
3 | 0.0087131027 0.0069761977 0.0054869684 | 0.0027224477
4 | 0.0022589525 0.0016794550 0.0012193263 | 0.0004789491
5 | 0.0005856544 0.0004043132 0.0002709614 | 0.0000842596
6 | 0.0001518363 0.0000973347 0.0000602136 | 0.0000148234
7 | 0.0000393650 0.0000234324 0.0000133808 | 0.0000026078
8 | 0.0000102057 0.0000056411 0.0000029735 | 0.0000004588
9 | 0.0000026459 0.0000013581 0.0000006608 | 0.0000000807
10 | 0.0000006860 0.0000003269 0.0000001468 | 0.0000000142
11 | 0.0000001778 0.0000000787 0.0000000326 | 0.0000000025
12 | 0.0000000461 0.0000000189 0.0000000073 | 0.0000000004
13 | 0.0000000120 0.0000000046 0.0000000016 | 0.0000000001
14 | 0.0000000031 0.0000000011 0.0000000004 | 0.0000000000
15 | 0.0000000008 0.0000000003 0.0000000001 | 0.0000000000
16 | 0.0000000002 0.0000000001 0.0000000000 | 0.0000000000
17 | 0.0000000001 0.0000000000 0.0000000000 | 0.0000000000
18 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
19 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
20 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
21 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
22 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
23 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
24 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
25 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
26 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
27 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
28 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
29 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
30 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
31 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
32 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
33 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
34 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
35 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
36 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
37 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
38 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
39 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
40 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
60 | 0.0000000000 0.0000000000 0.0000000000 | 0.0000000000
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