N
A

Some inequalities for the growth of rational functions with
prescribed poles

Nisar Ahmad Rather, Mohmmad Shafi Wani, Aijaz Ahmad Bhat*

Department of Mathematics, University of Kashmir, Srinagar-190006, India

(Communicated by Choonkil Park)

Abstract

Let R,, be the set of all rational functions of the type r(z) = f(z)/w(z), where f(z) is a polynomial of degree at most
n and w(z) = H?zl(z — Bj), 1Bj] > 1 for 1 < j < n. In this paper, we prove some results concerning the growth
of rational functions with prescribed poles by involving some of the coefficients of polynomial f(z). Our results not
only improve the results of N. A. Rather et al. [§], but also give the extension of some recent results concerning the
growth of polynomials by Kumar and Milovanovic [3] to the rational functions with prescribed poles and we obtain

the analogous results for such rational functions with restricted zeros.
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1 Introduction

Let P,, be the class of all complex polynomials of degree at most n. If f € P,, then

max | ()] < 0" max | (), v 1. (L.1)

|z|=v |z|=

Inequality (1.1)) is a simple consequence of Maximum Modulus Principle (see [5], [6], [9]). The reverse analogue of
inequality ([1.1)) whenever v < 1 was given by Varga [I1], and he proved that if f € P, then

mas £(2)| > " mae |£(2). (12)
z|=n |z|=1

whenever 0 < n < 1. The equality in (1.1) and (1.2)) holds whenever f(z) = Az", A # 0.

For the class of polynomials having no zeros inside the unit circle, T. J. Rivlin [I0] proved the following result:

Theorem 1.1. If f € P, does not vanish in |z| < 1, then for 0 <7 <1 and |z| =1,

o = () 1 (1.9

The result is best possible and equality holds for f(z) = (z + ()™, |(] = 1.

*Corresponding author
Email addresses: dr.narather@gmail.com (Nisar Ahmad Rather), wanishafi1933@gmail.com (Mohmmad Shafi Wani),
aijazb8240gmail.com (Aijaz Ahmad Bhat)

Recetved: June 2022  Accepted: August 2022


http://dx.doi.org/10.22075/ijnaa.2022.27564.3652

718 Rather, Wani, Bhat

As a generalization of inequality (1.3), A. Aziz [I] established the following result:

Theorem 1.2. If f € P, has no zeros in |z| < k, then for |z| =1,

1 (n2)] > <:J+r’17>n|f(z), k>1 and 0<n<l, (1.4)
and
o= (FE0) 15 k<t and 0<p<i (15)

The result is sharp and equality holds for f(z) = (z + k)™.

Recently Kumar and Milovanovic [3] sharpened the inequalities (1.3), (1.4) and (L.5) by involving some of the
coefficients of underlying polynomial and obtained the following result:

n

Theorem 1.3. If f(z) = Z ;27 is a polynomial of degree n having no zeros in |z| < k, then for |z| =1,

k " ool — o, |E™
o= { () g [ (D H o, k21 ot 001

and

k " — |, |E™ "
f(nz)|>{(ki;7) +H§ZL|JO|‘QL| ](kL) }|f(z)|, k<1, 0<n<k® and (1.7)

p=min{1 — n, k + n}. The result is sharp and equality holds for f(z) = (2 4+ k)™ and also for f(z) = z 4+~ for any
with |y| > k.

For 3 €C,j=1,2,... ,n, we define

z) = i (z = Bj), B(z) = ﬁ <1z—65JgZ)

j=1 j=1
and
z
Rn = Rn(ﬁlaﬁ%"wﬂn) = { f( )vf S Pn} .
w(z)
Then R, is the set of all rational functions with poles 8;,j =1,2,...,n at most and with finite limit at infinity. It is

clear that B(z) € R, and |B(z)| = 1 for |z| = 1. Throughout this paper, we shall assume that all the poles §;, j = 1,
2,...,nliein |z| > 1.

The problem concerning estimation of the inequalities for the rational functions has been evolved subsequently over
the last many years. Li, Mohapatra and Rodriguez [4] were the first mathematicians who obtained Bernstein-type
inequalities for rational functions. For the latest publications concerning to the growth estimates for the rational
functions, one can refer the papers [2], [7] and [12]. Very recently N. A. Rather et al. [§] extended the inequalities
, and to the rational functions and they proved the following result:

Theorem 1.4. Let r € R,, have no zeros in |z| < k, then for |z| = 1,

"7—'—k n n Iﬁ
|r(nz)|2(1+k> |=|(|5j+77> r(z)], k>1 and 0<n<1, (1.8)
and
+k n n |ﬁ|—1
r(nz>z(717+k) H(ﬁjun) (=), k<1 and 0<n<k (L9)
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2 Main results

In this section, we establish some results concerning to the rational functions of the type r(z) = f(z)/w(z), where
flz) = Z?:l ajzd and w(z) = H?Zl(z — Bj), 18] > 1 for 1 < j < n by involving some coefficients of f(z). The
obtained results bring forth extensions of inequalities and to the rational functions with prescribed poles
and also sharpen the inequalities and . We begin by presenting the following result:

Theorem 2.1. Let r € R,, have no zeros in |z| < k, k > 1, then for 0 <n <1 and |z] =1,
E+n\" 1 a0|—an|k”} (1—17)”} . <|Bj|—1>

r(nz)| > + r(z)|. 2.1

roal > {(i51) + e [ | (3 {57 @) 2

Remark 2.2. Since r(z) = f(z)/w(z), where f(z) = Z?:l a;z? has all its zeros in |z| > k, k > 1, we always have the
situation

log| — o |K™
o] + [an|

Therefore, for all rational functions satisfying the hypothesis of Theorem excepting those satisfying |ag| =
|an | K™, our above inequality ([2.1]) sharpens the inequality (1.8)).

Remark 2.3. Take w(z) = (z—f3)",|B| > 1 in Theorem[2.1] Then inequality (2.1)) reduces to the following inequality

k+n\" | 1 Tlaol—lanlk™] (1=n\" (18] -1\"
If(nZ)IZ{(kH) +kn1[ o] + |aun] }<k+1> }<|ﬂ|+n)

Letting |8| — oo in inequality (2.2)), we immediately get inequality (1.6]).

n

2B f2)). (2.2)

z—p

Theorem 2.4. Let r € R, have no zeros in |z| < k, k < 1, then for |z| =1,

otz {(5) i ] () NG o e

J

whenever 0 < 1 < k? and p = min {1 — 1,k + n}.

Remark 2.5. As before, it can be easily seen that inequality sharpens the inequality .

Remark 2.6. Take w(z) = (z—$)",|8| > 1 in Theorem[2.4] Then inequality reduces to the following inequality
vz { () + e (751) 1 (55)

nz—p
[f(2)]- (2.4)
Letting | 8] — oo in inequality (2.4), we immediately obtain inequality (|1.7)).

z=p

3 Preliminaries

In order to establish our results stated above, we need the following two lemmas due to Kumar and Milovanovic

3] -
Lemma 3.1. Forany 0 <n<landn; >k >1,1<j<n, we have

ﬁn+m><k+n)"+ 1 [mnz---nn—k”]<1—n>”
Wy = \k+1 kvt e 1 \k+1)

J=1

Lemma 3.2. Forany 0 <n<landn; >k, 1<j<n, k>0 we have

ﬁnJrnj N (k+n>"+ [771772-~-77nkn:| ( p )"
1+’I]j_ k+1 7]17’]2...77n+kn k+1 ’

j=1

where p = min {1 — 7,k + n}.
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4 Proofs of the theorems

Proof . [Proof of Theorem \ By assumption r € R,, with no zero in |z| < k, k > 1, we have r(z) = 1z) where

f(z) =cll(z—2%), |zl >k, k>1and w(z) = [[ (2 — B;), |B;] > 1. Since all the zeros of f(z) lie in |z| > k, k > 1,
=1 j

Jj=1
n

we write f(z) = ¢ [[ (z —n;e"%), where n; > k> 1, j =1,2,...,n. Hence, for 0 <7 <1 and 0 < § < 27, we have

j=1
r(ne’®) | _ | f(ne®) )
T<ei9) w(neze 619
_ ’f (ne’) ’
f(ei?) (776”9)
ne” —n;e'’ — B (
_ . 4.1)
jl;[l et nj620 J1;[1 ’176“9 _ ﬁj
Now,
12[ net? 777,(3.1'9] _ ﬁ nei(0=0,) 77;"
i et _ njewj et et(0—6;) _ nj
B ﬁ <77 +77J — 2nn; cos(6 — 0; ))
e 14+ nj 2n; cos(6 — 0;)
Tt
> 1]
= L
Thus we have,
f[ 77619 Wjeiej > = 77+77] (4 2)
e ettt njezaj - i 1+ n;j
Now employing Lemma [3.1] to the right hand side of the inequality and using the fact that
_ el
mnz...n )
||
we get
n i0 i0; n n n
e’ — et k+ 1 agl — |an |k 1-—
[ | () 1 i) (1 »
oy | e —myetts kE+1 k lao| + || E+1
Also for |B;] > 1, 7 =1,2,...,n, we have
n i0 n
— B —1
H 6‘9 ﬂj ZH|BJ‘ ) (44)
o imet? =Bl 1B+

Using inequalities (4.3) and (4.4) in equation (4.1]), we obtain for 0 < 6 < 2,

>{(k+n>n+ L {|ao|—|an|kn]< )} (6j|—1>
“ W\ k+1 k=t ool + fom| ] \E+1 -\ Bl +n)

Jj=

1(||§j+77> @l

r(ne’)
r(et?)

That is, for |z| =1 and 0 <7 < 1, we have

E+n\" 1 || — |oun [E™ "\ —
>
Ir(n=)l 2 {(k+1) T [ || + o] k+1 -

J
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“~

This completes the proof of Theorem 2.1 O
Proof .[Proof of Theorem By hypothesis r € R,, with no zero in |z| < k, k < 1, we have r(z) = w((zz)), where

f(z) =cll(z—2%), |zj| >k, k <1and w(z) = [[(2— Bj), |B;] > 1. Since all the zeros of f(z) lie in |2| >k, k > 1,
=1

j=1
we write f(z) = ¢ [ (z — n;e%), where n; > k, k <1, j =1,2,...,n. Hence for 0 < n < k% and 0 < 6 < 27, we have
j=1
r(nem) B n neie _ njew] ew _ ﬂj
o | = H i 0, i : (4.5)
o) |~ L e e | L fa =,
Now,
" et — et _ nel0=03) —p. ‘
et et — 77]'6“9-7 L ei(0—0;) _ n;
ﬁ (n2 + 177 — 201, cos(6 — 9]-))1/2
e 1+ n? —2n; cos(f — 6,)
n
> H n+mn;
P
Therefore, we have
ﬁ nele njeiej > ﬁ 77 + 77] (4 6)
0 _ .ty | — L :
ol e —n e ot 1+,
Now applying Lemma to the right hand side of the inequality (4.6)) and using the fact that
_ el
mnz...Mn = 17—,
|ovn|
we get
= — ;€' k " I "
Il nee 2<+n) [771772 U ](p)’ (4.7)
e e — ;e k+1 mnz... My +E" | \k+1
where p = min {1 — n, k + n}. Again as before, for |5;| > 1, j =1,2,...,n, we have
H - i0 i =z 5] : (4.8)
oy e =B o 1Bl

Using inequalities (4.7) and (4.8) in equation (4.5, we have for |z| = 1 and 0 < n < k2,

o= {(5) i ] (2) NG o

where p = min {1 — n, k + n} . This completes the proof. O
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