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Abstract
This paper is concerned with the following quasilinear elliptic system

—div(a(|Du|)Du) = f(z,u, Du) in
u=20 on 0f,

where ) is a bounded open subset of R"”. By means of the Young measure and the theory of Sobolev spaces, we obtain
the existence of a weak solution u € W, ?(Q; R™).
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1 Introduction

In this paper, we study the existence of weak solutions to the following boundary value system in the framework
of Sobolev spaces

(1.1)

—div(a(|Du|)Du) = f(x,u, Du) in
u=20 on 01,

where () is a bounded open domain of R™, n > 2. f: Q x R™ x M™*" — R™ is a function assumed to satisfy some
assumptions (see the third section) and the function a : (0,00) — (0,00) belongs to C(0, 00) and satisfying

i /
ety =g T E W

) S =: hy < 00. (1.2)

Here, we denote by M™*™ the set of m x n matrices with reduced R™" topology, i.e., if v € M™*™ then |v| is the
norm of v when regarded as a vector of R™". We endow M"™*" with the product

Yim=> 7ijpi; for any y,pu € MM,
i
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The study of partial differential equations involving the p-Laplacian generalised several types of problems not only in
physics, but also in biophysics, plasma physics, and in the study of chemical reactions. These problems appear, for
example, in a general reaction-diffusion system:

up = —div (a|VuP72Vu) + f,

where a € RT is a positive constant, the function u generally describes the concentration, the term div (a\Vu|p _QVu)
corresponds to the diffusion with coefficient D(u) = a|Vu[P~2, and f is the reaction term related to source and loss
processes. In general, the reaction term has a polynomial form with respect to the concentration wu.

Because of the importance of this kind of problems, many authors have investigated the existence and uniqueness
of their different types of solutions. When a(|Du|) = |Du — ©(u)|P~2 and f € W1 (Q;R™), the authors studied
the existence of weak solutions to problem by using Young measures and without any Leray-Lions type growth
conditions. In the case of a(|Du|) = |Du — ©(u)|P~2? and f depends on u and Du, the existence of weak solutions
has been established in [5] under some conditions on the function f(z,u, Du). Cianchi and Maz’ya in their papers
[8, @] proved global Lipschitz regularity and obtained a sharp estimate for the decreasing of the length of the gradient
for Dirichlet and Neumann problems associated to — div (|Du\p*2Du) = f in Q. For more topics, the reader can see
[15, [17] and references therein. In [12], Hungerbiihler proved some existence result by using the tool of Young measures
and weak monotonicity over o for the following quasilinear elliptic system

—divo(z, u, Du)=f in Q. (1.3)

E. Azroul F. Balaadich in [3], treated the following elliptic problem

—div(a(|Dul)Du) = f in Q
u=0 on 09,

they proved the existence of weak solutions (i.e., in the sense of Definition under some conditions on the function
a: (0,00) = (0,00).

A large number of papers were devoted to the study of the existence of solutions of the elliptic problem of the type
under classical monotone methods developed by [7, [13] [14] [18].

The main goal of the paper is to prove the existence of a weak solution for a class of quasilinear elliptic types, we
extend the result of established in [4] by considering a general source term by using the Galerkin’s method to construct
the approximating solutions and the theory of Young measures to identify weak limits when passing to the limit.

This paper is organized as follow. In Sec. 2 we introduce the basic assumptions and we recall some definitions,
basic properties of Sobolev spaces we summarize some useful properties about the tool of Young measures. In Sec. 3
we establish some general convergence results for functions a obtained from the constructed approximating solutions
by the Galerkin scheme, and we get the weak solutions by passing to the limit.

2 Preliminaries

In this section, we recall the properties of Lebesgue and Sobolev spaces which shall be used in the sequel. Let €2
be a bounded open domain in RY (N > 2) with smooth boundary 9f).

2.1 Lebesgue and Sobolev spaces

We define the Lebesgue space LP(Q)) by
LP(Q) = {u : Q — R : u is measurable and / lulPdz < oo} )
Q

endowed with the norm

lull, = ( / |upda:)
Q

We denote by LP' () the dual space of LP(Q), where

1 1
—+==1
p p
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The classical Sobolev space is defined by
WhP(Q) = {u € LP(Q) and |Vu| € LF(Q)},

with the norm

lullip = llully + IVull, Yue WH(Q).

For 1 < p < oo, W'P(Q) is a reflexive Banach space. The space W, () is well defined as the closure of D(Q)
in W1P(Q) with respect to the norm |jul|;,. We can identify the dual of WyP(€) to a subspace of the space of
distributions D’(2) by:

Wb (Q) = (Wol’p(Q))/ <pl - pfl> .

In the manipulation of Sobolev spaces, very often one uses certain so-called Sobolev injections. We recall one of
these injections given by the Rellich-Kondrachov theorem.

Proposition 2.1. Assume € of class C*° and p < N. Then

Np

WHP(Q) e L9(Q),Vq € [1,p*[ with p* = N

In particular, W1P(Q) << LP(Q) for all p € [1, +00).

In the sequel, the Holder inequality and the following Poincaré inequality (see [12], Lemma 2.2]); there exists a
positive constant « such that

lully < &l Dullp,  Vu € Wy (R™) (2.1)

are central to establish the required estimates to prove the desired results.

2.2 A review on Young measures

As mentioned before, we will use the tool of Young measure to prove our main result. In the following, we briefly
summarize some useful properties needed in the sequel.

In the following, Co(R™) denotes the set of functions ¢ € C(R™) satisfying lim|y|—o ¢(A) = 0. We know that
(Co(R™)) = M(R™) and the duality pairing is given for v : & — M(R™) by

o) = [ .
If (X) = A, note that (v, A\) =[5, Addv(X).

Lemma 2.2. ([I1]). Let (zx)r be a bounded sequence in L*°(2;R™). Then there exists a subsequence ( denoted
again by (z;) ) and a Borel probability measure v, on R™ for a.e. © € Q, such that for each ¢ € Co(R™) we have,
o(zr) =% @ weakly in  L>®(Q;R™), where @(x) = (vg, ¢) for a.e. z € Q.

Definition 2.3. We call v = {1, },cq the family of Young measures associated to (zx) . In [6], it is shown that if for
all R >0

lim sup {z € QN Br(0) : |z(x)] > L}| =0,
L—00 peN

then the Young measure v, generated by zj is a probability measure, i.e., |[vz||m = 1 for a.e. x € Q. The following
properties build the basic tools used in the sequel. If || < oo, then there holds

2k — 2 in measure & Vy = 05, for a.e. x € (). (2.2)

If we choose z; = Dwy, for wy : 2 — R™, the above results remain valid.

Lemma 2.4. [I]. Assume that Dwy is bounded in LP(Q2;M™*™) | then the Young measure v, generated by Duwy
satisfies:



1114 El Hammar, Ait Temghart, Allalou, Melliani

1. v, is a probability measure.
2. The weak L!- limit of Dwy, is given by (v, id).
3. The identification (v, id) = Dw(zx) holds for a.e. x € Q.

We conclude this section by recalling the following Fatou-type inequality.

Lemma 2.5. [10]. Let ¢ : M™*™ — R be a continuous function and wy : € — R™ be a sequence of measurable
functions such that Dwy generates the Young measure v, with ||vg|| p¢qumxn) = 1. Then

k— oo

liminf/go(Dwk)de// p(N)dvg(N)dx
(9] Q JMmMmXn

provided that the negative part of p(Dwy) is equiintegrable.

3 Main result

In this section we give the notion of a weak solution for the quasilinear elliptic system (|1.1)) and we state the main
result of this paper. Firstly, we suppose the following assumptions

(Ao) There exists a3 > 0 such that
la(l€Dg] < ailelP~,
(A1) There exists ag > 0 and d; € L(Q) such that

a([§))S < € = aol€]” —di(x), VEeM™ ™,

(A2) The function a satisfies one of the following conditions:

(i) There exists a convex and C'-function b : M™*™ — R such that

a(lghe = T == DE)

(i) a is striclty p-quasimonotone, i.e.,
[ (@ADA = alXDX): (A= R (3) >0

for X = (v, id), where v = {v,},cq is any family of Young measures generated by a sequence in LP(Q)
and not a Dirac measure for a.e. z € Q.

(iii) a is striclty quasimonotone, i.e. there exist constants ¢ > 0 and r > 0 such that
/(a(|Du|)Du —a(|Dv|)Dv) : (Du — Dv)dx > c/ |Du — Dv|"dx
Q Q

for all u,v € WyP().

(A3) f: Q@ x R™ x M™*"™ — R™ is a Carathéodory function (i.e. = — f(z,s,§) is measurable for every (s,&) €
R™ x M™*™ and (s,&) — f(z,s,&) is continuous for almost every x € ) .
Moreover, we assume that one of the following two additional conditions hold:

a) For constants 0 <y <p—1,0 < u < p— 1 and a function d € L” () there holds
[f (2, 5,8)] < d(x) + s + [¢]"

for a.e. z € Q and all (s,&) € R™ x M™*",

b) In addition to (a), the function f is independent of the third variable, or, for almost x € 2 and all u € R™,
the mapping & — f(x,s,€) is linear.
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A particular case when a(t) = t?~2 is reduced to a p-Laplacian system
—div (|Du[’~2Du) = d(z) + |u|” + |Du[* in Q, (3.1)

WheredELp,(Q),0<’y<p—1and0§u<p—1.
As usual, the solutions of (|1.1)) are taken in a weak meaning.

Definition 3.1. A function u € W, (Q; R™) is said to be a weak solution of (1) if
/ a(|Du|)Du : Dpdx = / f(z,u, Du) - pdz,
Q Q
holds for all ¢ € W, P(;R™).

Adapting the methods used in [2] and [4], we will prove the following main theorem for system ([1.1)).

Theorem 3.2. Assume that (1.2), (Ag) — (As) hold. Then the Dirichlet problem (|1.1)) has a weak solution in the
sense of Definition [B.1]

The proof of Theorem [3.2]is divided into several steps.
Step 1: Convergence results for a

We present a general result for functions a in this step (see (Hy) — (Hz) below), which will be proved in Step 2.
As a matter of fact, an elliptic div-curl inequality (see Lemma [3.3)) is the key ingredient to prove that one can pass to
the limit in the approximating equations. The following assumptions are assumed.

(Hp) The sequence (uy) is uniformly bounded in VVO1 P(Q;R™) for some p > 1, thus a subsequence converges weakly
in Wg P(Q;R™) to an element denoted by u.

(Hy) The sequence ag(z) := a(|Dug|)Duy, is uniformly bounded in LP' (Q; M™*™) and hence equiintegrable.

(H2) The sequence (ag(x) : Dug)~ is equiintegrable. Moreover, there exists a sequence (vg) such that vy — u in
WyP (€ R™) and

/ ar(x) : (Duy, — Dvg)dx — 0 as k — oo.
Q

By (Hp) and Lemma it follows the existence of a Young measure v, generated by Duy, in LP(€; M™*™) . Moreover,
v, satisfies the properties of Lemma [2.4] Now, we can state

and prove the following div-curl inequality.

Lemma 3.3. Assume that (Hy) — (Hz) hold. Then v, satisfies
/ / (@(ADA — a(|Dul)Du) = (A — Du)dvy(N)dz < 0.
Q Jmmxn

Proof . Consider the sequence

Ay = (a(|Dug|)Dux, — a(|Du|)Du) : (Dux — Du)
= a(|Dug|)Duy, : (Duy — Du) — a(|Du|)Du : (Dug, — Du) =: A1 + A 2.

On the one hand, by the growth condition in (A4g) we get

/ |a(|Dul) DulP dz < c/ |DulPdz < oo (3.2)
Q Q

for arbitrary u € W, P(Q;R™) , thus a(|Du|)Du € LP (Q;M™*™) . According to a weak convergence described in
Lemma2.4] it follows that

liminf/ Ap odz = / a(|Du|)Du : (/ Adv,(A) — Du)dx = 0. (3.3)
Q Q M xn

k— oo
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On the other hand, the growth condition in (Ag) implies that (a(|Dug|)Duy : Du) is equi-integrable. This together
with (Hs) (ag(x) : (Dug — Du)) is equiintegrable, and by virtue of Lemma we get

= hm 1nf/ Apdr = hm 1nf Ak 1dx > / / a(|A)X : (A = Du)dv, (N)d.
Q Jmmxn

Tt is sufficient then to show that A < 0. By virtue of the second part of (Hs), we can write

A =liminf [ ag(x): (Dup — Du)dx

k— oo Jo

= liminf(/Q ap(x) : (Dug — ka)dx—&-/gak(x) : (Dvg — Du)dzx)

k— oo

= liminf [ ax(x): (Dvy, — Du)dz
k— oo Jq
< lkirn inf |||ax|||lpr |lve — u|l1,p = 0 (by Holder’s inequality).
— o0
This together with (3.3)), our inequality follows. O

Remark 3.4. An intermediary result is the following inequality:

liminf/ (a(|Dug|)Dug, — a(|Du|)Du) : (Duy, — Du)dz < 0.
Q

k—o00

To see this, the equiintegrability of the sequence a(|Dug|)Duy : (Dup — Du) (by (Hz) and (Ag)) together with (3.3))
imply

likrgggf A (a(|Dug|)Dug, — a(|Du|)Du) : (Duy, — Du)dx
= hm mf (\Duk|)Duk (Duy, — Du)dx
/ /M alADA: (A~ Du)dv, (N <0,
by Lemmas [2.5] and [3.3]
The proof of the following lemma can be found in [2], but for completeness of the paper, we give its proof.
Lemma 3.5. Assume that holds, then a is monotone, i. e.,

(a(lEl)E — allnl)n) = (€ — ) > 0V, €M™,

Proof . Let t € [0,1] and take 6; = t& + (1 — t)n for all £, n € M™*". We have
(a(l€D€ — allnl)n) : (€ —m) = ( / L la(10.)0Jdv) - (€ )
— / [0/ (18,1)16,] + a(0:])]dz) : (€ — 1)?

B 1) .
= ([ alo (g + 1ae) €= w)

by the equation ((1.2). Thus a is monotone. [
From Lemma [3.3] and [3.5] we can derive the following property:

(a(]A\DA — a(|Du|)Du) : (A — Du) = 0 on suppv,. (3.4)

We have the following convergence results for ag.
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Proposition 3.6. Assume that (Hy) — (H2) hold. Then (up to a subsequence) the sequence aj converges weakly in
LY(Q;M™*") as k — oo and the weak limit @ is given by @ = a(|Du|) Du.

Proof . Consider first the condition (A5)(i). Let show that for a.e. x € §, the support of v, is in the set where b
agrees with the supporting hyper-plane L = {(\, b(Du) + a(|Du|)Du : (A — Du))}, i.e., we want to show that

suppr, C {A € M™*™ : b(A) = b(Du) + a(|Du|)Du : (A — Du)} =: K.
Let A € suppv,, then by
(I =t)(a(|A)X — a(|Du])Du) : (A —Du) =0Vt e0,1]. (3.5)
According to Lemma [3.5| and (3.5)), for all ¢ € [0, 1]

0<(1=t)(a(]ADA — a(|Du + t(A — Du)|)(Du + t(A — Du))) : (A = Du)
= (1 —¢)(a(|Du])Du — a(|Du + t(A — Du)|)(Du + t(A — Du))) : (A — Du). (3.6)

By monotonicity, we can write
(a(|Du|)Du — a(|Du + t(A — Du)|)(Du + t(A — Du))) : t(Du—X) >0
which implies, since ¢ € [0, 1], that
(a(|Du|)Du — a(|Du + t(A — Du)|)(Du + t(A — Du))) : (1 —¢)(Du — X) > 0. (3.7
From and we deduce
(a(|Du))Du — a(|Du + t(A — Du)|)(Du + t(A — Du))) : (A— Du) =0

for t € [0, 1]. It results from the above equation and a(|£])€ = (0b(€))/(9€) that

b(\) = b(Du) + /1 a(|Dul)Du : (A — Du)dt
= b(Du) + a?|Du|)Du : (A= Du) .
Therefore A € K. By virtue of the convexity of b we can write
b(A) > b(Du) + a(|Dul)Du : (A — Du) =: o(N) , VA € M™*".
Since b is a C'-function, it follows for ¢t € R that

b(A+ 1€) — b(A) _ o(A+t€) — ()

S .
. > ; ift>0
and
b(A+t&) — b(N) < oA+ t&) —a(N) if <0,
t t
where £ € M™*™ Consequently Db = Djo, i.e.,
o(JADA = a(|Du|)Du for all X\ € K, D suppv;. (3.8)

Therefore

alw) = [ o) = [ a(a)ade ()

sup pv

= / a(|Du|)Dudv, () (3.9)

= a(|Dul|)Du.
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In the last equality, we have used (3.8) and ||v;||a = 1. The continuous function

®(¢) = la(|))€ —a(x)], VE € M™*"

is equiintegrable by that of (a(|Dug|)Duy) . For simplicity we denote ®4(z) = ®(Duy) , and its weak L!-limit is given
by

)= [ e = [ JalADA—a(@)ldr () = 0

by and . As a matter of fact, the above convergence is strong in L!(Q;M™*"), since ®; > 0. Hence
Proposition follows in this case.

Now, consider the case (A2)(ii) and suppose that v, is not a Dirac measure on a set x € € of positive measure
|| > oo. Since A = (v, id) = Du(x) for a.e. x € Q, we remark first that

/ o)X = (A — Ndw ()
M’"LX"L

=a(|\)X: vz (A) —a(]ADA A dv,(A) = 0.

M'"L Xn M'HL Xn
Therefore, the strict p-quasimonotone implies

/mena(|)\|))\:)\dyz()\)>/ a(IADA : X (A) -

men
After integrating the above inequality over €2, we obtain by Lemma [3.3] the following contradiction:

/Q/mena(|)\|)>\:>\dux()\)>/Q/mena(|)\|))\:Xdux()\)
> [ ] atrs by

Hence v, is a Dirac measure, i.e., v, = ¢ for a.e. x € ). We have

9(x)
g(z) = / AdB ) (A) = / Adva(\) = Du(z) for ace. o € Q.
M’ITLXTL M’ITLXTL

Therefore v, = dpy(z). By virtue of (2.2) , Dux — Du in measure and almost everywhere (up to a subsequence).
By the continuity of function a, a(|Dug|)Dur — a(|Du|)Du almost everywhere. Since, by assumption (Hy), ag(z) is
equiintegrable, it follows from the Vitali convergence theorem that

a(|Duy|)Dugy — a(|Du)Du in L' (Q;M™*") |

and Proposition [3.6] follows also in this case.
For the remaining case (A3)(iii) it follows from the strictly quasimonotone and Remark [3.4] that

lim / |Duy, — Du|"dz = 0.
Q

k—o0

Therefore Duy, — Du in measure and almost everywhere as k — oo (for a subsequence). We follow then the proof of
the previous case and the proof is complete. [

Remark 3.7. If (A2)(7) or (A2)(i%) holds, then
ap(z) = a(z) in L' (Q;M™*") |
In cases (A2)(i4) and (As2)(i4i), we have in addition ( up to a subsequence) Duy — Du in measure and a.e. in Q.

Step 2: Existence of weak solution

In this step we use the well-known Galerkin method to construct approximating solutions. After that, we will
verify the conditions (Hy) — (Hz) of the previous step, for the constructed solutions. To this purpose, consider the
mapping T : WyP(Q; R™) — WL (Q; R™) given for arbitrary u € W, P(Q; R™) and all p € W, ?(Q; R™) by

T = [

a(|Du|)Du : Dpdz — / f(z,u, Du) - pdz.
Q Q
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Lemma 3.8. T'(u) is well defined, linear and bounded.

Proof . For arbitrary u € WO1 P(Q;R™), T(u) is trivially linear and (without loss of generality, we may assume that
v=p—1=p) and to according to (3.2,

(). ) = | [ aDu)Du: Ddo — [ au, D) -

< [ latDuhDullDelds + [ |0, Du)lelda

< ([ laDuup’az)” ([ 1Dglrdz)” + (lall -+ el + [1Dulg™) el
Q Q

< C(/Q |Dufdz) ¥ [ Dplly + (ldlly + lull™ + 1 Dullz™) ¢l
< (cllDullp™ + lldlly + lully™ + [1Dullp™ )l
< ClDellp-
Where we have used the Poincaré inequality and the following inequality
la +b]P < 2P~ (|afP + [b]P) for p>1. (3.10)
Thus T'(u) is is well defined and bounded. O

Lemma 3.9. The restriction of T' to a finite linear subspace of VVO1 P (Q;R™) is continuous.

Proof . Let X be a finite subspace of W, ? (€;R™) with dim X = 7 and (w;) . a basis of W. Let (u = ajw;)
be a sequence in X which converges to v = a’w; in X (with conventional summation). Then up — u and Duy — Du
almost everywhere for a subsequence still denoted by (ux). On the one hand, the continuity of a and f implies that

a (|Dug|) Dug, — a (|Dul) Du

=1,

and
f (z,ug, Dug) = f(x,u, Du)

almost everywhere. On the other hand, since u; — u strongly in X
/ lug, —ul’der — 0 and / | Duy, — Dul? dx — 0.
Q Q

Thus, there exists a subsequence of (uy) still denoted by (ux) and g1,g2 € L'(Q) such that |up —u’ < g and
|Duy, — Dul? < go. According to (3.10)), we get

Jurl” = Juk —w+ul” < 2°7 (Jug = ul” + |ul?)
<2771 (g1 + uf?).
Similarly
| Duy[” < 277 (g2 + | Dul”).
Consequently, |lug|, and |[Duyl|, are bounded by a constant C. Now, in order to apply the Vitali Theorem, we show
that the sequences (a (|Dug|) Duy : D) and (f (x, ug, Duy) - @) are equi-integrable. To do this, we take ' C  to be

measurable, we have (without loss of generality, we may assume that y=p—1=p )

1

/ la (|Dug]) Dug - Dl da < C|| Dullz™ (/ |D¢pdx>P
Q Q

and

1
1 (g D) - gl dr < ol + g2 + | Dug 27 ( / |Dsopdx) .
(94 —_—— N—— Q

<C <C

Since [, |Dg[Pdz is arbitrary small if the measure of €' is chosen small enough, then the equiintegrability of
(a (|Dug|) Duy : D) and (f (z,ug, Dug) - ) follows. By virtue of the Vitali Theorem, T is continuous. [J
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Lemma 3.10. The operator T defined above is coercive.

Proof . By taking ¢ = u in the definition of T', we have

T = [

a(|Du|)Du : Dudx — / f(z,u, Du) - udx. (3.11)
Q Q

To prove the coercivity of T we argue as follows:
By the Holder inequality, (2.1) and the condition (As)(a), we get

/ f(z,u, Du) - udx
Q

< / d(z)|ulde +/ [l +/ | Dul*uldz
Q Q Q
<l lwllp + Nl lwllp + [[Dull, el
< alld]l | Dull, + (@) [ Dul|}™ + af| Dul|4F1.

Consequently, owing to (3.11]) and (2.1]), we obtain
(T(u) , u) = / a(|Du|)Du : Dudx — / f(z,u, Du) - udz
Q Q
1
> /Q(Oéo\DUI” — di(x))da — a|d||y | Dull, — (@) | Dull3™ = af| Duly*!

From the above estimation it follows that
(T(u),u) 00 as |ul1,p = o0

since p > max{l,v+1,u+1}. O

In what follows, let us fix some k and assume that X, has the dimension r and ey, ..., e, is a basis of Xj.
We define the map
G:R"—R"
ek (T(Bei),en)
B2 (T(B'€i), e2)
. — .
B (T(Be),er)
Lemma 3.11. G is continuous and G(B).8 — oo as ||f||r- — 0o, where B = (B, ..., B")t and the dot is the inner

product of two vectors of R”.

Proof . Let u; = fle; € Xy, up = %; € Xj. Then |87z is equivalent to ||u;||1, and ||8°|g- is equivalent to
[uoll1,p and

Lemma3.10| gives G(5).8 — oo when ||§||r- — co. O

Lemma 3.12. For all k£ € N there exists uy € X such that

(T(ug) , p) =0 for all p € Xj,. (3.12)
and there is a constant R > 0 such that
|ukll,, <R forall keN. (3.13)

Proof . From Lemma it follows the existence of a constant R > 0 such that for any 5 € 0Br(0) C R" we have
G(B).5 > 0 and the topological argument [16] gives that G(z) = 0 has a solution « € Br(0). Therefore, for each k € N
there exists uy € X}, such that (3.12) holds. O

Before we pass to the limit and so to prove Theorem[3.2] we verify first that the conditions (Hy) — (Hz) hold for
the Galerkin approximations solutions uy constructed above. As in the proof of the Lemma we have (T'(u) ,
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u) — 00 as ||ul|1,p, = oo.

Hence, there exists R > 0 with the property, that (I'(u) , u) > 1 whenever ||ul|1, > R. Consequently, for the sequence
of Galerkin approximations uy € X} which satisfy with ¢ replaced by uk, we get that (ug) is uniformly bounded
in W, (€;R™). Thus, (Hp) holds.

To verify (Hy) we use the growth condition in (Ag)

/ \ay, (z) [P da :/ |a(| Dug|) Duy [P dx < c/ | Duy|P < oo
Q Q Q

by the boundedness of (uy,) in Wy (€;R™) . Hence ay(z) is uniformly bounded.
The first part of (Hs) can be deduced easily by the coercivity condition in (A;) . Indeed,
for any measurable subset ' of )

/ | min(ax(x) : Duk,0)|dz§/ |dy(z)|dx < oo.
’ Q/

For the second part of (Hs), we choose a subsequence v, which belongs to the same finite
dimensional space X}, as uj such that v, — u in Wol’p(Q; R™).
By testing the equation (3.12)) with uy — vx as a test function and using the Holder inequality, we obtain

/a(\DukDDuk : (Duk—ka)dx:/f(w,uk,Duk)(uk—vk)dx
Q Q

S ‘lf(x,'LLk,DU,k)Hp/”Uk - vk”p
< Clluk — vkllp-

By the choice of (v) , the right hand side of the above equality converges to zero since
up —vp — 0 in Wy P(Q;R™).

Hence the second part of (Hs) follows.
Now, we have all ingredients to pass to the limit and so to prove Theorem [3.2] Since the constructed approximating
solutions (uy) satisfy (Hy) — (Ha), it follows by Proposition [3.6| that

klim a (|Dug|) Duy, : Dpdx = / a(|Du|) Du : Dpdx Vo € Ug>1 Xp.
—0 JO 9] -

Now, we consider Ej, . = {z € Q : |up(x) — u(z)| > €} for € positive. By (3.13)), we have (for a subsequence) ux — u
in LP (;R™).
Since

/ lug, — ul? dx > / lug — ul|” dx > € |E, |
Q k

it follows that 1
|Fr.e| < —/ lug —ulPde -0 as k— oo.
; e o

Hence u; — u in measure for k — oo, and we may infer that, after extraction of a suitable subsequence, if necessary

ur — v almost everywhere for &k — oo.

To pass to the limit on the source term, we need the convergence almost everywhere of Duy. Similarly to Ey, ., we
consider Fy . = {z € Q: |Duy(z) — Du(z)| > €}, then Duy, — Du  in measure for k& — oo.
Thus (for a subsequence),
Duy — Du  almost everywhere for k& — oo.

The continuity of f permit to deduce that

f(z,ug, Dug) - o — f(z,u,Du) -
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for arbitrary o € Wol’p (; R™) . By using the growth condition on f, we have (f (z, ug, Dug) - p(x)) is equiintegrable
(see Lemma if necessary), thus f (z,ug, Dug) - p(x) — f(z,u, Du) - p(x) in L*(Q) by the Vitali Convergence
Theorem. This implies

lim /Qf (z,ur, Dug) - o(x)dx = /Qf(:c,u,Du) cp(x)dx, Ve U Xp.

k—o0
k>1

In the case where f is independent of the third variable, we easily verify that
f (@) = flo) i LY (Q)

In the other situation, we have that, for a.e. = € Q and all v € R™, the mapping A — f(x,u, A) is linear. Here we
argue as follows to identify the weak limit of f (z,uy, Duy) :

f(xauhDuk) - <Va:>f($7u’ )> = /men f(x,u, )‘)dyw<)‘)
= . Adyg (A
faudo [ Adn)

—_—
=:Du(x)
= f(z,u, Du),
since f (z,ug, Duy) is equiintegrable.
Conclusion
For every ¢ € WP (; R™), since U X, is dense in WP (;R™), there exists a sequence {¢3} C |J Xj such

E>1 E>1

that ¢ — ¢ in Wol’p (;R™) as k — co. We can now pass to the limit in the Galerkin equations:
<T (uk) ) ¢k> - <T(U), <)0>

= / a (|Dug|) Duy, : Doprdz — / a (|Du|) Du : Dpdx
Q Q

_/ f(l‘,U]g,DUk) ' @kdl‘ +/ f(a?,u,Du) : <pdx
Q Q

= / a(|Dug|)Duy, : (Doy, — Dy)dx + / (a(|Dug|)Duy, — a(|Du|)Du) : Dpdx
Q Q

— [ f(x,ug, Dug) - (px — @) dx — / (f (x,ug, Dug) — f(z,u, Du)) - pdx.
Q Q

The right-hand side of the above equation tends to zero as k tends to infinity by the previous results. By virtue of
Lemma it follows that (T'(u), @) = 0 for all ¢ € W) * (; R™) as desired.
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