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Abstract

In this paper, we obtain explicit forms of the sum of entries, the maximum column sum matrix norm, the maximum
row sum matrix norm, Euclidean norm, eigenvalues and the determinant of a k-circulant matrix with the generalized
3-primes numbers. We also study the spectral norm of this k-circulant matrix.
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1 Introduction

In this section, we recall definitions and some properties of the generalized 3-primes sequence. A generalized
3-primes sequence {Vn}n≥0 = {Vn(V0, V1, V2)}n≥0 is defined by the third-order recurrence relations

Vn = 2Vn−1 + 3Vn−2 + 5Vn−3 (1.1)

with the initial values V0 = c0, V1 = c1, V2 = c2 not all being zero.

The sequence {Vn}n≥0 can be extended to negative subscripts by defining

V−n = −3

5
V−(n−1) −

2

5
V−(n−2) +

1

5
V−(n−3)

for n = 1, 2, 3, .... Therefore, recurrence (1.1) holds for all integers n.

Binet formula of generalized 3-primes numbers (Grahaml numbers) can be given as

Vn =
b1α

n

(α− β)(α− γ)
+

b2β
n

(β − α)(β − γ)
+

b3γ
n

(γ − α)(γ − β)

where
b1 = V2 − (β + γ)V1 + βγV0, b2 = V2 − (α+ γ)V1 + αγV0, b3 = V2 − (α+ β)V1 + αβV0. (1.2)
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Here, α, β and γ are the roots of the cubic equation x3 − 2x2 − 3x− 5 = 0. Moreover

α =
2

3
+

(
205

54
+

√
1231

108

)1/3

+

(
205

54
−
√

1231

108

)1/3

,

β =
2

3
+ ω

(
205

54
+

√
1231

108

)1/3

+ ω2

(
205

54
−
√

1231

108

)1/3

,

γ =
2

3
+ ω2

(
205

54
+

√
1231

108

)1/3

+ ω

(
205

54
−
√

1231

108

)1/3

,

where

ω =
−1 + i

√
3

2
= exp(2πi/3).

Note that

α+ β + γ = 2,

αβ + αγ + βγ = −3,

αβγ = 5.

Now we define two special cases of the sequence {Vn}. 3-primes sequence {Gn}n≥0 and 3-primes-Lucas sequence
{Hn}n≥0 are defined, respectively, by the third-order recurrence relations

Gn+3 = 2Gn+2 + 3Gn+1 + 5Gn, G0 = 0, G1 = 1, G2 = 2,

Hn+3 = 2Hn+2 + 3Hn+1 + 5Hn, H0 = 3, H1 = 2, H2 = 10.

The sequences {Gn}n≥0 and {Hn}n≥0 can be extended to negative subscripts by defining

G−n = −3

5
G−(n−1) −

2

5
G−(n−2) +

1

5
G−(n−3),

H−n = −3

5
H−(n−1) −

2

5
H−(n−2) +

1

5
H−(n−3)

for n = 1, 2, 3, ... respectively.

Gn (the sequence A335718) and Hn (the sequence A335719) are given in [2]. For more details for the generalized
3-primes numbers, see Soykan [2].

The following theorem presents sum formula of generalized 3-primes numbers.

Theorem 1.1. Let x be a nonzero real or complex number. For n ≥ 0, we have the following formula: If 5x3 +3x2 +
2x− 1 ̸= 0, then

n∑
k=0

xkVk =
Θ1(x)

Θ(x)

where

Θ1(x) = xn+3Vn+3 − (2x− 1)xn+2Vn+2 − (3x2 + 2x− 1)xn+1Vn+1 − x2V2 + x(2x− 1)V1 + (3x2 + 2x− 1)V0,

Θ(x) = 5x3 + 3x2 + 2x− 1.

Proof. The desired result can be obtained by taking r = 2, s = 3, t = 5 in [2, Theorem 2.1. (a)]. □

The following theorem presents sum formulas of generalized 3-primes numbers.

Theorem 1.2. For n ≥ 0, we have the following formulas:

(a)
∑n

i=0 Vi =
1
9 (Vn+3 − 4Vn+1 − Vn+2 − V2 + 4V0 + V1).



On some properties of k-circulant matrices with the generalized 3-primes numbers 1657

(b)
∑n

i=0 iVi =
1
81 ((9n+ 4)Vn+3 − (9n+ 13)Vn+2 − 4(9n+ 4)Vn+1 + 5V2 + 4V1 − 20V0).

(c)
∑n

i=0 V
2
i = 1

495 (37V
2
n+3+253V 2

n+2+430V 2
n+1−182Vn+2Vn+3−170Vn+1Vn+3+260Vn+1Vn+2+182V1V2+170V0V2−

260V0V1 − 37V 2
2 − 253V 2

1 − 430V 2
0 ).

(d)
∑n

i=0 iV
2
i = 1

245025 ((18315n − 26674)V 2
n+3 + 11(11385n − 20951)V 2

n+2 + 50(4257n − 9080)V 2
n+1 − 2(45045n −

73042)Vn+3Vn+2 − 10(8415n − 11279)Vn+3Vn+1 + 10(12870n − 10757)Vn+1Vn+2 − 236174V1V2 − 196940V0V2 +
236270V0V1 + 44989V 2

2 + 355696V 2
1 + 666850V 2

0 ).

Proof.

(a) Take x = 1, r = 2, s = 3, t = 5 in [2, Theorem 2.1 (a)] or take r = 2, s = 3, t = 5 in [2, Theorem 2.1 (a)].

(b) Take x = 1, r = 2, s = 3, t = 5 in [2, Theorem 2.1 (a)] or take r = 2, s = 3, t = 5 in [2, Theorem 2.1 (a)].

(c) Take x = 1, r = 2, s = 3, t = 5 in [2, Theorem 3.1 (a)]. See also [2, Theorem 2.1].

(d) Take x = 1, r = 2, s = 3, t = 5 in [2, Theorem 2.1 (a)] or take r = 2, s = 3, t = 5 in [2, Theorem 2.1 (a)]. □

Note that, using the recurrence relation Vn+3 = 2Vn+2 + 3Vn+1 + 5Vn, we can write the above theorem as follows.

Theorem 1.3. For n ≥ 0, we have the following formulas:

(a)
∑n

i=0 Vi =
1
9 (Vn+2 − Vn+1 + 5Vn − V2 + 4V0 + V1) =

Θ1

Θ
.

(b)
∑n

i=0 iVi =
1
81 ((9n− 5)Vn+2 − (9n+ 4)Vn+1 + 5(9n+ 4)Vn + 5V2 + 4V1 − 20V0) =

Ψ1

Ψ
.

(c)
∑n

i=0 V
2
i = 1

495 (37V
2
n+2 + 253V 2

n+1 + 925V 2
n − 182Vn+1Vn+2 − 170VnVn+2 + 260VnVn+1 + 182V1V2 + 170V0V2 −

260V0V1 − 37V 2
2 − 253V 2

1 − 430V 2
0 ) =

∆1

∆
.

(d)
∑n

i=0 iV
2
i = 1

245025 ((18315n − 44989)V 2
n+2 + 11(11385n − 32336)V 2

n+1 + 25(18315n − 26674)V 2
n − 2(45045n −

118087)Vn+2Vn+1 − 10(8415n − 19694)Vn+2Vn + 10(12870n − 23627)Vn+1Vn − 236174V1V2 − 196940V0V2 +

236270V0V1 + 44989V 2
2 + 355696V 2

1 + 666850V 2
0 ) =

Ω1

Ω
.

From the last theorem, we have the following corollary which gives sum formulas of 3-primes numbers (take Vn = Gn

with G0 = 0, G1 = 1, G2 = 2).

Corollary 1.4. For n ≥ 0, 3-primes numbers have the following properties:

(a)
∑n

i=0 Gi =
1
9 (Gn+2 −Gn+1 + 5Gn − 1).

(b)
∑n

i=0 iGi =
1
81 ((9n− 5)Gn+2 − (9n+ 4)Gn+1 + 5(9n+ 4)Gn + 14).

(c)
∑n

i=0 G
2
i = 1

495 (37G
2
n+2 + 253G2

n+1 + 925G2
n − 182Gn+1Gn+2 − 170GnGn+2 + 260GnGn+1 − 37).

(d)
∑n

i=0 iG
2
i = 1

245025 ((18315n − 44989)G2
n+2 + 11(11385n − 32336)G2

n+1 + 25(18315n − 26674)G2
n − 2(45045n −

118087)Gn+2Gn+1 − 10(8415n− 19694)Gn+2Gn + 10(12870n− 23627)Gn+1Gn + 63304).

Taking Vn = Hn with H0 = 3, H1 = 2, H2 = 10 in the last theorem, we have the following corollary which presents
sum formulas of Lucas 3-primes numbers.

Corollary 1.5. For n ≥ 0, Lucas 3-primes numbers have the following properties:

(a)
∑n

i=0 Hi =
1
9 (Hn+2 −Hn+1 + 5Hn + 4).

(b)
∑n

i=0 iHi =
1
81 ((9n− 5)Hn+2 − (9n+ 4)Hn+1 + 5(9n+ 4)Hn − 2).

(c)
∑n

i=0 H
2
i = 1

495 (37H
2
n+2 + 253H2

n+1 + 925H2
n − 182Hn+1Hn+2 − 170HnHn+2 + 260HnHn+1 − 1402).

(d)
∑n

i=0 iH
2
i = 1

245025 ((18315n − 44989)H2
n+2 + 11(11385n − 32336)H2

n+1 + 25(18315n − 26674)H2
n − 2(45045n −

118087)Hn+2Hn+1 − 10(8415n− 19694)Hn+2Hn + 10(12870n− 23627)Hn+1Hn + 2709274).
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2 Main results

Next, we recall some information on k-circulant matrix and Frobenius norm, spectral norm, maximum column
length norm and maximum row length norm. Let n ≥ 2 be an integer and k be any real or complex number. An n×n
matrix Ck = (cij) ∈ Mn×n(C) is called a k-circulant matrix if it is of the form

Ck =



c0 c1 c2 · · · cn−2 cn−1

kcn−1 c0 c1 · · · cn−3 cn−2

kcn−2 kcn−1 c0 · · · cn−4 cn−3

...
...

...
. . .

...
...

kc2 kc3 kc4 · · · c0 c1
kc1 kc2 kc3 · · · kcn−1 c0


n×n

.

k-circulant matrix Ck is denoted by Ck = Circk(c0, c1, ..., cn−1).

If k = 1 then 1-circulant matrix is called as circulant matrix and denoted by C = Circ(c0, c1, ..., cn−1). Circulant
matrix was first proposed by Davis in [2].

The Frobenius (or Euclidean) norm and spectral norm of an m× n matrix A = (aij)m×n ∈ Mm×n(C) are defined
respectively as follows:

∥A∥F =

 m∑
i=1

n∑
j=1

|aij |2
1/2

and ∥A∥2 =

(
max
1≤i≤n

|λi(A
∗A)|

)1/2

where λi(A
∗A) ’s are the eigenvalues of the matrix A∗A and A∗ is the conjugate of transpose of the matrix A. The

following inequality holds for any matrix A = (aij)m×n ∈ Mn×n(C) (see [2, Theorem 1 and Table 1]):

1√
n
∥A∥F ≤ ∥A∥2 ≤ ∥A∥F . (2.1)

It follows that
∥A∥2 ≤ ∥A∥F ≤

√
n ∥A∥2 .

In literature there are other types of norms of matrices. The maximum column sum matrix norm of n× n matrix
A = (aij) is ∥A∥1 = max

1≤j≤n

∑n
i=1 |aij | and the maximum row sum matrix norm is ∥A∥∞ = max

1≤i≤n

∑n
j=1 |aij | . The

maximum column length norm c1(A) and the maximum row length norm r1(A) of m×n matrix A = (aij) are defined
as follows:

c1(A) = max
1≤j≤n

(
n∑

i=1

|aij |2
)1/2

and r1(A) = max
1≤i≤n

 n∑
j=1

|aij |2
1/2

.

There is a relation between ∥.∥2 , c1(.) and r1(.) norms:

Lemma 2.1. [2] For any matrices A = (aij)m×n ∈ Mm×n(C) and B = (bij)m×n ∈ Mm×n(C), we have

∥A ◦B∥2 ≤ r1(A)c1(B)

and
∥A ◦B∥2 ≤ ∥A∥2 ∥B∥2 .

Furthermore, we have
∥A⊗B∥2 = ∥A∥2 ∥B∥2

where A ◦B is the Hadamard product which is defined by

A ◦B = (aijbij),

and A⊗B is the Kronecker product which is defined by

A⊗B = (aijB).
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For more details on norm of matrices, see for example [2]. In the following Table 1, we present a few special study
on the Frobenius norm, spectral norm, maximum column length norm and maximum row length norm of circulant (k-
circulant, geometric circulant, semicirculant) matrices with the generalized m-step Fibonacci sequences which require
sum formulas of second powers of numbers in m-step Fibonacci sequences (m = 2, 3, 4).

Table 1. Papers on the norms.

Name of sequence Papers
second order↓ second order↓

Fibonacci, Lucas [2,2,2]
Pell, Pell-Lucas [2,2]

Jacobsthal, Jacobsthal-Lucas [2,2,2,2]
third order↓ third order↓

Tribonacci, Tribonacci-Lucas [2,2]
Padovan, Perrin [2,2,2]
fourth order↓ fourth order↓

Tetranacci, Tetranacci-Lucas [2]

We need the following two lemmas for our calculations.

Lemma 2.2. [2, Lemma 4] Let Ck = Circk(c0, c1, ..., cn−1) be an n× n k-circulant matrix. Then we have

λj(Ck) =

n−1∑
p=0

k
p
nω−jpcp =

n−1∑
p=0

(
k

1
nω−j

)p
cp

where ω = exp(2πi/n) = e
2πi
n , j = 0, 1, 2, ..., n− 1. Moreover, in this case

cp =
1

n

n−1∑
j=0

(
k

1
nω−j

)−p

λj(Ck), p = 0, 1, 2, ..., n− 1.

Lemma 2.3. [2] Let A be an n× n matrix with eigenvalues λ1, λ2, λ3, ..., λn. Then, A is a normal matrix if and only

if the eigenvalues of AA∗ are |λ1|2 , |λ2|2 , |λ3|2 , ..., |λn|2 where A∗ is the conjugate of transpose of the matrix A.

Next, we define k-circulant matrix with generalized 3-primes numbers entries. Throughout this paper, the k-
circulant matrix, whose entries are the generalized 3-primes numbers, will be denoted by Cn(V )k = Circk(V0, V1, ..., Vn−1) :

Definition 2.4. An n× n k-circulant matrix with generalized 3-primes numbers entries is defined by

Cn(V )k = Circk(V0, V1, ..., Vn−1) =


V0 V1 V2 · · · Vn−2 Vn−1

kVn−1 V0 V1 · · · Vn−3 Vn−2

kVn−2 kVn−1 V0 · · · Vn−4 Vn−3

...
...

...
...

...
kV1 kV2 kV3 · · · kVn−1 V0


n×n

. (2.2)

We call this matrix as generalized 3-primes k-circulant matrix. We consider two special cases of generalized 3-
primes k-circulant matrix, namely 3-primes k-circulant matrix: Cn(G)k = Circk(G0, G1, ..., Gn−1) and Lucas 3-primes
k-circulant matrix:
Cn(H)k = Circk(H0, H1, ...,Hn−1).

We denote the sum of entries of Cn(V )k as S(Cn(V )k).

Lemma 2.5. The sum of entries of Cn(V )k is

S(Cn(V )k) =
1
81 ((9kn − 5k + 5)Vn+2 − (9kn + 4k − 4)Vn+1 − 4(9kn − 5k + 5)Vn + (5k − 9n − 5)V2 + (9n + 4k −

4)V1 + 4(9n− 5k + 5)V0).
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Proof . From the definition of Cn(V )k, using Theorem 1.3, we obtain

S(Cn(V )k) = nV0 + ((n− 1) + k)V1 + ((n− 2) + 2k)V2 + ...+ (1 + (n− 1)k)Vn−1

=

n−1∑
i=0

(n− i)Vi + k

n−1∑
i=1

iVi

= n

n−1∑
i=0

Vi + (k − 1)

n−1∑
i=1

iVi

=
1

81
((9kn− 5k + 5)Vn+2 − (9kn+ 4k − 4)Vn+1 − 4(9kn− 5k + 5)Vn

+(5k − 9n− 5)V2 + (9n+ 4k − 4)V1 + 4(9n− 5k + 5)V0).

□

Taking Vn = Gn with G0 = 0, G1 = 1, G2 = 2 and Vn = Hn with H0 = 3, H1 = 2, H2 = 10, respectively in the last
lemma, we obtain the following corollary.

Corollary 2.6. We have the following results:

(a) The sum of entries of Cn(G)k is

S(Cn(G)k) =
1
81 ((9kn− 5k + 5)Gn+2 − (9kn+ 4k − 4)Gn+1 − 4(9kn− 5k + 5)Gn + (14k − 9n− 14)).

(b) The sum of entries of Cn(H)k is

S(Cn(H)k) =
1
81 ((9kn− 5k + 5)Hn+2 − (9kn+ 4k − 4)Hn+1 − 4(9kn− 5k + 5)Hn + (36n− 2k + 2)).

Next, we present the maximum column sum matrix norm ∥Cn(V )k∥1 and the maximum row sum matrix norm
∥Cn(V )k∥∞ of the matrix Cn(V )k = (cij) under certain condition on the generalized 3-primes sequence Vn and k.

Theorem 2.7. Suppose that Vp ≥ 0 for all the nonnegative integers p. Then we have the following formulas: If k ≥ 1
then

∥Cn(V )k∥1 = ∥Cn(V )k∥∞ =
1

9
(kVn+2 − kVn+1 − 4kVn − kV2 + kV1 + (9− 5k)V0),

and if k < 1 then

∥Cn(V )k∥1 = ∥Cn(V )k∥∞ =
1

9
(Vn+2 − Vn+1 − 4Vn − V2 + 4V0 + V1).

Proof . Suppose that k ≥ 1. Then from the definition of the matrix Cn(V )k = (cij) , using Theorem 1.3, we can write

∥Cn(V )k∥1 = max
1≤j≤n

n∑
i=1

|cij | = max
1≤j≤n

{|c1j |+ |c2j |+ |c3j |+ ...+ |cnj |}

= |c11|+ |c21|+ |c31|+ ...+ |cn1|
= V0 + kVn−1 + kVn−2 + ...+ kV3 + kV2 + kV1

= (V0 − kV0 − kVn) + k

n∑
i=0

Vi

= (V0 − kV0 − kVn) +
k

9
(Vn+2 − Vn+1 + 5Vn − V2 + 4V0 + V1)

= (V0 − kV0 − kVn) +
k

9
(Vn+2 − Vn+1 + 5Vn − V2 + 4V0 + V1)

=
1

9
(kVn+2 − kVn+1 − 4kVn − kV2 + kV1 + (9− 5k)V0)

Similarly, we have

∥Cn(V )k∥∞ =
1

9
(kVn+2 − kVn+1 − 4kVn − kV2 + kV1 + (9− 5k)V0).
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Suppose now that k < 1. Then from the definition of the matrix Cn(V )k = (cij) , using Theorem 1.3, we can write

∥Cn(V )k∥1 = max
1≤j≤n

n∑
i=1

|cij | = max
1≤j≤n

{|c1j |+ |c2j |+ |c3j |+ ...+ |cnj |}

= |c1n|+ |c2n|+ |c3n|+ ...+ |cnn|
= Vn−1 + Vn−2 + ...+ V3 + V2 + V1 + V0

= −Vn +

n∑
i=0

Vi

= −Vn +
1

9
(Vn+2 − Vn+1 + 5Vn − V2 + 4V0 + V1)

=
1

9
(Vn+2 − Vn+1 − 4Vn − V2 + 4V0 + V1)

Similarly, we have

∥Cn(V )k∥∞ =
1

9
(Vn+2 − Vn+1 − 4Vn − V2 + 4V0 + V1).

□

Taking Vn = Gn with G0 = 0, G1 = 1, G2 = 2 and Vn = Hn with H0 = 3, H1 = 2, H2 = 10, respectively in the last
theorem, we obtain the following corollary.

Corollary 2.8. We have the following results:

(a) If k ≥ 1 then

∥Cn(G)k∥1 = ∥Cn(G)k∥∞ =
1

9
(kGn+2 − kGn+1 − 4kGn − k),

and if k < 1 then

∥Cn(G)k∥1 = ∥Cn(G)k∥∞ =
1

9
(Gn+2 −Gn+1 − 4Gn − 1).

(b) If k ≥ 1 then

∥Cn(H)k∥1 = ∥Cn(H)k∥∞ =
1

9
(kHn+2 − kHn+1 − 4kHn + (27− 23k)),

and if k < 1 then

∥Cn(H)k∥1 = ∥Cn(H)k∥∞ =
1

9
(Hn+2 −Hn+1 − 4Hn + 4).

Now, we determine the Euclidean (Frobenius) norm of k-circulant matrix Cn(V )k.

Theorem 2.9. The Euclidean (Frobenius) norm of k-circulant matrix Cn(V )k is:

∥Cn(V )k∥F =
√

n (φ1(V )) + φ2(V )

where

φ1(V ) = 1
495 (37V

2
n+2+253V 2

n+1+430V 2
n −182Vn+1Vn+2−170VnVn+2+260VnVn+1+182V1V2+170V0V2−260V0V1−

37V 2
2 − 253V 2

1 − 430V 2
0 ),

φ2(V ) = 1
245025 (|k|

2 − 1)((18315n− 44989)V 2
n+2 + 11(11385n− 32336)V 2

n+1 + 50(4257n− 13337)V 2
n − 2(45045n−

118087)Vn+2Vn+1−10(8415n−19694)Vn+2Vn+10(12870n−23627)Vn+1Vn−236174V1V2−196940V0V2+236270V0V1+
44989V 2

2 + 355696V 2
1 + 666850V 2

0 ).
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Proof . From the definition of the Euclidean norm of a matrix, using Theorem 1.3, we obtain

(∥Cn(V )k∥F )
2

=

n∑
i=1,j=1

|cij |2

=

n−1∑
i=0

(n− i)V 2
i + |k|2

n−1∑
i=1

iV 2
i

= n

n−1∑
i=0

V 2
i + (|k|2 − 1)

n−1∑
i=1

iV 2
i

= n (φ1(V )) + φ2(V )

where φ1(V ) and φ2(V ) are as in the statement of the theorem. Now, it follows that

∥Cn(V )k∥F =
√
n (φ1(V )) + φ2(V ).

□

Note that

φ1(V ) =

n−1∑
i=0

V 2
i

and

φ2(V ) = (|k|2 − 1)

n−1∑
i=1

iV 2
i .

Taking Vn = Gn with G0 = 0, G1 = 1, G2 = 2 and Vn = Hn with H0 = 3, H1 = 2, H2 = 10, respectively in the last
theorem, we obtain the following corollary.

Corollary 2.10. We have the following results:

(a) The Euclidean (Frobenius) norm of k-circulant matrix Cn(G)k is:

∥Cn(G)k∥F =
√
n (φ1(G)) + φ2(G)

where

φ1(G) = 1
495 (37G

2
n+2+253G2

n+1+430G2
n−182Gn+1Gn+2−170GnGn+2+260GnGn+1+182G1G2+170G0G2−

260G0G1 − 37G2
2 − 253G2

1 − 430G2
0),

φ2(G) = 1
245025 (|k|

2−1)((18315n−44989)G2
n+2+11(11385n−32336)G2

n+1+50(4257n−13337)G2
n−2(45045n−

118087)Gn+2Gn+1 − 10(8415n− 19694)Gn+2Gn + 10(12870n− 23627)Gn+1Gn − 236174G1G2 − 196940G0G2 +
236270G0G1 + 44989G2

2 + 355696G2
1 + 666850G2

0).

(b) The Euclidean (Frobenius) norm of k-circulant matrix Cn(H)k is:

∥Cn(H)k∥F =
√
n (φ1(H)) + φ2(H)

where

φ1(H) = 1
495 (37H

2
n+2 + 253H2

n+1 + 430H2
n − 182Hn+1Hn+2 − 170HnHn+2 + 260HnHn+1 − 1402),

φ2(H) = 1
245025 (|k|

2−1)((18315n−44989)H2
n+2+11(11385n−32336)H2

n+1+50(4257n−13337)H2
n−2(45045n−

118087)Hn+2Hn+1 − 10(8415n− 19694)Hn+2Hn + 10(12870n− 23627)Hn+1Hn + 2709274).

The following theorem gives us the eigenvalues of the matrix in (2.2).

Theorem 2.11. The eigenvalues of Cn(V )k are

λj(Cn(V )) =
Φj(V )

5(k
1
nω−j)3 + 3(k

1
nω−j)2 + 2(k

1
nω−j)− 1
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where

Φj(V ) = kVn − V0 − k
1
n (−kVn+1 + 2kVn + V1 − 2V0)ω

−j + k
2
n (kVn+2 − 2kVn+1 − 3kVn − V2 + 2V1 + 3V0)ω

−2j

and

ω = exp(2πi/n) = e
2πi
n ,

j = 0, 1, 2, 3, ..., n− 1.

Proof . By using Lemma 2.2, we obtain

λj(Cn(V )k) =

n−1∑
p=0

k
p
nω−jpVp

= −kω−jnVn +

n∑
p=0

k
p
nω−jpVp

= −kω−jnVn +

n∑
p=0

(k
1
nω−j)pVp.

Now using Theorem 1.1 (by putting x = k
1
nω−j) and recurrence relation Vn+3 = 2Vn+2 + 3Vn+1 + 5Vn, we obtain

required result. □

Taking Vn = Gn with G0 = 0, G1 = 1, G2 = 2 and Vn = Hn with H0 = 3, H1 = 2, H2 = 10, respectively in the last
theorem, we obtain the following corollary.

Corollary 2.12. We have the following results:

(a) The eigenvalues of Cn(G)k are

λj(Cn(G)) =
Φj(G)

5(k
1
nω−j)3 + 3(k

1
nω−j)2 + 2(k

1
nω−j)− 1

,

(b) The eigenvalues of Cn(H)k are

λj(Cn(H)) =
Φj(H)

5(k
1
nω−j)3 + 3(k

1
nω−j)2 + 2(k

1
nω−j)− 1

,

where

Φj(G) = kGn − k
1
n (−kGn+1 + 2kGn + 1)ω−j + k

2
n (kGn+2 − 2kGn+1 − 3kGn)ω

−2j ,

Φj(H) = kHn − 3− k
1
n (−kHn+1 + 2kHn − 4)ω−j + k

2
n (kHn+2 − 2kHn+1 − 3kHn + 3)ω−2j ,

ω = exp(2πi/n) = e
2πi
n , j = 0, 1, 2, 3, ..., n− 1.

The following theorem presents the upper and lower bounds of the spectral norm of Cn(V )k.

Theorem 2.13. Let Cn(V )k = Circk(V0, V1, ..., Vn−1) be a k-circulant matrix. Then if |k| ≥ 1 then√
φ1(V ) ≤ ∥Cn(V )k∥2 ≤

√
V 2
0 + |k|2 (−V 2

0 + φ1(V ))
√
1− V 2

0 + φ1(V ),

and if |k| < 1 then

|k|
√
φ1(V ) ≤ ∥Cn(V )k∥2 ≤

√
n (φ1(V ))

where φ1(V ) is as in Theorem 2.9.
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Proof . Note that we can write φ1(V ) as in the following forms.

φ1(V ) =

n−1∑
i=0

V 2
i

=
1

495
(37V 2

n+2 + 253V 2
n+1 + 430V 2

n − 182Vn+1Vn+2 − 170VnVn+2 + 260VnVn+1

+182V1V2 + 170V0V2 − 260V0V1 − 37V 2
2 − 253V 2

1 − 430V 2
0 ),

φ1(V ) = V 2
0 +

n−1∑
i=1

V 2
i ⇒ −V 2

0 + φ1(V ) =

n−1∑
i=1

V 2
i .

From Theorem 2.9, we know that the Euclidean (Frobenius) norm of k-circulant matrix Cn(V )k is

(∥Cn(V )k∥F )
2

=

n−1∑
i=0

(n− i)V 2
i + |k|2

n−1∑
i=1

iV 2
i

= n

n−1∑
i=0

V 2
i + (|k|2 − 1)

n−1∑
i=1

iV 2
i .

If |k| ≥ 1, then we get, using Theorem 1.3,

(∥Cn(V )k∥F )
2 ≥

n−1∑
i=0

(n− i)V 2
i +

n−1∑
i=1

iV 2
i = n

n−1∑
i=0

V 2
i = n (φ1(V )) .

That is,
∥Cn(V )k∥F ≥

√
n (φ1(V )).

It follows that
∥Cn(V )k∥F√

n
≥
√

φ1(V ).

Then by (2.1), we obtain

∥Cn(V )k∥2 ≥
√
φ1(V ).

Similarly, if |k| < 1, then we obtain

∥Cn(V )k∥2F =

n−1∑
i=0

(n− i)V 2
i + |k|2

n−1∑
i=1

iV 2
i

≥
n−1∑
i=0

(n− i) |k|2 V 2
i + |k|2

n−1∑
i=1

iV 2
i = n |k|2

n−1∑
i=0

V 2
i

= n |k|2 (φ1(V )) .

That is,

∥Cn(V )k∥F ≥
√
n |k|2 (φ1(V )).

It follows that
∥Cn(V )k∥F√

n
≥ |k|

√
φ1(V ).

Then by considering (2.1), we get

∥Cn(V )k∥2 ≥ |k|
√

(φ1(V )).

Now, for |k| ≥ 1, we give the upper bound for the spectral norm of the matrix Cn(V )k as follows. Let the matrices
B and C be as

B =


V0 1 1 · · · 1 1

kVn−1 V0 1 · · · 1 1
kVn−2 kVn−1 V0 · · · 1 1

...
...

...
...

...
kV1 kV2 kV3 · · · kVn−1 V0


n×n
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and

C =


1 V1 V2 · · · Vn−2 Vn−1

1 1 V1 · · · Vn−3 Vn−2

1 1 1 · · · Vn−4 Vn−3

...
...

...
...

...
1 1 1 · · · 1 1


n×n

such that Cn(V )k = B ◦ C. Then we obtain

r1(B) = max
1≤i≤n

 n∑
j=1

|bij |2
1/2

=

√√√√V 2
0 + |k|2

n−1∑
j=1

V 2
j =

√
V 2
0 + |k|2 (−V 2

0 + φ1(V )),

c1(C) = max
1≤j≤n

(
n∑

i=1

|cij |2
)1/2

=

√√√√1 +

n−1∑
i=1

V 2
i =

√
1− V 2

0 + φ1(V ).

By Lemma 2.1, we have

∥Cn(V )k∥2 ≤ r1(B)c1(C) =

√
V 2
0 + |k|2 (−V 2

0 + φ1(V ))
√
1− V 2

0 + φ1(V ).

For |k| < 1, we give the upper bound for the spectral norm of the matrix Cn(V )k as follows. We define the matrices
D and E as

D =


1 1 1 · · · 1 1
k 1 1 · · · 1 1
k k 1 · · · 1 1
...

...
...

...
...

k k k · · · k 1


n×n

and

E =


V0 V1 V2 · · · Vn−2 Vn−1

Vn−1 V0 V1 · · · Vn−3 Vn−2

Vn−2 Vn−1 V0 · · · Vn−4 Vn−3

...
...

...
...

...
V1 V2 V3 · · · Vn−1 V0


n×n

such that Cn(V )k = D ◦ E. Then we obtain

r1(D) = max
1≤i≤n

 n∑
j=1

|dij |2
1/2

=
√
n,

and

c1(E) = max
1≤j≤n

(
n∑

i=1

|eij |2
)1/2

=

√√√√n−1∑
i=0

V 2
i =

√
φ1(V ).

By Lemma 2.1, we have
∥Cn(V )k∥2 ≤ r1(D)c1(E) =

√
n (φ1(V )).

This completes the proof. □

We consider two special cases of the above theorem: the upper and lower bounds of the spectral norm of 3-primes
k-circulant matrix: Cn(G)k = Circk(G0, G1, ..., Gn−1) and the upper and lower bounds of the spectral norm of Lucas
3-primes k-circulant matrix: Cn(H)k = Circk(H0, H1, ...,Hn−1).

Firstly, the following corollary gives the upper and lower bounds of the spectral norm of Cn(G)k.
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Corollary 2.14. Let Cn(G)k = Circk(G0, G1, ..., Gn−1) be 3-primes k-circulant matrix. Then if |k| ≥ 1 then√
φ1(G) ≤ ∥Cn(G)k∥2 ≤

√
G2

0 + |k|2 (−G2
0 + φ1(G))

√
1−G2

0 + φ1(G),

and if |k| < 1 then

|k|
√
φ1(G) ≤ ∥Cn(G)k∥2 ≤

√
n (φ1(G))

where φ1(G) is as in Corollary 2.10.

Proof . The proof is complete by considering Vn = Gn, G0 = 0, G1 = 1, G2 = 2 in Theorem 2.13. □

Secondly, the following corollary gives the upper and lower bounds of the spectral norm of Cn(H)k.

Corollary 2.15. Let Cn(H)k = Circk(H0, H1, ...,Hn−1) be Lucas 3-primes k-circulant matrix. Then if |k| ≥ 1 then√
φ1(H) ≤ ∥Cn(H)k∥2 ≤

√
H2

0 + |k|2 (−H2
0 + φ1(H))

√
1−H2

0 + φ1(H),

and if |k| < 1 then

|k|
√
φ1(H) ≤ ∥Cn(H)k∥2 ≤

√
n (φ1(H))

where φ1(H) is as in Corollary 2.10.

Proof. The desired result can be obtained by getting Vn = Hn, H0 = 3, H1 = 2, H2 = 10 in Theorem 2.13. □

Next, we present the determinant of Cn(V )k.

Theorem 2.16. The determinant of Cn(V )k is given by

det(Cn(V )k) =

Λn
1

(
1−

(
Λ2−

√
Λ2

2−4Λ1Λ3

2Λ1

)n

−
(

Λ2+
√

Λ2
2−4Λ1Λ3

2Λ1

)n

+
(

Λ3

Λ1

)n)
(−1)n+1(kHn + (k −H−n)k2 × 5n − 1)

where

Λ1 = kVn − V0,

Λ2 = k
1
n (−kVn+1 + 2kVn + V1 − 2V0),

Λ3 = k
2
n (kVn+2 − 2kVn+1 − 3kVn − V2 + 2V1 + 3V0).

Proof . By considering identities

n−1∏
k=0

(x− yω−k) = xn − yn

n−1∏
j=0

(x− yω−j + zω−2j) = xn

(
1−

(
y −

√
y2 − 4xz

2x

)n

−

(
y +

√
y2 − 4xz

2x

)n

+
( z
x

)n)

and (
5(k

1
nω−j)3 + 3(k

1
nω−j)2 + 2(k

1
nω−j)− 1

)
= (αk

1
nω−j − 1)(βk

1
nω−j − 1)(γk

1
nω−j − 1),

we see that

n−1∏
j=0

(
5(k

1
nω−j)3 + 3(k

1
nω−j)2 + 2(k

1
nω−j)− 1

)
= (−1)n+1(kHn + (k −H−n)k

2 × 5n − 1)

and
n−1∏
j=0

Φj(V ) = Λn
1

(
1−

(
Λ2 −

√
Λ2
2 − 4Λ1Λ3

2Λ1

)n

−

(
Λ2 +

√
Λ2
2 − 4Λ1Λ3

2Λ1

)n

+

(
Λ3

Λ1

)n
)
,
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where

ω = exp(2πi/n),

Φj(V ) = kVn − V0 − k
1
n (−kVn+1 + 2kVn + V1 − 2V0)ω

−j

+k
2
n (kVn+2 − 2kVn+1 − 3kVn − V2 + 2V1 + 3V0)ω

−2j

and

Λ1 = kVn − V0,

Λ2 = k
1
n (−kVn+1 + 2kVn + V1 − 2V0),

Λ3 = k
2
n (kVn+2 − 2kVn+1 − 3kVn − V2 + 2V1 + 3V0).

From Theorem 2.11, we have

det(Cn(V )k) =

n−1∏
j=0

λj(Cn(V )k)

=

n−1∏
j=0

Φj(V )

5(k
1
nω−j)3 + 3(k

1
nω−j)2 + 2(k

1
nω−j)− 1

=

n−1∏
j=0

Φj(V )

n−1∏
j=0

5(k
1
nω−j)3 + 3(k

1
nω−j)2 + 2(k

1
nω−j)− 1

=

Λn
1

(
1−

(
Λ2−

√
Λ2

2−4Λ1Λ3

2Λ1

)n

−
(

Λ2+
√

Λ2
2−4Λ1Λ3

2Λ1

)n

+
(

Λ3

Λ1

)n)
(−1)n+1(kHn + (k −H−n)k2 × 5n − 1)

which completes the proof. □

We consider two special cases of the above theorem: the determinant of 3-primes k-circulant matrix: Cn(G)k =
Circk(G0, G1, ..., Gn−1) and the determinant of Lucas 3-primes k-circulant matrix: Cn(H)k = Circk(H0, H1, ...,Hn−1).

Firstly, the following corollary gives the determinant of Cn(G)k.

Corollary 2.17. The determinant of Cn(G)k is given by

det(Cn(G)k) =

Λn
1

(
1−

(
Λ2−

√
Λ2

2−4Λ1Λ3

2Λ1

)n

−
(

Λ2+
√

Λ2
2−4Λ1Λ3

2Λ1

)n

+
(

Λ3

Λ1

)n)
(−1)n+1(kHn + (k −H−n)k2 × 5n − 1)

where

Λ1 = kGn,

Λ2 = k
1
n (−kGn+1 + 2kGn + 1),

Λ3 = k
2
n (kGn+2 − 2kGn+1 − 3kGn).

Proof. The proof is complete by taking Vn = Gn, G0 = 0, G1 = 1, G2 = 2 in Theorem 2.16. □

Secondly, the following corollary gives the determinant of Cn(H)k.

Corollary 2.18. The determinant of Cn(H)k is given by

det(Cn(H)k) =

Λn
1

(
1−

(
Λ2−

√
Λ2

2−4Λ1Λ3

2Λ1

)n

−
(

Λ2+
√

Λ2
2−4Λ1Λ3

2Λ1

)n

+
(

Λ3

Λ1

)n)
(−1)n+1(kHn + (k −H−n)k2 × 5n − 1)
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where

Λ1 = kHn − 3,

Λ2 = k
1
n (−kHn+1 + 2kHn − 4),

Λ3 = k
2
n (kHn+2 − 2kHn+1 − 3kHn + 3).

Proof . The results can be obtained by taking Vn = Hn, H0 = 3, H1 = 2, H2 = 10 in Theorem 2.16. □
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[26] R. Turkmen and H. Gökbaş, On the spectral norm of r-circulant matrices with the Pell and Pell-Lucas numbers,
J. Inequal. Appl. 2016 (2016), 65.
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