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Abstract

Our main purpose of this paper is to study the relationship between multiplicative maps and almost multiplicative
maps between probabilistic normed algebras. We first derive some properties of invertible elements and their relation
with multiplicative maps. Then we show that every complex homomorphism on elements whose probabilistic norm
is equal to 1, is bounded. In the following, we give an open problem about the functionally continuous of unital
commutative probabilistic Banach algebra. Finally, we prove that every almost multiplicative map that is not a
multiplicative map is continuous.
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1 Introduction and preliminaries

Suppose that A and B are two complex algebras and φ : A → B is a mapping. Then φ is multiplicative mapping if

φ(xy) = φ(x)φ(y),

for all x, y ∈ A. Also, φ is said to be homomorphism, if φ is a linear mapping and if B = C, then homomorphism φ is
called complex homomorphism or character. Many properties of homomorphisms between topological algebras such
as Banach algebras, Fréchet algebras,... (one of them properties, is automatic continuity of homomorphisms), have
been studied by many authors, for example see the monographs [6, 11, 21, 24, 25, 26, 27, 29]. In 2005 Hejazian et
al [16] developed the concept of homomorphism and introduced the concept of n-homomorphism. After that, many
authors studied many properties of n-homomorphism, see for example [1, 3, 10, 17, 18, 19, 33, 40].

Jarosz in 1985 [24], initiated a class of mappings between normed algebras called almost multiplicative mapping
and proved every almost multiplicative mapping on a Banach algebra is bounded.

Suppose that A and B are two normed algebras, φ : A → B is a mapping and δ > 0. Then φ is δ-multiplicative
mapping if

∥ φ(xy)− φ(x)φ(y) ∥≤ δ ∥ x ∥∥ y ∥,

for all x, y ∈ A. In addition, a mapping φ is almost multiplicative mapping if there exists a constant δ > 0 such that
φ is δ-multiplicative mapping.
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Later, many authors investigated the properties of almost multiplicative mappings, for example, see, [20, 23, 25,
26, 37, 38].

In the following years, many researchers have given many generalizations of the concept of almost multiplicative
mappings, for example, one can see, [2, 15, 39].

Menger in 1942 [28] introduced probabilistic metric space. He used distribution functions instead of nonnegative
real numbers as values of the metric. Probabilistic metric spaces are widely used in probabilistic functional analysis,
ε∞ theory, quantum particle physics, nonlinear analysis and applications, for example see [4, 5, 7, 8, 9]. Following
that, many researchers like Schweizer and Sklar [36] became interested in studying probabilistic metric spaces.

The concept of probabilistic or fuzzy normed algebras has been introduced by a number of authors, for example
see, [12, 30, 34, 41, 42]. Since then, some researchers have introduced the concept of almost multiplicative mapping
on probabilistic or fuzzy normed algebras in various ways and studied some of their properties, for example, one can
refer to [22, 31, 32].

In the following, we bring some basic definitions and lemmas which we will need in our main result.

Definition 1.1. A distribution function is a function F : [−∞,∞] → [0, 1], that is left continuous on R and nonde-
creasing, moreover, F (−∞) = 0 and F (∞) = 1.

The set of all the distribution functions that F (0) = 0 and lim
t→∞

F (t) = 1 is denoted by D+. The space D+ is

partially ordered by the usual pointwise ordering of functions, and has a maximal element ϵ0, defined by

ϵ0(x) =

{
0 x ≤ 0,
1 x > 0.

Definition 1.2. A mapping T : [0, 1]× [0, 1] → [0, 1] is called a triangular norm (abbreviated, t-norm) if the following
conditions are satisfied:

(i) T (a, b) = T (b, a),

(ii) T (a, T (b, c)) = T (T (a, b), c),

(iii) T (a, b) ≥ T (c, d) whenever a ≥ c and b ≥ d,

(iv) T (a, 1) = a,

for every a, b, c, d ∈ [0, 1].

Some typical examples of continuous t-norm are Tp(a, b) = ab, Tm(a, b) = min{a, b} and Tl(a, b) = max{a+ b− 1, 0}.
It is evident that, as regards the pointwise ordering, T ≤ Tm, for each t-norm T .

For (a1, · · · , an) ∈ [0, 1]n (n ∈ N), the value Tn(a1, · · · , an) is defined by T 1(a1) = a1 and Tn(a1, · · · , an) =
T (Tn−1(a1, · · · , an−1), an). For each a ∈ [0, 1], the sequence (Tn(a)) is defined by Tn(a) = Tn(a, · · · , a).

Definition 1.3. A t-norm T is said to be of Hadžić type (abbreviated, H-type) if the sequence of functions (Tn(a))
is equicontinuous at a = 1, that is

∀ ε ∈ (0, 1), ∃ δ ∈ (0, 1) : a > 1− δ ⇒ Tn(a) > 1− ε (n ∈ N).

The t-norm Tm is a trivial example of a t-norm of H-type, but there are t-norms T of H-type with T ̸= Tm, see [14].
It is easy to see that if T is of H-type, then T satisfies supa∈(0,1) T (a, a) = 1.

Definition 1.4. A probabilistic normed space (abbreviated, PN-space) over K (where K = R or C) is a triplet
(A, ν, T ), where A is a vector space over K, T is a continuous t-norm and ν is a mapping from A into D+ (νx denoted
the value of ν at x) such that the following conditions are satisfied:

(i) νx = ϵ0 iff x = 0, 0 being the null vector in A,

(ii) νλx(t) = νx

(
t
|λ|

)
, for all λ ∈ K \ {0} and t ≥ 0,
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(iii) νx+y(t+ s) ≥ T (νx(t), νy(s)) for all t, s ≥ 0.

Example 1.5. [35] Let (A, ∥ . ∥) be a real normed space. If ν : A → D+ is defined by

νx(t) =

{ t
t+∥x∥ t > 0,

0 t ≤ 0.

Then (A, ν, T ) is a PN-space where T is any t-norm.

Definition 1.6. Let (A, ν, T ) be a PN-space and x ∈ A. An open ball with center x and radius λ (0 < λ < 1) in A
is the set Bx(ε, λ) = {y ∈ A : νx−y(ε) > 1− λ}, for all ε > 0. It is easy to see that B = {Bx(ε, λ) : x ∈ A, ε > 0, λ ∈
(0, 1)} determines a Hausdorff topology for A [36].

Definition 1.7. A sequence (xn) in a PN-space (A, ν, T ) is said to be convergent to a point x ∈ A if and only if for
every ε > 0 and λ ∈ (0, 1), there exists n0(ε, λ) ∈ N such that νxn−x(ε) > 1 − λ for all n ≥ n0(ε, λ). In this case we
say that the limit of the sequence (xn) is x.

Definition 1.8. A sequence (xn) in a PN-space (A, ν, T ) is said to be Cauchy sequence if and only if for every ε > 0
and λ ∈ (0, 1), there exists n0(ε, λ) ∈ N such that νxn+p−xn(ε) > 1 − λ for all n ≥ n0(ε, λ) and every p ∈ N, or
limn→∞ νxn+p−xn(t) = 1, for all t > 0 and p ∈ N.

Also, a PN-space (A, ν, T ) is said to be complete if and only if every Cauchy sequence in A converges to an element
of A.

The concept of the Cauchy sequence is inspired from that of the G-Cauchy sequence (it belongs to Grabiec [13]). It
is easy to see that the limit of a convergent sequence in a PN-space is unique.

Definition 1.9. Every complete PN-space is called a probabilistic Banach space (abbreviated, PB-space).

Definition 1.10. Let (A, ν, T ) and (B,µ, S) be two PN-spaces, φ : A → B be a mapping. Then the mapping φ is
said to be continuous at a point x ∈ A if for every sequence (xn) in A, which converges to x, the sequence (φ(xn)) in
B converges to φ(x).

A mapping φ is said to be continuous on A if φ is continuous at every point in A.

Definition 1.11. A probabilistic normed algebra (abbreviated, PN-algebra) over K (where K = R or C) is a
quadruplet (A, ν, T1, T2), where A is an algebra over K, T1 and T2 are two continuous t-norms such that (A, ν, T1) is
PN-space and for all x, y ∈ A and for all t, s ≥ 0,

νxy(ts) ≥ T2(νx(t), νy(s)).

Example 1.12. [30] Let (A, ∥ . ∥) be a real normed algebra. If ν : A → D+ is defined by

νx(t) =

{ t
t+∥x∥ t > 0,

0 t ≤ 0.

Then (A, ν, Tm, Tp) is a PN-algebra if and only if for all x, y ∈ A and for all t, s > 0,

∥ xy ∥≤∥ x ∥∥ y ∥ +t ∥ x ∥ +s ∥ y ∥ .

Example 1.13. [30] If ∥ . ∥n denote supnorm on [−n, n], then (C(R), ν, Tm, Tl) is a PN-algebra where

νf (t) =

{
sup{ n

n+1 : ∥ f ∥n≤ t} t > 0,

0 t ≤ 0.

Definition 1.14. A PN-algebra (A, ν, T1, T2) is called a probabilistic Banach algebra (abbreviated, PB-algebra), if
(A, ν, T1) is a PB-space.
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Lemma 1.15. [30] If (A, ν, T1, T2) is a PN-algebra, then the algebraic operations are continuous.

Definition 1.16. Let (A, ν, T1, T2) and (B,µ, S1, S2) be two PN-algebras, φ : A → B be a map and δ > 0. If

µφ(xy)−φ(x)φ(y)(δt) ≥ T2(νx(t), νy(t)),

for all x, y ∈ A and for all t > 0, then the map φ is called a δ-multiplicative map. Furthermore, a map φ is said to be
a δ-homomorphism, if φ is linear and δ-multiplicative map.

Also we say that φ is almost multiplicative map (almost homomorphism) if there exists a constant δ > 0 such that φ
is δ-multiplicative map (δ-homomorphism).

Definition 1.17. A PN-algebra (A, ν, T1, T2) is said to be functionally continuous, if every complex homomorphism
(or character) on (A, ν, T1, T2) is continuous.

Let (A, ν, T1, T2) be a unital PB-algebra, in this paper we show that if x ∈ A, νx(λ) = 1 and φ : A → C is a complex
homomorphism, then λeA − x is invertible and | φ(x) |< λ. In the following, we give an open problem that if A is a
unital commutative PB-algebra such that T1 and T2 are two t-norms of H-type. Is A functionally continuous? Finally,
we prove that if (A, ν, Tm, Tm) is a PN -algebra and φ : A → C is a δ-multiplicative map, then φ is a multiplicative
map or Ξφ(x)((1 + δ)t) ≥ νx(t) for all x ∈ A and for all t > 0.

2 Main results

In this section, we present our main results. Let (A, ν, T1, T2) be a unital PN-algebra, with the unit eA. The set
invertible elements of A is denoted by InvA.

Theorem 2.1. Suppose that (A, ν, T1, T2) is a unital PB-algebra with the unit eA such that T1 is a t-norm of H-type,
x ∈ A and limn→∞ xn = 0. Then eA − x ∈ InvA and

(eA − x)−1 =

∞∑
n=0

xn.

Proof . Suppose that ε > 0 and λ ∈ (0, 1), since T1 is a t-norm of H-type, so there exists η ∈ (0, 1) such that
for all a > 1 − η and for all p ∈ N we conclude that T p

1 (a) > 1 − λ, also since limn→∞ xn = 0, then there exists
n0 = n0(ε, η) ∈ N such that νxn( ε

2p ) > 1 − η
2 for all n ≥ n0. Let Sn =

∑n
k=0 x

k, clearly, for every n, p ∈ N, we have

Sn+p − Sn =
∑n+p

k=n+1 x
k. Therefore for all n ≥ n0 and for every p ∈ N, we obtain

νSn+p−Sn
(ε) =ν∑n+p

k=n+1 xk(ε) ≥ T1(νxn+1(
ε

2
), T1(νxn+2(

ε

4
), · · · , T1(νxn+p−1(

ε

2p−1
), νxn+p(

ε

2p−1
))))

≥T1(νxn+1(
ε

2p
), T1(νxn+2(

ε

2p
), · · · , T1(νxn+p−1(

ε

2p
), νxn+p(

ε

2p
))))

≥T p−1
1 (1− η

2
)

>1− λ,

so the sequence (Sn) is a Cauchy sequence converges to some element a ∈ A. It is easy to check that, (eA − x)Sn =
Sn(eA − x) = eA − xn+1, now letting n → ∞, we get (eA − x)a = a(eA − x) = eA, hence the result follows. □

In the following proposition, we present a sufficient condition for limn→∞ xn = 0.

Proposition 2.2. Let (A, ν, T1, T2) be a PN-algebra such that T2 is a t-norm of H-type and x ∈ A. If νx(1) = 1, then
limn→∞ xn = 0.

Proof . Let ε > 0 and λ ∈ (0, 1) be arbitrary. Since T2 is a t-norm of H-type, so there exists η ∈ (0, 1) such that for
all a > 1− η and for all n ∈ N we conclude that Tn

2 (a) > 1− λ. Also, since limt→1− νx(t) = νx(1) = 1, so there exists
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δ > 0 such that for every t > 1− δ we conclude that νx(t) > 1− η
2 . Whereas limn→∞ ε

1
n = 1, there exists n0 ∈ N such

that for every n > n0 we have ε
1
n > 1− δ

2 . So for every n > n0 we get

νxn(ε) ≥T2(νx(ε
1
n ), T2(νx(ε

1
n ), · · · , T2(νx(ε

1
n ), νx(ε

1
n ))))

=Tn−1
2 (νx(ε

1
n ))

≥Tn−1
2 (νx(1−

δ

2
))

≥Tn−1
2 (1− η

2
)

>1− λ.

This shows that limn→∞ xn = 0. □

Now we can ask the following significant question.

Question. Let (A, ν, T1, T2) be a PN-algebra and x ∈ A. Under what other conditions the sequence (xn) converges
to zero?

The following corollary is a direct consequence of Theorem 2.1 and Proposition 2.2.

Corollary 2.3. Suppose that (A, ν, T1, T2) is a unital PB-algebra with the unit eA such that T1 and T2 are two
t-norms of H-type, x ∈ A and νx(1) = 1. Then eA − x ∈ InvA and

(eA − x)−1 =

∞∑
n=0

xn.

Theorem 2.4. Let (A, ν, T1, T2) be a unital PB-algebra with the unit eA such that T1 and T2 are two t-norms of
H-type, x ∈ A and νx(1) = 1. If φ : A → C is a homomorphism, then | φ(x) |< 1.

Proof . If | φ(x) |≥ 1, then we replace x by x
φ(x) and by hypotheses,

1 ≥ ν x
φ(x)

(1) = νx(| φ(x) |) ≥ νx(1) = 1.

Therefore we assume that φ(x) = 1. By Corollary 2.3 there exists y ∈ A such that y =
∑∞

n=1 x
n. Clearly x+ xy = y

and so
1 + φ(y) = φ(x) + φ(x)φ(y) = φ(x+ xy) = φ(y),

which is absurd, thus | φ(x) |< 1, as desired. □

Corollary 2.5. Let (A, ν, T1, T2) be a unital PB-algebra with the unit eA such that T1 and T2 are two t-norms of
H-type, x ∈ A, νx(λ) = 1 (λ > 0) and φ : A → C be a complex homomorphism. Then λeA−x ∈ InvA and | φ(x) |< λ.

Proof . In Corollary 2.3 and Theorem 2.4, replace x by x
λ . □

Example 2.6. It is easy to check that, C([0, 1]) (the space of continuous functions on [0,1]) with the L1-norm ∥ . ∥1
and the usual pointwise operations of functions, is a unital commutative normed algebra. Now it is again easy to see
that, (C([0, 1]), ν, Tm, Tp) is a unital commutative PN-algebra where

νf (t) =

{ t
t+∥f∥1

t > 0,

0 t ≤ 0.

Define φ : C([0, 1]) → C with φ(f) = f(0). Obviously, φ is a complex homomorphism on C([0, 1]). If fn(x) =
1

(1+x)n ,

then clearly fn ∈ C([0, 1], fn → 0 and φ(fn) ↛ 0 as n tends infinity so φ is not continues, hence (C([0, 1]), ν, Tm, Tp)
is not functionally continuous.

The above example show that every PN-algebras may not be functionally continuous. So we ask the following signifi-
cant question.
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Question. Let (A, ν, T1, T2) be a unital commutative PB-algebra such that T1 and T2 are two t-norms of H-type.
Is A functionally continuous?

Let (A, ν, T1, T2) be a PN -algebra. For each α ∈ (0, 1), define the function pα : A → R, by

pα(x) = sup
t∈R

{t ∈ R : νx(t) ≤ 1− α},

since νx ∈ D+, pα(x) is finite.

Proposition 2.7. Let (A, ν, Tm, Tm) be a PN -algebra over K (where K = R or C). Then every pα (α ∈ (0, 1)) is a
multiplicative seminorm (m-seminorm). Furthermore pα(x) = 0 for all α ∈ (0, 1) if and only if x = 0.

Proof . Clearly pα(x) ≥ 0 (since νx ∈ D+). Assume that λ ∈ K, then for all α ∈ (0, 1) and for all x ∈ A we have

pα(λx) = sup
t∈R

{t ∈ R : νλx(t) ≤ 1− α} = sup
t∈R

{t ∈ R : νx(
t

| λ |
) ≤ 1− α}

=sup
t∈R

{| λ | t ∈ R : νx(t) ≤ 1− α} =| λ | sup
t∈R

{t ∈ R : νx(t) ≤ 1− α}

= | λ | pα(x).

Now we show that pα(xy) ≤ pα(x)pα(y), for all α ∈ (0, 1) and for all x, y ∈ A. To this end, suppose that for some
x, y ∈ A, pα(xy) > pα(x)pα(y), we can choose t > pα(x), s > pα(y) and ts < pα(xy), thus νx(t) > 1−α, νy(s) > 1−α
and νxy(ts) ≤ 1− α. If β = min{νx(t), νy(s)}, then we have

1− α ≥ νxy(ts) ≥ Tm(νx(t), νy(s)) ≥ Tm(β, β) = β,

hence νx(t) ≤ 1−α or νy(s) ≤ 1−α, which is a contradiction. Finally, by using a similar argument, we can show that
pα(x+ y) ≤ pα(x)+ pα(y), for all α ∈ (0, 1) and for all x, y ∈ A. If x = 0, then νx = ϵ0 and for all α ∈ (0, 1) obviously
{t ∈ R : νx(t) ≤ 1− α} = (−∞, 0], so pα(x) = 0 for all α ∈ (0, 1). Conversely, if pα(x) = 0 for all α ∈ (0, 1), then for
s > 0 we have s /∈ {t ∈ R : νx(t) ≤ 1− α}, so 1− α < νx(s) ≤ 1 for all α ∈ (0, 1), thus νx = ϵ0, as desired. □

Theorem 2.8. Let (A, ν, Tm, Tm) be a PN -algebra. Then the topology on A generated by the family of m-seminorms
{pα : α ∈ (0, 1)} is the same as the topology generated by the system of (α, ε)-neighborhoods.

Proof . It is easy to check that (for all x ∈ A and for all α ∈ (0, 1)) pα(x) < ε if and only if νx(ε) > 1− α, so

B0(α, ε) = {x ∈ A : νx(ε) > 1− α} = {x ∈ A : pα(x) < ε} = B0(pα, ε).

Therefore the topology generated by the system of (α, ε)-neighborhoods coincides with the topology generated by the
family of m-seminorms {pα : α ∈ (0, 1)}. □

Lemma 2.9. Let A = R or C. If Ξ : A → D+ is defined by

Ξx(t) =

{ t
t+|x| t > 0,

0 t ≤ 0.

Then the quadruple (A,Ξ, Tm, Tp) is PN-algebra and ξα(x) =
(
1
α − 1

)
| x |, for all α ∈ (0, 1), where ξα is the

m-seminorm associated with the probabilistic norm Ξ.

Proof . By Example 1.12, (A,Ξ, Tm, Tp) is PN-algebra and it is easy to see that ξα(x) =
(
1
α − 1

)
| x |. □

Remark 2.10. Throughout this paper, we denote the usual probabilistic norm on R (or C) by Ξ and the m-seminorms
associated with the probabilistic norm Ξ by ξα, which is defined in the above lemma, also we consider R or C with
quadruplet (R ( or C),Ξ, Tm, Tp) as a PN-algebra.

Proposition 2.11. Let (A, ν, Tm, Tm) be a PN -algebra and (pα) be the m-seminorms associated with the probabilistic
norm ν. If φ : A → C is a δ-multiplicative map, then

ξα(φ(xy)− φ(x)φ(y)) ≤ δpα(x)pα(y),

for all α ∈ (0, 1) and for all x, y ∈ A.
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Proof . Assume towards a contradiction that there exist α ∈ (0, 1) and x, y ∈ A such that

δpα(x)pα(y) < ξα(φ(xy)− φ(x)φ(y)).

So there exist t, s > 0 such that t > pα(x), s > pα(y) and δts < ξα(φ(xy)−φ(x)φ(y)), thus νx(t) > 1−α, νy(s) > 1−α
and Ξφ(xy)−φ(x)φ(y)(δts) ≤ 1− α. If β = min{νx(t), νy(s)}, then we have

1− α ≥ Ξφ(xy)−φ(x)φ(y)(δts) ≥ Tm(νx(t), νy(s)) ≥ Tm(β, β) = β,

hence νx(t) ≤ 1− α or νy(s) ≤ 1− α, which is a contradiction. □

Lemma 2.12. Let (A, ν, Tm, Tm) be a PN -algebra and (pα) be the m-seminorms associated with the probabilistic
norm ν. If x ∈ A and φ : A → C is a map such that for all α ∈ (0, 1),( 1

α
− 1

)
| φ(x) |≤ kpα(x).

Then
Ξφ(x)(kt) ≥ νx(t),

for all t > 0.

Proof . Assume towards a contradiction that there exists t > 0 such that

Ξφ(x)(kt) < νx(t).

Choose α ∈ (0, 1) such that Ξφ(x)(kt) < 1 − α < νx(t), since νx is left continuous at t, there exists s < t such that
1− α < νx(s). Now it is easy to see that

pα(x) ≤ s < t ≤ ξα(
φ(x)

k
) =

( 1
α
− 1

)
| φ(x)

k
|,

which is a contradiction. □

Theorem 2.13. Let (A, ν, Tm, Tm) be a PN -algebra and φ : A → C be a δ-multiplicative map. Then φ is a
multiplicative map or for all α ∈ (0, 1) there exists a constant kα > 0 such that ξα(φ(x)) ≤ kαpα(x) for all x ∈ A,
where (pα) (α ∈ (0, 1)) is the m-seminorms associated with the probabilistic norm ν.

Proof . Suppose that φ is not multiplicative thus there exist a, b ∈ A such that φ(ab) ̸= φ(a)φ(b). By Proposition
2.11 and Lemma 2.9, for all α ∈ (0, 1) and for all x, y ∈ A, we have( 1

α
− 1

)
| φ(xy)− φ(x)φ(y) |≤ δpα(x)pα(y).

Note that for all α ∈ (0, 1) pα(a) ̸= 0 ̸= pα(b). Now for all α ∈ (0, 1) and for all x ∈ A, we get( 1
α
− 1

)
| φ(x) || φ(ab)− φ(a)φ(b) |=(

1

α
− 1) | φ(x)φ(ab)− φ(x)φ(a)φ(b) |

=
( 1
α
− 1

)
| φ(x)φ(ab)− φ(x)φ(a)φ(b)± φ(xab)± φ(xa)φ(b) |

≤
( 1
α
− 1

)(
| φ(x)φ(ab)− φ(xab) | + | φ(xab)− φ(xa)φ(b) |

+ | φ(xa)φ(b)− φ(x)φ(a)φ(b) |
)

≤δpα(x)pα(ab) + δpα(xa)pα(b) + δpα(x)pα(a) | φ(b) |
≤2δpα(x)pα(a)pα(b) + δpα(x)pα(a) | φ(b) |

=pα(x)
(
2δpα(a)pα(b) + δpα(a) | φ(b) |

)
.

If

kα =
2δpα(a)pα(b) + δpα(a) | φ(b) |

| φ(ab)− φ(a)φ(b) |
,
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then for all α ∈ (0, 1) and for all x ∈ A we obtain

ξα(φ(x)) =
( 1
α
− 1

)
| φ(x) |≤ kαpα(x),

as desired. □

Now, we state the most important theorem of this paper as follows.

Theorem 2.14. Let (A, ν, Tm, Tm) be a PN -algebra and φ : A → C be a δ-multiplicative map. Then φ is a
multiplicative map or Ξφ(x)((1 + δ)t) ≥ νx(t) for all x ∈ A and for all t > 0.

Proof . Suppose that φ is not multiplicative, we show that Ξφ(x)((1 + δ)t) ≥ νx(t) for all x ∈ A and for all t > 0. To
this end, assume towards a contradiction that there exist x0 ∈ A and t0 > 0 such that Ξφ(x0)((1 + δ)t0) < νx0(t0). By
Theorem 2.13, for all α ∈ (0, 1) there exists kα > 0 such that( 1

α
− 1

)
| φ(x) |≤ kαpα(x), (2.1)

for all x ∈ A. It is easy to check that there exists α0 ∈ (0, 1) such that( 1

α0
− 1

)
| φ(x0) |> (1 + δ)pα0(x0), (2.2)

by Lemma 2.12. By (2.1) and (2.2) we get pα0(x0) ̸= 0. Also, there exists q > 0 such that
(

1
α0

− 1
)
| φ(x0) |=

(1 + δ + q)pα0
(x0). By Proposition 2.11 and Lemma 2.9, for all α ∈ (0, 1) and for all x, y ∈ A, we have( 1

α
− 1

)
| φ(xy)− φ(x)φ(y) |≤ δpα(x)pα(y).

Now we show by induction that ( 1

α0
− 1

)
| φ(x2m

0 ) |≥ (1 + δ +mq)(pα0
(x0))

2m . (2.3)

for every m ∈ N. Using the above results, we have( 1

α0
− 1

)
| φ(x2

0) |≥
( 1

α0
− 1

)
| φ(x0)

2 | −
( 1

α0
− 1

)
| φ(x2

0)− φ(x0)
2 |

≥(1 + δ + q)2(pα0
(x0))

2 − δ(pα0
(x0))

2

≥(1 + δ + q)(pα0
(x0))

2,

thus (2.3) is true for m = 1. Now suppose that (2.3) for m holds, so we obtain( 1

α0
− 1

)
| φ(x2m+1

0 ) |≥
( 1

α0
− 1

)
| φ(x2m

0 )2 | −
( 1

α0
− 1

)
| φ(x2m+1

0 )− φ(x2m

0 )2 |

≥(1 + δ +mq)2(pα0
(x0))

2m+1

− δ(pα0
(x2m

0 ))2

≥(1 + δ +mq)2(pα0
(x0))

2m+1

− δ(pα0
(x0))

2m+1

≥(1 + δ + (m+ 1)q)(pα0
(x0))

2m+1

.

Hence (2.3) holds for all m ∈ N. Now for each x, y ∈ A, we have

(1 + δ +mq)(pα0
(x0))

2m
( 1

α0
− 1

)
| φ(xy)− φ(x)φ(y) |≤

( 1

α0
− 1

)2 | φ(x2m

0 ) || φ(xy)− φ(x)φ(y) |

≤kα0
δpα0

(x)pα0
(y)pα0

(x2m

0 )

≤kα0δpα0(x)pα0(y)(pα0(x0))
2m ,

so

| φ(xy)− φ(x)φ(y) |≤ α0kα0
δpα0

(x)pα0
(y)

(1− α0)(1 + δ +mq)
.

We let m go to infinity, we obtain φ is multiplicative, which is a contradiction, therefore

Ξφ(x)((1 + δ)t) ≥ νx(t),

for all x ∈ A and for all t > 0. □

Corollary 2.15. Let (A, ν, Tm, Tm) be a functionally continuous PN -algebra and φ : A → C be a almost homomor-
phism. Then φ is automatically continuous.
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