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Abstract

The analytic description of holomorphic mappings is coupled with the functions which map the unit disk to the
right half plane. Also, a natural extension of the idea of inequalities between real-valued functions is the concept
of subordination between functions of a complex variable. In this study, we make use of some first-order differential
subordination and superordination conditions on functions associated with 2j, k-symmetrical points, and determine
some already known classes of analytic functions. We’re also come up with some sandwich theorems based on specific
assumptions about the parameters that are involved in our major findings.
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1 Introduction

Let E : E = {z ∈ C : |z| < 1} contained in C and let H(E) be the family of all mappings holomorphic in E. A
natural extension of the idea of inequalities between functions of a real variable is the concept of subordination between
functions of a complex variable. This concept dates back to Lindelöf, but Littlewood and Rogosinski originally used this
term of subordination instead or as an analogue of inequalities and defined its several properties, for the recent work,
see [14]. For holomorphic mappings f, g ∈ H(E), f ≺ g, if for a Schwarz mapping w, we write that f(z) = g(w(z)),
for every z ∈ E. If g ∈ S, then f ≺ g ⇐⇒ g(0) = f(0) and g(E) ⊃ f(E). The analytic description of holomorphic
mappings is coupled with the functions which map to the right half plane or have positive real part. Assume that P
contains the family of holomorphic or analytic mappings p, in such a way that p ∈ H(E) : p(0) = 1,ℜ (p(z)) > 0 and

p(z) = 1 + c1z
1 + ..., z ∈ E.

For −1 ≤ α2 < α1 ≤ 1, we define that a mapping p ∈ P [α1, α2] : p(0) = 1 and p(z) ≺ 1+α1z
1+α2z

. We refer to [9] for more
information. Consider that A denote the family or class of holomorphic or analytic mappings defined in E and meet
the assumption that f(0) = 0 and f ′(0) = 1. A mapping f ∈ A considers the following illustration:

f(z) = z + a2z
2 + ..., z ∈ E. (1.1)
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A mapping f ∈ A is considered to be univalent, if it is one-to-one in E. This family is abbreviated by S. A mapping
f ∈ S∗ in E is said to be starlike assuming that

ℜ
(
zf ′(z)

f(z)

)
> 0.

This condition is due to Nevalinna, see [8]. A mapping f is convex, iff zf ′ ∈ S∗. This condition was studied by Study.
Lowner and many others also studied these families at breadth. In addition, Ma and Minda, see [13] also defined the
following:

S∗(φ) =

{
f : f ∈ S and

zf ′(z)

f(z)
≺ φ(z),where φ ∈ P, z ∈ E

}
.

For detail, see [8, 18] with reference therein.

Definition 1.1. A mapping f ∈ SSP in E iff, it meets the condition:

ℜ
(

zf ′(z)

f(z) − f(−z)

)
> 0.

Stankiewicz defined the related family CSP of convex mappings.

Definition 1.2. A mapping f ∈ SSCP iff, it observes the condition:

ℜ

(
zf ′(z)

f(z) − f(−z)

)
> 0.

For detail see [7]. Also, f ∈ CSCP iff, zf ′ ∈ SSCP. For more detail, see [10].

Definition 1.3. A mapping f ∈ SSCP(φ), If we have

zf ′(z)

f(z) − f(−z)
≺ φ(z), where z ∈ E and φ ∈ P.

Also a mapping f ∈ CSCP(φ), iff, zf ′ ∈ SSCP(φ). These families were first studied by Ravichandran [17] in 2004.
The families Sk

SP and Ck
SP, investigated by Wang and Gao [22] are defined as:

Sk
SCP(φ) =

{
f ∈ S, zf

′(z)

fk(z)
≺ φ(z),where φ ∈ P, k ̸= 1, k ∈ Z+, z ∈ E

}
and f ∈ Ck

SCP(φ) iff zf ′ ∈ Sk
SCP(φ).

Ck
SCP(φ) =

{
f ∈ S, (zf ′(z))

′

f ′k(z)
≺ φ(z),where φ ∈ P, k ̸= 1, k ∈ Z+, z ∈ E

}
,

A mapping f ∈ S2k
SCP, iff it meets the condition:

Rzf ′(z)

f2k(z)
> 0, z ∈ E.

where k ̸= 1 and k ∈ Z+. Also, f ∈ S2k
SCP(ϕ), iff it meets the condition:

zf ′(z)

f2k(z)
≺ ϕ(z)

where ϕ ∈ P. Also, f ∈ C2k
SCP(ϕ), iff, zf ′ ∈ S2k

SCP(ϕ). The families S2k
SCP(ϕ) and C2k

SCP(ϕ) were investigated by Wang
and Gao. See [22].

Let k ∈ N, j = 0, 1, ..., k − 1. A mapping f is a j, k-symmetrical if for each z ∈ E, f(εz) = εjf(z), where
ε = exp 2πι

k . For detail, see [11]. Observe that fj,k is defined by:

fj,k(z) =
1

k

k−1∑
η2=0

f(εη2z)

εη2j
.

This mappings were first studied by Liczberski and Polubinski in [12].
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Definition 1.4. A mapping f ∈ Sj,k
SCP in E, iff it meets the condition:

ℜ
(
zf ′(z)

fj,k (z)

)
> 0.

Similarly, a mapping f ∈ Cj,k
SCP, iff, zf ′ ∈ Sj,k

SCP. Also, we define the family Sj,k
SCP(ϕ) as follows:

Definition 1.5. A mapping f ∈ Sj,k
SCP(ϕ) in E, iff it satisfy the condition:

ℜ
(
zf ′(z)

fj,k (z)

)
≺ ϕ(z).

Similarly, f ∈ Cj,k
SCP(ϕ) iff, zf ′ ∈ Sj,k

SCP(ϕ), see [12]. In 2013, Karthikeyan [11] investigated the classes S(2j,k)
SCP (ϕ)

and C(2j,k)
SCP (ϕ) of starlike and convex functions with respect to (2j, k)-symmetric conjugate points, respectively, which

are defined as follows.

Definition 1.6. A function f is said to be in the class S(2j,k)
SCP (ϕ) iff, we have

zf ′(z)

f2j,k(z)
≺ ϕ(z) (z ∈ E; ϕ ∈ P).

This class is related with the class C2j,k
SCP (ϕ) by a known Alexander type relation, as seen in [8], that is a function

f ∈ C2j,k
SCP (ϕ) if and only if zf ′ S(2j,k)

SCP (ϕ) . For fixed j and k, f2j,k is defined by

f2j,k(z) =
1

2k

k−1∑
η=0

[
ε−ηjf(εηz) + εηjf(εηz)

]
, ε = e

2πi
k . (1.2)

From (1.2), we obtain the following identities:

f ′2j,k(z) =
1

2k

k−1∑
η=0

[
ε−ηj+ηf ′(εηz) + εηj−ηf(εηz)

]
,

f ′′2j,k(z) =
1

2k

k−1∑
η=0

[
ε−ηj+2ηf ′′(εηz) + εηj−2ηf ′′(εηz)

]
,

f2j,k(εηz) = εηjf2j,k(z), f2j,k(z) = f2j,k(z)

and
f ′2j,k(εηz) = εηj−ηf ′2j,k(z) and f ′2j,k(z) = f ′2j,k(z).

Let Ψ : C3 × E −→ C and p ∈ S in E. If h holomorphic in E in such a way that

Ψ (h, zh′, h′′; z) ≺ p(z), (1.3)

then h is the solution of (1.3) and the univalent function ℓ is called a dominant of the solutions of the differential

subordination, or more simply a dominant, if h(z) ≺ ℓ(z) for all h satisfying (1.3). A dominant ℓ̃ that satisfies

ℓ̃(z) ≺ ℓ(z), for every ℓ satisfying (1.3) is called the best dominant of (1.3). For detail, see [14]. On the other side, we
also have

p(z) ≺ Ψ (h, zh′, h′′; z) (1.4)

then h is again a solution of (1.4). A mapping ℓ is subordinant to h, if ℓ(z) ≺ h(z) for h satisfying (1.4). A subordinant

ℓ̃ in such a way that ℓ(z) ≺ ℓ̃(z) for every subordinant ℓ satisfying (1.4) is best subordinant of (1.4). For more detailed
information, see [15].

Using similar results of Bulboaca [6], Aouf et al.[1] proved that

ℓ1(z) ≺ zf ′(z)

f(z)
≺ ℓ2(z),

where ℓ1 : ℓ1(0) = 1, ℓ2 : ℓ2(0) = 1 are in S. In 2006, Shanmugam et.al [20, 21] further extended these results. See
[2, 3, 4, 5, 16, 19] for further information on these and other relevant families.

The main goal of this research is to look at certain analogues of differential inequalities for mappings to 2j, k-
symmetric points and come up with some sandwich results for these mappings.



1136 Bukhari, Manzoor

2 Preliminary Results

Lemma 2.1. [14] For ℓ ∈ S in the domain E, and θ and ψ are holomorphic or analytic in D : ℓ(E) ⊂ D and for
w ∈ ℓ(E), ψ(w) ̸= 0. We define and establish that

Q(z) = zψ [ℓ(z)] ℓ′(z),

along with
h(z) = θ [ℓ(z)] +Q(z)

and further note that h ∈ C or Q ∈ S∗ in E in such a way that ℜ
(

zh′(z)
Q(z)

)
> 0. If p is holomorphic in E : p(0) = ℓ(0),

p(E) ⊂ D and we have the subordination given by

zp′(z)ψ [p(z)] + θ [p(z)] ≺ zℓ′(z)ψ [ℓ(z)] + θ [ℓ(z)] = h(z), (2.1)

then p(z) ≺ ℓ(z).

Let Q be the family of holomorphic or analytic and injective mappings f on E \ ∂E(f), where

∂E(f) =

{
ζ ∈ ∂E such that lim

z→ ζ
f(z) = ∞, f ′(ζ) ̸= 0 and ζ ∈ ∂E \ ∂E(f)

}
.

Lemma 2.2. [14] For ℓ ∈ S in the domain E, and θ and ψ are holomorphic or analytic in a domain D : ℓ(E) ⊂ D with
ψ(w) ̸= 0, w ∈ ℓ(E). Assume that

ℜ
(
θ′ [ℓ(z)]

ψ [ℓ(z)]

)
> 0, z ∈ E

and
h(z) = zℓ′(z)ψ [ℓ(z)] ∈ S∗.

If p ∈ H[ℓ(0), 1] ∩Q with p(E) ⊂ D,
zp′(z))ψ [p(z)] + θ [p(z)] ∈ S

and
zℓ′(z)ψ [ℓ(z)] + θ [ℓ(z)] ≺ θ(p(z)) + zp′(z)ψ [p(z)] , (2.2)

then ℓ(z) ≺ (p(z), and ℓ is the best subordinant of (2.2).

Lemma 2.3. [8] The mapping

ℓ(z) =
1

(1 − z)2ab
∈ S ⇐⇒ |2ab± 1| ≤ 1.

3 Subordination Results

Theorem 3.1. Assume that a mapping ℓ ∈ S : ℓ(0) = 1 defined in E and fulfills the inequality

ℜ
(

1 +
zℓ′′(z)

ℓ′(z)

)
> max

{
0;−ℜ

(
η

γ

)}
, γ ∈ C∗ = C\ {0} , z ∈ E. (3.1)

If for f ∈ A, the non-linear differential equation given by

(η + ρ)
zf ′(z)

f2j,k(z)
− ρ

z2f ′(z)f ′2j,k(z)

(f2j,k(z))2
+ ρ

z2f ′′(z)

f2j,k(z)
≺ ηℓ(z) + ρzℓ′(z) (z ∈ E) , (3.2)

then zf ′(z)
f2j,k(z)

≺ ℓ(z), z ∈ E and ℓ is the best dominant of (3.2).
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Proof . In order to acquire the appropriate proof, we define and examine the following functional h in such a way
that

h(z) =
zf ′(z)

f2j,k(z)
, (3.3)

where h : h(0) = 1 is holomorphic in E. On taking derivative of (3.2), we can write

h′(z) =
−zf ′(z)f2j,k(z) + f2j,k(z){f ′(z) + zf ′′(z)}

(f2j,k(z))2
, z ∈ E,

which further implies that

ηh(z) + γzh′(z) = γ
z2f ′′(z)

f2j,k(z)
+ (η + γ)

zf ′(z)

f2j,k(z)
− γ

z2f ′(z)f ′2j,k(z)

(f2j,k(z))2
. (3.4)

In view of (3.2), from (3.4) it is observed that

ηh(z) + γzh′(z) ≺ ηℓ(z) + γzℓ′(z).

For the sack of the completeness of the condition of the Lemma 2.1, we set θ(w) = ηw and ψ(w) = γ which are
holomorphic or analytic in C∗ in such a way that ℓ(E) ⊂ C∗. Also, if we assume that

Q(z) = ψ [ℓ(z)] zℓ′(z) = γzℓ′(z)

alongwith
p(z) = Q(z) + θ [ℓ(z)] = ηℓ(z) + γzℓ′(z),

so that Q(0) = 0 and Q′(0) = γℓ′(0) ̸= 0, then from (3.1), it is clear that the mapping Q ∈ S∗ in E and

ℜ
(
zp′(z)

Q(z)

)
= ℜ

(
1 +

η

γ
+
zℓ′′(z)

ℓ′(z)

)
> 0 (z ∈ E) .

Making use of (3.2) alongwith Lemma 2.1, we find that h(z) ≺ ℓ(z). This leads to the proof. □

Remark 3.2. If we consider ℓ(z) = 1+α1z
1+α2z

in Theorem 3.1, where −1 ≤ α2 < α1 ≤ 1, then from the condition (3.1),
we can write

ℜ
(

1 − α2z

1 + α2z

)
> max

{
0;−ℜ

(
η

γ

)}
(z ∈ E) .

Also the mapping w(z) = 1−z
1+z ∈ C for |z| < |α2| in E and also w(z) = w (z) for all |z| < |α2|. It implies that w(E) is

convex as well as symmetric about the real axis. Hence

inf

{
ℜ
(

1 − α2z

1 + α2z

)
, z ∈ E

}
=

1 − |α2|
1 + |α2|

> 0.

Thus, we have ℜ
(

η
γ

)
≥ |α2|−1

|α2|+1 .

In view of the Theorem 3.1, we may derive:

Corollary 3.3. Suppose that η, γ ∈ C : γ ̸= 0 and −1 ≤ α2 < α1 ≤ 1 so that 1−|α2|
1+|α2| ≥ max

{
0;−ℜ

(
η
γ

)}
. If for the

mapping f ∈ A, we note the following condition

γ
z2f ′′(z)

f2j,k(z)
+ (η + γ)

zf ′(z)

f2j,k(z)
− γ

z2f ′(z)f ′2j,k(z)

(f2j,k(z))2
≺ η

1 + α1z

1 + α2z
+ γ

(α1 − α2)z

(1 + α2z)2
, z ∈ E,

then zf ′(z)
f2j,k(z)

∈ P [α1, α2] , z ∈ E.

For α1 = 1 and α2 = −1, we may derive a related results as a special case.
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Theorem 3.4. Suppose that a mapping ℓ ∈ S defined in E in such a way that ℓ(0) = 1 and we further assume that
ℓ(z) ̸= 0. Consider that the condition

ℜ
(

1 +
zℓ′′(z)

ℓ′(z)
− zℓ′(z)

ℓ(z)

)
> 0 (z ∈ E) . (3.5)

holds for ℓ. Assume that for the mapping f given by (1.1) and η ∈ C∗ and η1, η2 ∈ C with η1 + η2 ̸= 0, we have

(η1 + η2)zf ′(z)

η1zf ′2j,k(z) + η2f2j,k(z)
̸= 0 (z ∈ E) . (3.6)

If we see the subordination given by

2 +
zf ′′(z)

f ′(z)
−
η1z(zf ′2j,k(z))′ + η2zf

′
2j,k(z)

η1zf ′2j,k(z) + η2f2j,k(z)
≺ 1 +

zℓ′(z)

ηℓ(z)
(z ∈ E) , (3.7)

holds, then we get (η1+η2)zf
′(z)

η1zf ′
2j,k(z)+η2f2j,k(z)

≺ [ℓ(z)]
1
η .

Proof . In order to acquire the appropriate proof, we examine the functional h in such a way that

h(z) =

[
(η1 + η2)zf ′(z)

η1zf ′2j,k(z) + η2f2j,k(z)

]η
(z ∈ E) , (3.8)

where the power is assumed as the principal one. According to the supposition (3.6), the multivalued power mapping
h has an holomorphic or analytic branch in E, with h(0) = 1, and from (3.8), we can write that

2 +
zf ′′(z)

f ′(z)
−
η1z(zf ′2j,k(z))′ + η2zf

′
2j,k(z)

η1zf ′2j,k(z) + η2f2j,k(z)
=
zh′(z)

ηh(z)
+ 1 (z ∈ E) . (3.9)

In view of (3.7) and (3.9), we observe that

1 +
zh′(z)

ηh(z)
≺ 1 +

zℓ′(z)

ηℓ(z)
(z ∈ E) .

When it comes to Lemma 2.1, we assume that θ(w) = 1 and ψ(w) = 1/ηw are holomorphic or analytic in E. These
are holomorphic mappings in C∗ containing ℓ(E). Furthermore, if we assume that

Q(z) := zℓ′(z)ψ [ℓ(z)] =
zℓ′(z)

ηℓ(z)

and

p(z) := θ [ℓ(z)] +Q(z) = 1 +
zℓ′(z)

ηℓ(z)

with Q(0) = 0 and Q′(0) = 1
η
ℓ′(0)
ℓ(0) ̸= 0, then from our assumption (3.5), it is proved that Q ∈ S∗ in E and

ℜ
(
zp′(z)

Q(z)

)
= ℜ

(
1 − zℓ′(z)

ℓ(z)
+
zℓ′′(z)

ℓ′(z)

)
> 0 (z ∈ E) .

Lemma 2.1, and the assumption given by (3.7), prove that h (z) ≺ ℓ (z). □

As a particular case, if we choose η1 = 0, η2 = 1 and ℓ(z) = 1+α1z
1+α2z

in the above theorem, then clearly the inequality
(3.7) holds whenever −1 ≤ α1 < α2 ≤ 1. Hence, we can derive the following corollaries:

Corollary 3.5. Let −1 ≤ α1 < α2 ≤ 1 and η ∈ C∗. Furthermore, consider that a holomorphic mapping f ∈ A meets
the condition

zf ′(z)

f2j,k(z)
̸= 0 (z ∈ E) . (3.10)

If we write

2 +
zf ′′(z)

f ′(z)
−
zf ′2j,k(z)

f2j,k(z)
≺ 1 +

1

η

(α1 − α2)z

(1 + α1z)(1 + α2z)
(z ∈ E) , (3.11)

then we obtain zf ′(z)
f2j,k(z)

≺
[
1+α1z
1+α2z

] 1
η

.
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Corollary 3.6. Let −1 ≤ α1 < α2 ≤ 1 with α2 ̸= 0 and suppose that |α1−α2

α2−1 | ≤ 1
η or |α1−α2

α2+1 | ≤ 1
η where η ∈ C∗.

Furthermore, consider that a holomorphic mapping f ∈ A meets the condition in (3.10) in such a way that the
subordination given by

1 + η

[
1 +

zf ′′(z)

f ′(z)
−
zf ′2j,k(z)

f2j,k(z)

]
≺ 1 + [η(α1 − α2) + α2] z

1 + α2z
(z ∈ E) , (3.12)

holds, then we observe that zf ′(z)
f2j,k(z)

≺ (1 + α2z)
(α1−α2)

α2 .

Using η1 = 0, η2 = 1 with a, b ∈ C∗, η = ab and ℓ(z) = 1
(1−z)2ab in the above Theorem 3.4 together with application

of the Lemma 2.3, we arrive at the following conclusion as a corollary:

Corollary 3.7. Let a, b ∈ C∗ in such a way that |2ab − 1| ≤ 1 or |2ab + 1| ≤ 1. Furthermore, consider that a
holomorphic mapping f ∈ A meets the condition in (3.10) in such a way that

2 +
zf ′′(z)

f ′(z)
−
zf ′2j,k(z)

f2j,k(z)
≺ 1 + z

1 − z

then we see that

zf ′(z)

f2j,k(z)
≺ 1

(1 − z)2
. (3.13)

By putting η1 = 0, η2 = 1, η = eιπ

bcosλ , a, b ∈ C∗, |λ| < π
2 , and ℓ(z) = 1

(1−z)2abe−ιλcosλ
in the above Theorem 3.4, we

obtain the following:

Corollary 3.8. Assume that a, b ∈ C∗ and |λ| < π
2 , and suppose that

|2abe−ιλcosλ− 1| ≤ 1 or |2abe−ιλcosλ+ 1| ≤ 1.

Furthermore, consider that a holomorphic mapping f ∈ A meets the condition in (3.10), and

1 +
eιπ

bcosλ

[
1 +

zf ′′(z)

f ′(z)
−
zf ′2j,k(z)

f2j,k(z)

]
≺ 1 + z

1 − z

then,
zf ′(z)

f2j,k(z)
≺ 1

(1 − z)2ab
.

Theorem 3.9. Suppose that the mapping ℓ ∈ S : ℓ(0) = 1 and it meets the condition

ℜ
(

1 +
zℓ′′(z)

ℓ′(z)

)
> max

{
0;−ℜ

(
δ

η

)}
, (3.14)

where η, γ ∈ C∗ and η1, η2 ∈ C with η1 + η2 ̸= 0. Furthermore, consider that a holomorphic mapping f ∈ A meets the
condition in (1.1) and is in such a way that

(η1 + η2)zf ′(z)

η1zf ′2j,k(z) + η2f2j,k(z)
̸= 0 (z ∈ E) ,

and if the subordination relation given by[
(1 + η2

η1
)f ′(z)

f ′2j,k(z) + η2

η1z
f2j,k(z)

]η
(1 + δ +

zf ′′(z)

f ′(z)
−

(zf ′2j,k(z))′ + η2

η1
f ′2j,k(z)

f ′2j,k(z) + η2

η1z
f2j,k(z)

) ≺ δℓ(z) +
zℓ′(z)

η
(3.15)

holds, then (η1+η2)zf
′(z)

η1zf ′
2j,k(z)+η2f2j,k(z)

≺ [ℓ(z)]
1
η .
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Proof . In order to acquire the appropriate proof, we examine the functional h as in (3.8), where h : h(0) = 1 is
holomorphic or analytic in E. From (3.8), we can see that[

(η1 + η2)zf ′(z)

η1zf ′2j,k(z) + η2f2j,k(z)

]η [
1 +

zf ′′(z)

f ′(z)
−
η1z(zf ′2j,k(z))′ + η2zf

′
2j,k(z)

η1zf ′2j,k(z) + η2f2j,k(z)

]
=
zh′(z)

η

or we can write[
(η1 + η2)zf ′(z)

η1zf ′2j,k(z) + η2f2j,k(z)

]η [
1 + δ −

η1z(zf ′2j,k(z))′ + η2zf
′
2j,k(z)

η1zf ′2j,k(z) + η2f2j,k(z)

]
= δh(z) +

1

η
zh′(z).

On application of (3.15), we can also write

δh(z) +
1

η
zh′(z) ≺ δℓ(z) +

1

η
zℓ′(z).

We let θ(w) = δw and ψ(w) = 1
η which are holomorphic or analytic on C containing ℓ(E). We also let

Q(z) = zℓ′(z)ψ [ℓ(z)] =
1

η
zℓ′(z) (z ∈ E)

and

p(z) = θ [ℓ(z)] +Q(z) = δℓ(z) +
1

η
zℓ′(z) (z ∈ E) .

Since, Q(0) = 0 and Q′(0) = 1
η ℓ

′(0) ̸= 0. From the assumption given in (3.11), we observe that Q ∈ S∗ in E and also
we note that

ℜ
(
zp′(z)

Q(z)

)
= ℜ

(
1 +

δ

η
+
zℓ′′(z)

ℓ′(z)

)
> 0 (z ∈ E) .

Thus, Lemma 2.1 leads to the implication h(z) ≺ ℓ(z). □

Taking ℓ(z) = 1−α1z
1+α2z

in the above Theorem 3.9, where −1 ≤ α2 < α1 ≤ 1, η2 = 0 and η1 = 1, we arrived at the
following conclusion:

Corollary 3.10. Let −1 ≤ α2 < α1 ≤ 1 and η ∈ C∗ and δ ∈ C with max
{

0;−ℜ
(

δ
η

)}
≤ 1−|α2|

1+|α2| . Furthermore,

consider that a holomorphic mapping f ∈ A meets the condition in (3.14) and also the subordination results given by[
zf ′(z)

f ′2j,k(z)

]η [
1 + δ +

zf ′′(z)

f ′(z)
−

(zf ′2j,k(z))′

f ′2j,k(z)

]
≺ δ

1 + α1z

1 + α2z
+

1

η

(α1 − α2)z

(1 + α2z)2
, z ∈ E.

holds, then we obtain
[

zf ′(z)
f ′
2j,k(z)

]η
≺ 1+α1z

1−α2z
.

Taking η2 = γ = 1, η1 = 0 and ℓ(z) = 1+z
1−z in the above Theorem 3.9, then we get the following corollary:

Corollary 3.11. Assume that δ ∈ C with ℜ (δ) ≥ 0. Furthermore, consider that a holomorphic mapping f ∈ A meets
the condition in (3.10), and moreover the subordination condition given by[

zf ′(z)

f2j,k(z)

]η [
1 + δ −

zf ′2j,k(z)

f2j,k(z)
+
zf ′′(z)

f ′(z)

]
≺ δ

1 + z

1 − z
+

2z

(1 − z)2

holds, then we have [
zf ′(z)

f2j,k(z)

]η
≺ 1 + z

1 − z
.
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4 Superordination Results

Theorem 4.1. Suppose that ℓ : ℓ(0) = 1 is convex in E, and γ ∈ C with ℜ
(

η
γ

)
> 0. Furthermore, consider that a

holomorphic mapping f ∈ A meets the condition

zf ′(z)

f2j,k(z)
∈ Q

and the mapping ϕ in such a way that

zf ′(z)

f2j,k)(z)

[
η + γ

(
1 +

zf ′′(z)

f ′(z)
−
zf ′2j,k(z)

f2j,k(z)

)]
∈ S.

If the subordination result given by

ηℓ(z) + γzℓ′(z) ≺ zf ′(z)

f2j,k(z)

[
η + γ

(
1 +

zf ′′(z)

f ′(z)
−
zf ′2j,k(z)

f2j,k(z)

)]
, (4.1)

holds, then ℓ(z) ≺ zf ′(z)
f2j,k(z)

.

Proof . In order to acquire the appropriate proof, we examine the following functional:

h(z) =
zf ′(z)

f2j,k(z)
(z ∈ E) ,

where h is holomorphic or analytic in E with h(0) = 1. Based on the simple calculations of the above result, we may
have

ηh(z) + γzh′(z) =
zf ′(z)

f2j,k(z)

[
η + γ

(
1 +

zf ′′(z)

f ′(z)
−
zf ′2j,k(z)

f2j,k(z)

)]
.

This assumption (5.1) is similar to

ηℓ(z) + γzℓ′(z) ≺ ηh(z) + γzh′(z).

The mappings θ : θ(w) = ηw and ψ : ψ(w) = γ are holomorphic or analytic in C. Set p(z) = zℓ′(z)ψ [ℓ(z)] = γzℓ′(z) :
p(0) = 0 and p′(0) = γℓ′(0) ̸= 0 for ℓ ∈ C. As a result of some calculation, we observe that p ∈ S∗ in E and also we
note that

ℜ
(
θ′ [ℓ(z)]

ψ [ℓ(z)]

)
= ℜ

(
η

γ

)
> 0, z ∈ E.

The above condition and our deduction from Lemma 2.2 along with the assumption laid down in (5.1) implies that
ℓ(z) ≺ p(z). □

Setting ℓ(z) = 1−α1z
1+α2z

in the above Theorem 5.1, where −1 ≤ α2 < α1 ≤ 1, we may have

Corollary 4.2. Assume a holomorphic mapping ℓ ∈ C : ℓ(0) = 1 in E, and γ ∈ C with ℜ
(

η
γ

)
> 0. In addition,

consider that a holomorphic mapping f ∈ A meets the condition given by

zf ′(z)

f2j,k(z)
∈ Q

and moreover suppose that the functional

zf ′(z)

f2j,k(z)

[
η + γ

(
1 +

zf ′′(z)

f ′(z)
−
zf ′2j,k(z)

f2j,k(z)

)]
∈ S.

If

η
1 − α1z

1 + α2z
+ γ

(α1 − α2)z

(1 + α2z)2
≺ zf ′(z)

f2j,k(z)

[
η + γ

(
1 +

zf ′′(z)

f ′(z)
−
zf ′2j,k(z)

f2j,k(z)

)]
,

then 1−α1z
1+α2z

≺ zf ′(z)
f2j,k(z)

.
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Theorem 4.3. For the complex number η ∈ C∗ and δ, η1, η2 ∈ C with η1 + η2 ̸= 0 and ℜ (δη) > 0, suppose that
ℓ ∈ C : ℓ(0) = 1 in E. Furthermore, consider that a holomorphic mapping f ∈ A meets the condition

(η1 + η2)zf ′(z)

η1zf ′2j,k(z) + η2f2j,k(z)
̸= 0, z ∈ E

and also assume that [
(η1 + η2)zf ′(z)

η1zf ′2j,k(z) + η2f2j,k(z)

]η
∈ Q.

If the mapping ϕ is given in such a way that

ϕ(z) = (1 + δ +
zf ′′(z)

f ′(z)
−
η1z(zf ′2j,k(z))′ + η2zf

′
2j,k(z)

η1zf ′2j,k(z) + η2f2j,k(z)
)

[
(η1 + η2)zf ′(z)

η1zf ′2j,k(z) + η2f2j,k(z)

]η
∈ S,

and we have

δℓ(z) +
1

η
zℓ′(z) ≺ ϕ(z),

then, ℓ(z) ≺
[

(η1+η2)zf
′(z)

η1zf ′
2j,k(z)+η2fk)(z)

]η
.

5 Sandwich Results

Theorem 5.1. Suppose that ℓ : ℓ(0) = 1 is convex in E, and γ ∈ C with ℜ
(

η
γ

)
> 0. Furthermore, consider that a

holomorphic mapping f ∈ A meets the condition

zf ′(z)

f2j,k(z)
∈ Q

and the mapping ϕ in such a way that

zf ′(z)

f2j,k)(z)

[
η + γ

(
1 +

zf ′′(z)

f ′(z)
−
zf ′2j,k(z)

f2j,k(z)

)]
∈ S.

If the subordination result given by

ηℓ(z) + γzℓ′(z) ≺ zf ′(z)

f2j,k(z)

[
η + γ

(
1 +

zf ′′(z)

f ′(z)
−
zf ′2j,k(z)

f2j,k(z)

)]
, (5.1)

holds, then ℓ(z) ≺ zf ′(z)
f2j,k(z)

.

Proof . In order to acquire the appropriate proof, we examine the following functional:

h(z) =
zf ′(z)

f2j,k(z)
(z ∈ E) ,

where h is holomorphic or analytic in E with h(0) = 1. Based on the simple calculations of the above result, we may
have

ηh(z) + γzh′(z) =
zf ′(z)

f2j,k(z)

[
η + γ

(
1 +

zf ′′(z)

f ′(z)
−
zf ′2j,k(z)

f2j,k(z)

)]
.

This assumption (5.1) is similar to

ηℓ(z) + γzℓ′(z) ≺ ηh(z) + γzh′(z).

The mappings θ : θ(w) = ηw and ψ : ψ(w) = γ are holomorphic or analytic in C. Set p(z) = zℓ′(z)ψ [ℓ(z)] = γzℓ′(z) :
p(0) = 0 and p′(0) = γℓ′(0) ̸= 0 for ℓ ∈ C. As a result of some calculation, we observe that p ∈ S∗ in E and also we
note that
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ℜ
(
θ′ [ℓ(z)]

ψ [ℓ(z)]

)
= ℜ

(
η

γ

)
> 0, z ∈ E.

The above condition and our deduction from Lemma 2.2 along with the assumption laid down in (5.1) implies that
ℓ(z) ≺ p(z). □

Setting ℓ(z) = 1−α1z
1+α2z

in the above Theorem 5.1, where −1 ≤ α2 < α1 ≤ 1, we may have

Corollary 5.2. Assume a holomorphic mapping ℓ ∈ C : ℓ(0) = 1 in E, and γ ∈ C with ℜ
(

η
γ

)
> 0. In addition,

consider that a holomorphic mapping f ∈ A meets the condition given by

zf ′(z)

f2j,k(z)
∈ Q

and moreover suppose that the functional

zf ′(z)

f2j,k(z)

[
η + γ

(
1 +

zf ′′(z)

f ′(z)
−
zf ′2j,k(z)

f2j,k(z)

)]
∈ S.

If

η
1 − α1z

1 + α2z
+ γ

(α1 − α2)z

(1 + α2z)2
≺ zf ′(z)

f2j,k(z)

[
η + γ

(
1 +

zf ′′(z)

f ′(z)
−
zf ′2j,k(z)

f2j,k(z)

)]
,

then 1−α1z
1+α2z

≺ zf ′(z)
f2j,k(z)

.

Theorem 5.3. For the complex number η ∈ C∗ and δ, η1, η2 ∈ C with η1 + η2 ̸= 0 and ℜ (δη) > 0, suppose that
ℓ ∈ C : ℓ(0) = 1 in E. Furthermore, consider that a holomorphic mapping f ∈ A meets the condition

(η1 + η2)zf ′(z)

η1zf ′2j,k(z) + η2f2j,k(z)
̸= 0, z ∈ E

and also assume that [
(η1 + η2)zf ′(z)

η1zf ′2j,k(z) + η2f2j,k(z)

]η
∈ Q.

If the mapping ϕ is given in such a way that

ϕ(z) = (1 + δ +
zf ′′(z)

f ′(z)
−
η1z(zf ′2j,k(z))′ + η2zf

′
2j,k(z)

η1zf ′2j,k(z) + η2f2j,k(z)
)

[
(η1 + η2)zf ′(z)

η1zf ′2j,k(z) + η2f2j,k(z)

]η
∈ S,

and we have

δℓ(z) +
1

η
zℓ′(z) ≺ ϕ(z),

then, ℓ(z) ≺
[

(η1+η2)zf
′(z)

η1zf ′
2j,k(z)+η2fk)(z)

]η
.

6 Sandwich Results

Combining the results describe in the Theorem 3.1 with Theorem 5.1 yields the sandwich results seen below.

Theorem 6.1. Assume that ℓ1 : ℓ1(0) = 1 and ℓ2 : ℓ2(0) = 1 are convex mappings with γ ∈ C∗ and δ, η1, η2 ∈ C :
η1 + η2 ̸= 0. Further consider that a holomorphic mapping f ∈ A meets the condition

zf ′(z)

f2j,k(z)
̸= 0, z ∈ E.

and,
zf ′(z)

f2j,k(z)
∈ Q
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If the functional ϕ defined by

ϕ(z) =
zf ′(z)

f2j,k(z)

[
η + γ

(
1 +

zf ′′(z)

f ′(z)
−
zf ′2j,k(z)

f2j,k(z)

)]
∈ S

then, we may write that
γzℓ′1(z) + ηℓ1(z) ≺ ϕ(z) ≺ γzℓ′2(z) + ηℓ2 (z) .

Combining the results describe in the Theorem 3.9 with Theorem 5.3 yields the sandwich results seen below.

Theorem 6.2. Consider that ℓ1 : ℓ1(0) = 1 and ℓ2 : ℓ2(0) = 1 are convex mappings with η ∈ C∗ and δ, η1, η2 ∈ C :
η1 + η2 ̸= 0. Further consider that a holomorphic mapping f ∈ A meets the condition

(η2 + η1)zf ′(z)

η1zf ′2j,k(z) + η2f2j,k(z)
̸= 0, z ∈ E.

and, [
(η2 + η1)zf ′(z)

η1zf ′2j,k(z) + η2f2j,k(z)

]η
∈ Q

If the mapping ϕ defined by

ϕ(z) =

[
(η2 + η1)zf ′(z)

η1zf ′2j,k(z) + η2f2j,k(z)

]η [
1 + δ +

zf ′′(z)

f ′(z)
−
η2zf

′
2j,k(z) + η1z(zf ′2j,k(z))′

η1zf ′2j,k(z) + η2f2j,k(z)

]

is such that ϕ ∈ S in E, and
1

η
zℓ′1(z) + δℓ1(z) ≺ ϕ(z) ≺ 1

η
zℓ′2(z) + δℓ2 (z) .

7 Concluding Remarks

In this research, by making use of first order differential subordination and superordination conditions, we deter-
mined some previously known families of mappings associated with 2j, k-symmetrical points. We also proved some
sandwich theorems based on specific assumptions about the parameters that are involved in our major findings. From
our discussion, it is obvious that the research is related with the existing literature of the subject. It may be kept
updated with the classical and emerging trends of geometric functions theory
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