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Abstract

In this paper, we introduce and study ij-somewhere dense sets in bitopological spaces. We present ij-somewhere
density properties by using some generalized open sets which are used for generalizing the operators of interior,
closure and boundary. In this manner, we also investigate several properties of ij-somewhere dense sets and present
several examples for the main results. We also introduce w-hyperconnectedness as an extension of hyperconnectedness
by using ij-somewhere dense sets. We later present some separation axioms based on these types of sets.
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1 Introduction

Many of topological properties are introduced and defined in bitopological spaces. A bitopological space (or
shortly, bispace) is a set X with two topological structures like 7; and 7; and referred to as (X, 7;,7;). The concept
of bitopological space has firstly been defined by J. Kelly [I1]. In the meantime many of ones defined in topological
spaces are defined and currently being kept to be studied and investigated in which ways or conditions those ones hold
and preserve themselves with two different topological structures.

In this sense, some of generalized open sets such as semi-open, pre-open, semi-pre-open, a-open sets which give an
important ways to investigate generalizations of compactness, connectedness, continuity, separation axioms, selection
principles, etc., based upon interior and closure operators defined in topological spaces (see [Il 2, 16} [I8] 19]) have
been introduced in bispaces. This types of open sets such as ij-pre-open, ij-semi-open, ij-semi-pre-open, ij-c-open sets
have been characterized, respectively in [9] [I3] 17, 4] and by means of these types of sets, new closure operators
like pre-closure, semi-closure, semi-pre closure and a-closure are systematically defined and studied. And based upon
these types of open sets being formed by using two different topological structures, many of topological constructions’
weak and strong forms have been extended to bispaces and characterized (see [6l [8 [12] [10]).

Main purpose of this paper is to extend somewhere density being a topological notion to the bispaces. First recall the
definition of somewhere dense set from [20], a somewhere dense set is a set whose closure contains a non-empty open
set in a topological space (X, 7). In [3] properties of somewhere dense sets were studied in topological spaces, also in
[4], more notions and mappings via these type of sets were introduced. So these notions provided a way to theoretical
area. As this concept is in very study area, and in the light of this definition, we extend this to ij-somewhere density
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properties taking these types of 7j-open sets into consideration and we scrutinize these properties in w-hyperconnected
spaces and give some separation properties based upon this open sets and density. We investigate that under what
conditions these properties closed and if we can form a filter or a proper maximal ideal on a bispace related to this
ij-somewhere-dense sets.

2 Preliminaries

In this section, we will give some elementary definitions, properties and concepts related to topological and bitopo-
logical spaces which will be used in the following sections of the paper.
During this paper, when any property of any bitolopological space (X, 7;,7;) is mentioned, it is always written the
ij-property even if some well-known topologies like 7p = 7; the discrete topology or the cofinite topology 7; = Tcof
are used. For any A subset of X, the interior and closure of A with respect to the topology 7; is denoted with int,, (A)
and cl., (A), respectively. If any subset A of X is a dense set with respect to 7; (or satisfies a property), the set itself is
said to be i-dense (i-property). We refer reader to [7] for undefined topological notions and for undefined bitopological
notions we refer to [5]. Here are the some definitions and being essential for the paper.

Definition 2.1. Let (X, 7;,7;) be a bitopological space and A C X. Then;

L. [9] ij-pre-open set if A Cint (cl,,(A))

2. [13] ij-semi-open set if A C cl., (int,,(A))

3. [I7] ij-semi-pre-open or ij-B-open set if A C cl;, (int, (cl-;(A)))
4. [14] ij-a-open set if A Cinty,(cly, (ints,(A)))

The family of all ij-pre-open subsets (respectively ij-semi-open, ij-semi-pre-open, ij-c-open set) of X is denoted with
ij — PO(X) (respectively ij-SO(X), ij-SPO(X), ij-aO(X)).

The complement of an ij-preopen set (respectively ij-semi-open, j-semi-preopen, ij-c-open) is called ij-pre-closed
set (respectively ij-semi-closed, ij-semi-pre-closed, ij-a-closed) and the family of all ij-pre-closed (respectively ij-semi-
closed, ij-semi-pre-closed, ij-a-closed) subsets of (X, 7;, 7;) is shown by ij—PC/(X) (respectively ij-SC(X), ij-SPC(X),
ij-aC(X)).

By considering the definitions of these types of ij-open sets, following diagram is obtained.

ij — PO(X)
ij — aO(X) ij — SPO(X)
ij — SO(X)

Denote by P, S, SP,« the abbreviations of pre, semi, semi-pre, a, respectively. We will use this abbreviations during
this paper.

Definition 2.2. [22] Let (X, 7;,7;) be a bitopological space and A C X. Then ¢j-w-closure and ij-w-interior of A
for all w € {P, S, SP,a} is defined as follows;

1 ij —wel(A) = {K C X : K €ij —wC(X),AC K}

2. ij —wint(A) = {G C X : G € ij —wO(X),A 2 G}

Definition 2.3. Let (X, 7;,7;) be a bitopological space, x € X and U C X. If there is a nonempty G € ij — wO(X)
such that x € G C U, then U is called ij — w-neighbourhood of x.

Proposition 2.4. Denote by U, (x) the family of all ij-w-neighbourhoods of z in (X, 7;,7;). Then for a subset A of
X
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1. z € ij — wint(A) if and only if there is a U € U, (x) such that x € U C A
2. z €ij —wcl(A) if and only if for all U € U, (z), UN A # 0

Definition 2.5. [5] Let (X, 7;,7;) and (Y, 0;,0;) be bitopological spaces and f : X — Y be a mapping. If the
induced mappings f; : (X, 7;) = (Y,0;) and f; : (X,7;) — (Y, 0;) are continuous, then f is called pairwise continuous
(d-continuous).

If a property is preserved under bi-homeomorphism (a mapping which is d-continuous, bijective and whose inverse is
d-continuous), then it is called bi-topological property.

Definition 2.6. [I5] A .¥ family of subsets of X in topological space (X, 7) is called a proper ideal whenever satisfying
following three conditions ;

1. X¢J9
2. IfI €% and JCIthenJc.g
3. For any I1,I € ¥ then [ UI, €

Definition 2.7. Let (X, 7;,7;) be a bitopological space and A C X. A is called ij-w-dense set if ij — wcl(A) = X.

3 ij-w-somewhere density

In this section, we give some definitions, results related to ij-w-somewhere density and investigate the relations
between the generalized open sets in bitopological spaces.

Definition 3.1. Let (X, 7;,7;) be a bitopological space and A C X. If there is a G € ij — wO(X) such that
G Cij — wcl(A), then A is called ij-w-somewhere dense set (ij-w-SD, for short). w € {P,S,SP,a}

According to the Definition 3.1, we can give the following quick results;

Proposition 3.2. Let (X, 7;,7;) be a bitopological space. Then;

1. Every ij-w-open set is ij-w-somewhere dense.

2. Every ij-w-open set is ij-semi-pre-somewhere dense.

3. Every member of U, (x) is ij-w-somewhere dense for all z € X.

4. If A C X is ij-w-somewhere dense, then for all U C X such that U O A is ij-w-somewhere dense.

From Proposition 3.2, we also obtain the following diagram.

ij—S—SD
ij — S — open

1j — o — open ij —SP —open - ij — SP —SD

~

ij—P—open::/
|

ij—P—SD

\

Denote by (., (7, 7;) the family of all ij-w-somewhere dense subsets of bitopological space (X, 7;,7;). As stated in the
diagram above, every ij — w-open set is ij — w-somewhere dense, but converse of the statement does not always hold.
For example, consider any set X such that |X| > 2 with indiscrete topology 7; and discrete topology 7p. Observe
that for all non-empty A C X, A € (,(7,7p) holds. But none of nonempty subsets of X is ij — w-open for all
we{P,S,SP,a}.
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Definition 3.3. Let (X, 7;, 7;) be a bitopological space and A C X. If X\ A € {,(7;, 7;), then A is called ij-w-co-dense
set.

Theorem 3.4. A D subset of a bitopological space (X, 7;,7;) is ij-w-co-dense if and only if there is F' € ij — wC/(X)
such that F' # X and ij-wint(D) C F.

Proof . Assume that X \ D € (,(7;,7;), then there is a non-empty G € ij —wO(X) such that G C ij —wcl(X \ D) and
X\ij—wc(X\D)C X\G. If z € ij —wint(D), then 3U, € U, (z) such that U C D and U, N (X \ D) = @ implying
that x € X \ ij —wel(X \ D) C X \ G. Now choose F = X \ G € ij — wC(X), then ij — wint(D) C F. Conversely, if
there is a ' € ij —wC(X) such that F' # X and ij —wint(D) C F, since X \ F C X \ ij —wint(D) C ij —wcl(X \ D),
thus X\D € Cw(Ti,Tj). O

Proposition 3.5. Let X any set with 7; and any topology 7;. Then {, (7, 7;) = 7p for w € {a, S}.
Proof . One can observe that for all non-empty A C X is ij-w-dense in X. [J
Theorem 3.6. Every subset of a bitopological space is ij-w-somewhere dense or ij-w-co-dense.

Proof . If A ¢ (,(r;, ;) in the bitopological space (X,7;,7;), then ij — wint(ij — wel(A)) = 0 which implies that
X\ ij-w-cl(A) # 0. Since X \ ij —w — cl(A) € ij-wO(X) and X \ ij —wcl(A) C X \ A, then X \ A € {,(r,7;). O

Theorem 3.7. Let (X, 7;,7;) be a bitopological space and o = {A; : s € S} C 2 (X) where 2 (X) is power set of
X. Then U A € (i, ;) if and only if U ij-wel(As) € Co(Ti, 7).

ses sES

Proof . Tt is straightforward from left to right. Now take a nonempty G € ij —wO(X) such that G C ij —wcl( U ij—

ses
wel(Ay)). If x € ij — wcl(U ij — wcl(Ag)), then U N (U ij — wcl(AS)) # ( for all U € U, (x). Observe that
ses ses
Unij— wcl( U AS> # () which implies that x € ij — wcl( U AS) and U Ag € Gu(mi,m;).0
ses ses ses

Corollary 3.8. Arbitrary union (intersection) of ij-w-somewhere dense sets (ij-w-co — dense sets) is ij-w-somewhere
dense (ij-w-co — dense).

Corollary 3.9. The family ¢, (7, 7;) is a supra topology on X for all w € {P, S, SP,a}.

Remark 3.10. ij — w-somewhere density (ij — w-co-density) is not closed under finite intersection (arbitrary union).
One of clear counterexample is an uncountable set X with the topology 7p and any topology 7;. It is clear that

{z} € (u(mp, 7)) for all z € X and w € {P, S, SP,a} and U X\ {z} =X but 0 ¢ {,(mp, 75).
reX

Theorem 3.11. Let {(X,7;,0;) : i € I'} be any family of bitopological spaces with X; # () for all i € I and A; C X;.

Then A; € ,(7;,0;) if and only if H A; is ij-w-somewhere dense in the box bitopological space ( H Xi,Qicr Ti» Qicr ai> )
iel iel

Proof . We give the proof for w = pre. Others can be obtained likewise.
Let A; € (u(7i,0;) for all ¢ € I. Take a non-empty G; € ij — PO(X) such that G; C ij — Pcl(A;). Then HGi -
i€l
[1i — Pe(Ay).
iel
Fact 1.: [[Gieij - PO(HXi).
iel iel
If G; €ij — PO(X;) for all i € I, then HGi C Hintﬁ (cly;(Gy)). Now if & = (z;)ier € Hintn (cly;(G4)), then there
iel iel iel
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is a U; € 7; such that x; € U; C cly,(G;) and since H Us €Q;c;7i then x € int®ielﬂ.(Hclgj(Gi)). Also see that

iel iel
[1cte.(Gi) = ., o ([1G:) and [ Gi C intg, (., 0. (] G)-
iel iel iel el
Mdz:HU—Pm&ﬁﬂyJM(HAJ
iel iel
Let p; be projection maps for all ¢ € I. Since Hij — Pcl(A;) = ﬂpﬁ(z‘y — Pcl(A;)) and ij — Pcl(A;) € ij — PO(X;)
iel icl

for all ¢ € I, then

pi (X \ij = Pel(4) = [T X0\ (b7 (i — Pei(A)))

i€l

is satisfied. Now that p; is both d-open and d-continuous, then HXZ' \ (p;_(zy - Pcl(AZ-))) € ij — PO(HXO.
icl

il
Therefore Hij — Pcl(4;) € ij — PC(HXi) as the arbitrary intersection of ij-pre-closed sets which concludes
iel il
that 25 — Pcl(HAZ-) C Hij — Pcl(A;). Now take z = (x;)ier € Hij — Pcl(A;) and H € ij — PO(HXi)
i€l i€l iel iel
which contains . Observe that p;(H) € ij — PO(X;) for all ¢ € I and thus H N HA" # 0 concluding that
iel

ij — Pcl(HAl-) =[] — Pel(A) and ] Ai € (p(®ier 7 e 04).

iel iel iel
Now if HAi € (P(Rcr Ti» Qe 04), take O € ij — PO(HXi) such that O C ij — Pcl(HAi) and conclude that
i€l iel iel

pi(0) S ij — Pcl(A;) € Cp(i,04). O

Remark 3.12. When the product set is considered with the product topologies, product of ij-w-somewhere dense
sets need not be ij-w-somewhere dense as the following example illustrates for w = pre.

Example 3.13. There are ij-pre-somewhere dense sets whose product is not ij-pre-somewhere dense set in the product
bitopological space.

Consider the real numbers set R with its usual topology 7s and Tp. Take the N many copies of the bispace (R, 75, 7p) and
denote by 7, and 75 the product topologies of the corresponding topologies, respectively. Observe that (0,2) € (p(7s, D)
and ij — PO(RY) = 7. Now that if (0, 2)N ¢ CP(T;,T;)), then it’s ij-pre-closure should contain a non-empty U € 7,

which is in the form U = H U; such that for a finite subset F C N
ieN

U — Uers\{R} ,ieF
i R ,i€N\F

Now choose x € U and firn € N\ F and build a y = (y;)ien € RY as
o yi#EN
L BV Ji=mn
and conlude that ij — Pint(ij — Pcl((0,2)Y)) = 0.

Corollary 3.14. Since box and product topologies coincides for finite product, finite products of ij-w-somewhere
dense sets is ij-w-somewhere dense in finite product bitopological space.

Theorem 3.15. Image of an ij-w-somewhere dense set under d-open and d-continuous mapping is ij-w-somewhere
dense.
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Proof . We prove it for w = pre.
Let (X, 7;,7;) and (Y, 0;,0;) be bitopological spaces, f : X — Y be a d-continuous and d-open mapping and A C X.
If A € (,(mi,7j), then take U € ij — PO(X) such that U C ij — Pcl(A). Therefore f(U) C f(ij — Pcl(A)). By using
fis 7, — 0; open and 7; — ¢; continuous, observe that f(U) € ij — PO(Y'). Now take any K € ij — PC(X) such that
f(A) C K. On the other hand

Y\ K) C 7 (intg, (clo; (Y \ K)))

J

C intr, (f (clo; (Y'\ K)))
C intr, (clr, (f7 (Y \ K)))
(K

holds which implies that f< (K) € ij — PC(X). Now that A C f
f(A) c CP(O’Z‘,O']'). D

), then f(U) Cij — Pcl(f(A)) concluding that

Remark 3.16. ij-w-somewhere density need not be preserved under d-continuity. For this, consider bispaces (R, Tcoe, TD)
in which 7., denotes the cocountable topology, and (R, 7¢,75). Let ¢ € R and f(x) = ¢ be constant mapping between
these bispaces. If we take A = {% :n=1,2,3,...} from the first space, then R\ A € (,(Teoe, TD) but {c} & (72, 75).

4 Set operators and w-hyperconnectedness

In this section, we introduce some set operators based upon ij — w-somewhere dense sets, w-hyperconnectedness,
and give some results related to this definitions.

Definition 4.1. Let (X, 7;,7;) be bitopological space and A C X. Then;
1. The SD(w)- interior of A is ij — intgp.,)(A) = U{U U CAUE€C(m,m)}

2. The SD(w)-closure of A is ij — clgp(w)(A) = ﬂ{G GO AX\Ge ()}
3. The SD(w)-boundary of A is ij —bgp(u)(A) = X \ (ij — intgp(w)(A) Uij — intgpe) (X \ A))

Proposition 4.2. Followings hold for any bitopological space (X, 7;,7;). Let A C X;
L. ij —intsp(w)(A) € A. A € (u(, 7)) if and only if ij —intgp(.,)(A4) = A
2. ACij —clsp)(A). X\ A€ (ri,7;) if and only if A =ij — clgp(w)(A)
3. X \ ’L] — intSD(w)(A) = Zj — ClSD(w)(X \ A)

Proof . Clear from the corresponding definitions. O Also followings can be easily concluded for any bispace (X, 7;, 7;);

Proposition 4.3. For any A, B C X;

1. 45 — intSD(w)(A) Uij — intSD(w)(B) Cij— intSD(w)(AU B)
Zj - intSD(w)(A N B) - Z_] - mtSD(w)(A) N Z] - ZﬂtSD(w)(B)
j — CZSD(w (A N B) - Z] — ClSD(w)(A) N Zj — CISD(w)(B)

’L] — CZSD(w)(A) @] Z] — CZSD(W)(B) - Z] — ClSD(w)(A @] B)

ij — bspw)(iJ — intsp(w)(A)) Cij — bspw)(A)

1j — bS’D (w) (A) =1ij — CZSD(w)(A) nij— ClS’D(w) (X \ A)

1j — bS’D (w) (A) =1ij — ClSD(w) (A) \Z] - Z'ntSD(w) (A)

.“'.@.O‘P.W!\’

Theorem 4.4. Let (X, 7;,7;) be a bispace and A C X. Then;

1. A€ CW(T,',T]') if and only if 75 — bSD(w)(A) NA=0.
2. A is ij-w-co-dense if and only if ij — bgp(w)(A) € A.

Proof .

1. Let A € (u(mi,7;) then ij —intgp,) = A and since ij — bgp() Nij — intsp,y = @ from Definition 4.1(3),
conclude what is it to be. Now if A ¢ (,(7;,7;) then take zo € ij — clgp()(X \ A) such that 2o ¢ X \ A
which clearly implies that xo € ij — bgp(w)(A) from Definition 4.1(3) and Proposition 4.3(6) and contradicts
that ij — bgp()(4) N A =0.
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2. Let X\ A € (u(m,75). Then (X \ A)Nij—intsp) (X \A) = 0. Observe that ij —bgp(w)(A) = ij —bsp(w)(X\A)
and conclude that (X \ A) Nij — bgp()(A) = 0 which implies the one as wanted. From right to left is obtained
likewise.

O
Corollary 4.5. A, X \ A € (,(7,7;) if and if ij — bgpy = 0.
Theorem 4.6. Let (X, 7;,7;) be a bispace and A C X. If ij — clgp)(A) = X, then A is ij — w-dense.

Proof . Suppose that A is not ij — w-dense subset of X. Then there is a non-empty G € ij — wO(X) such that
AC X\G. Since G €ij —wO(X), G € (u(,7;) then X \ G is ij — w-co-dense subset and ij — clgp(.)(4) € X\ G,
this contradicts that G # (. [

Example 4.7. There are sets whose ij — clgp(y,) is not the whole space even if it is ij — w-dense.

When the bispace (R, Ts,7¢) is considered, despite the fact that Q C R is ij — w-dense subset for all w € {P, S, SP,a},
ij — clsp)(Q) = Q due to P € (u(7s, 7).

Theorem 4.8. Let (X, 7;,7;) be a bitopological space and G,A C X. If G € 7, N 7; then G Nij — wel(A) C
ij —wc(GNA).

Proof . For w = pre, the proof follows;
Take x € GNij — Pcl(A). Now that © € ij — Pcl(A), then UNA # () for all z € U € ij — PO(X). On the other hand,

GNU €GN (el (int, (U))
C into(G el (U)o (G € 1)
Cintr, (cl;,(GNU))...(G € 75)

holds for all z € U € ij — PO(X) which implies that GNU € ij — PO(X) containing . Then (GNU)N(ANG) # 0
and UN(ANG) # 0 which concludes that = € ij — Pcl(ANG) O Although finite intersection of ij-w-somewhere dense
sets need not be ij-w-somewhere dense set in bispaces as Remark 3.10 indicates, w-hyperconnected spaces allow us
construct filters and proper maximal ideals by using ij — w-somewhere dense sets. We now give some definitions and
results.

Definition 4.9. [2I] Let (X, 7) be a topological space. If every non-empty open subset is dense in X, then (X, 7) is
called hyperconnected space.

Theorem 4.10. Let (X, 7;,7;) be 7;-hyperconnected bitopological space, A,B C X. If A € 7,N7; and B € (, (7, 75),
then ANB e Cw(Ti,Tj).

Proof . Take w = pre and obtain the same result for the others. Now that B € (p(7;,7;), take a non-empty
G €ij— PO(X) such that G C ij — Pcl(B) which means ANG C ANij— Pcl(B). Since G € ij — PO(X), A€ ;N7
and the space itself is 7;-hyperconnected, then A Nintr, (cl-(G) # 0 = ANcl,(G) = cl;(ANG) #0 = ANG #0

and with the same process in Theorem 4.8 it is clear that ANG C ij — Pcl(AN B) with ANG € ij — PO(X) which
directly leads us to one what we expect.[]

Definition 4.11. A bitopological space is called w-hyperconnected providing that a subset of the space is ij-w-dense
if and only if it is ij-w-open.

One can observe that w-hyperconnected spaces is 7;,-hyperconnected is a direct consequence.

Theorem 4.12. Let (X, 7;,7;) w-hyperconnected space and ) # A, B C X. If ij — wint(A) = 0 = ij —wint(B), then
ij — wint(AU B) = 0.

Proof . Assume that ij — wint(A U B) # () and take a non-empty U € ij — wO(X) such that U C AU B. Since
ij —wc(U) = X, then X \ij —wcl(AUB) = 0. Then X \ ij —wcl(A) # 0 # X \ ij — wel(B) holds otherwise it would
clearly contradict that A, B ¢ ij —wO(X). But this time it contradicts that A U B is ij — w-dense. Consequently,
ij —wint(AUB) =0. O
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Corollary 4.13. If A C X is ij — w-co-dense, then ij — wint(A) = ().
Theorem 4.14. If (X, 7, 7;) is a w-hyperconnected bispace, then (., (7, 7;) is a filter on X for all w € {P, S, SP,a}.

Proof .

1. That 0 ¢ (7, 7;) appears from the Definition 3.1.

2. Take Fy, F5 € (,(7;,7j). Then X \ Fy and X \ F, are ij —w-co-dense subsets of X. Then ij —wint(X \ Fy) =0 =
ij —wint(X \ F») and ij —wint(X \ (Fy N F3)) = () which implies with the Theorem 3.4 that Fy N Fy € (, (7, 75).

3. It’s the direct consequence from the Proposition 3.2(4).

O

Definition 4.15. [I5] Let X be a set and ¥ be a proper ideal on X. If there is no proper ideal containing .¢
(equivalently either A €. or X \ A €  for all A C X), then J is called proper mazimal ideal on X.

Corollary 4.16. The family of all ij — w-co-dense subsets of w-hyperconnected bispace (X, 7;,7;) ;
€={UCX:X\Ue€((rm)}

is a proper maximal ideal on X with the Theorem 3.6.

5 SD(w) — T, spaces

In this last main section of the paper, we introduce some separation axioms taking ij — w-somewhere density into
consideration.

Definition 5.1. Let ¥ = (X, r;, 7;) be a bitopological space. Then;

1. % is SD(w) — T if for all z,y € X with « # y, there is a G € (,(7;,7;) such that z € G,y ¢ Gorz ¢ G,y € G.

2. % is SD(w) — T if for all x,y € X with x # y, there are G, H € (,(;,7;) such that x € G,y ¢ G and © ¢ H,
ye H.

3. ¥ is SD(w) —Ty if for all z,y € X with = # y, there are G, H € (,(7;,7;) such that z € G, y € H and GNH = (.

We now can give the relations as follows;

=1y 7 -1 ——— 7, — 1

SD(LU) Ty — SD(W) -1 — SD(w) — Ty

Without an extra condition, none of the arrows in the diagram can be reversable as the following examples witness.

Example 5.2. 1. Consider the set of real numbers R with 7* = {U CR:0 € U xor 1 ¢ U} and 75. The bispace
(R,7*,75) is SD(w) — Tp but not , — T,,(n = 0,1,2). To see this, observe that (0,1] € {,(7*,75) and for all
z,y € R\ {0,1} with = # y, choose {z} € (,(7*,7s). But no G € 7* such that 0 € G, 1 ¢ G or vice versa can
be found.
2. Let X = {a,b} and 7, = {0, X,{a}} is the Sierpinski topology. Consider the bispace (X,7;,Teof). Since
(X, Ti, Teof) 18 7-Tp then SD(w) — T for all w € {P, S, SP, a}. It can be easily seen that {b} ¢ (o, (7, Tcor). Then
only ij-w-somewhere dense set containing b is X. This shows that (X, 7;, 7co) is not SD(w) — T7.
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3. Let R be equipped with the topologies 7.,y and 7p. Then the bispace (R, T¢or, 7p) is SD(w) — Ty since ij-
wWO(X) = o5 for all w € {P, S, SP,a}. Then it can not be SD(w) — Ts.

4. Let w € {P,SP}. Consider R with the topologies 7, = {U CR:a ¢ U} U{R} and 7; = {U C R:a € U} U {0}
where a € R is fixed. (See [2I]). Since only 7;-open set containing a is R, the bispace (R, 7;,7;) is not 7, — T3
and so not 7; — T5. For all z,y € R such that « # y and a ¢ {z,y}, choose {z},{y} € {u (7, 7;) and for a # «z,
choose R\ {z},{z} € {,(7,7;). Then (R, 7;,7;) is both SD(w) — T} and SD(w) — Tb.

5. Let w € {a, S}. Let 7; be as in (4). With the same processes as in (4), it can be easily obtained that the bispace
(R, 7;,7¢) is not 7, — Ty and 7, — Ty. But it is SD(w) — T7 and SD(w) — Ts.

Theorem 5.3. Let & = (X, 7;,7;) be a bitopological space. Then the followings are equivalent.
1. ¥ isij — SD(w) — T1.
2. X\ {z} € ¢u(m, ;) for every z € X.
3. A= U :U € (ul(ri,5),U 2 A} forall AC X.

Theorem 5.4. Followings are also equivalent for % = (X, 7;,0;).
1. X isij — SD(w) — Ts.
2. A(X) ={(z,2) : 2 € X} is ij — w-co dense in (X x X, ®;_; 71, Q’_, 7).
3. {z} = ﬂ{zy —clsp)(A):xz € A, A€ (u(r,05)} forall z € X.

Proof . (1) = (2). Let z,y € X and « # y. Take G,H € (,(7;,0;) such that x € G, y € H and GN H = (. Then
from Corollary 3.14, G x H € Cw(®§:1 Ti,®?:1 o;) and since GN H = (), then G x H C X x X \ A(X). Now that
G,H € (,(m,05), choose 01,02 € ij — PO(X) such that O1 x Oy C ij —wcl(G x H) C ij —wcl(X x X \ A(X))
implying that A(X) is ij — w-co-dense.

(2) = (1). Straightforward.

(1) = (3). If there is y ¢ {x} such that y € ﬂ{zy —cgpw)(A) 1 x € AJA € (u(7,05)} for 2 € X, then take
G1,G2 € (u(Ti,05) such that z € G1,y € G2 and G1 NGy = 0. Choose O; € ij — wO(X) witnesses that O; C
ij—wcl(X\H) € (y(74,05). But this clearly is a contradiction due to H € (,(74,0;) and = € ij—clgp(,)(X\H) = X\H.
(3) = (1). Straightforward. O

Theorem 5.5. Let & = (X, 7;,7;) be a bispace. If every 7;-convergent filter on X has a unique limit point, then the
space is ij — SD(w) — Tb.

Proof . If & is not ij — SD(w) — T», then there exists ,y € X with  # y such that y € U for all x € U € (, (73, 75).
Since U, (x) C (i, T;), then

B={GNV:GeWU(x),V €U (y)}

is a base for some filter & witnesses that both F — z and ¥ — y. O

However, converse of the statement in Theorem 5.5 does not always hold which may be the one of the most
important difference separating being 7; — T» and being SD(w) — T5. For this, consider the bispace (R, 7*,7;) from
the Example 5.2(1). Choose a V,, € (,(7*,75) for all z € R as;

{z} ,x¢{0,1}
Ve = (0,1] =1
(_LO] ,x =0

implying that the bispace is SD(w) — Ts. Now see that & = .« (1) is filter on R and observe that F D % ,«(0) which
concludes both & — 1 and ¥ — 0

Remark 5.6. The property of being SD(w) — T),(n = 0, 1,2) is not hereditary. One can see this by taking the same
bispace (R, 7%, 75) and consider its A = {0, 1} subset with its corresponding topologies 7% 4 and 7 4, respectively. Since

Cwo(T*a,TsA) = Tea, then (A, 7% 4,75 4) is not SD(w) — T,(n =0,1,2) for all w € {P, S, SP,a}.

Also, we can give the following ;
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Theorem 5.7.

1. Arbitrary product of SD(w) — T, spaces is SD(w) — T,,(n = 0,1,2) in the product topology.
2. Being SD(w) — T,,(n = 0,1,2) is a bitopological property.

Definition 5.8. Let & = (X, 7, 7;) be a bitopological space, z € X and z ¢ K € ij —wC(X). X is called
SD(w)-regular bitopological space if there are U,V € (,(7;,7;) such that z € U, K CV and UNV = 0.

Clearly, every 7;-reqular space is SD(w)-regular, but;

Example 5.9. R with the topologies 7 = {f), Q,R} and r = {0,P,R} is SD(P) — regular not being ; — regular
saying SD(w) —regularity does not always imply 7; — regularity. For seeing this, one can conclude that ij — PO(R) =
P(R) =ij — PC(R). For w = {S, SP,a}, simple counterexamples can be built.

Definition 5.10. Let (X,7;,7;) be a bitopological space, z € X and A C X. Then A is said to be a SD(w)-
neighbourhood of z if there is a nonempty G € (,(7;, 7;) such that z € G C A.

Theorem 5.11. A bispace ¥ = (X, 7;,7;) is SD(w) — regular if and only if there is a neighbourhood base consisting
of ij — w-co-dense subsets for all x € X.

Proof . Let % be SD(w)-regular and x € X. Take U € U, (x) and G € ij — wO(X) such that z € G C U. Then
there are disjoint H1, Ha € (7, 7;) such that « € Hy, X \ G C Hy. Choose Vy = X \ Hy for all U € U, (z) then
B(x)={Vy : U € U,(x)} is what as wanted. Now if there is a neighbourhood base % () as described, take x € X
and K € ij — PC(X) such that x ¢ K, then there is a Vx\ ¢ such that z € Vx\x € X\ K. From here, K C X \ Vx\ g
and X\ Vx\ g € Cu(7i, 7). On the other hand, x € ij —intsp(.)(Vx\ k) which conluding that 2 is ij —SD(w)-regular.
O

Also we now can give the same for ij — SD(w)-regularity;

Theorem 5.12.

1. Arbitrary product of SD(w)-regular spaces is SD(w)-regular in the product topology.
2. Being SD(w)-regular is a bitopological property.

Remark 5.13. SD(w)-regularity is not hereditary. We now give a counterexample for w = pre.

Consider an uncountable set X, fix xy € X and take X with the topologies 7 = {U C X : zg € U} U {0} and 7cof.
Then we claim that X = (X, T, Teog) is SD(P)-reqular. For this, we firstly determine ij — PO(X). If a non-empty
subset A of X is ij-pre-open, then A C int,(cl.,,,(A)) is satisfied. Now then, we obtain that;

ij — PO(X)={AC X : Ais finite and zg € A or A is infinite }.

For z9 € X and any K € ij — PC(X) such that xo ¢ K, choose Gyy,Gx € Cp(T,Teof) as Gy, = {zo} and
Gk = X \{zo}. On the other hand, for allz € X \ {zo} and x ¢ K € ij — PC(X), choose Gy, Gk € (p(T,Teof) such
that

K ,xg € K

. { X\K ,mpek
T X \{zo,2} ,2z0¢ K

{.1'0,.7;} ,$0¢K andGK{

and conclude that % is SD(P)-reqular. But, if we consider the set A, = {xg,x} for any x € X \ {xo} with its
corresponding subspace topologies, observe that {x} € ij — PC(A,) and xo ¢ {x} and the only ij-pre-somewhere dense
set S such that {x} C S is the space itself.

Following theorem says us hereditability of SD(w)-regularity is closed under some very special subsets in w-
hyperconnected bispaces.

Theorem 5.14. Let & = (X, 7;,7;) be a w-hyperconnected SD(w)-regular bitopological space, denote by TjCL the
family of all clopen (closed4open) subsets of (X, 7;). If F € 7, N T]CL, then (F,7;p, 7j ) is SD(w)-regular.
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Proof . Let give the proof for w = pre. Take an arbitrary x € F and K € ij — PC(F) such that x ¢ K. Since;

X\ K Cintr,, (clr,, (X \ K))
=int,,, (FNecl, (X \ K))
C Fninty, ,(cl (X \ K))
C intr, . (clr, (X \ K))
= int, (clr; (X \ K))
hence K € ij — PO(X). Then there is G, H € {p(7;, ;) such that € G, K C H and GN H = (. Now we claim that
GNF,FNH € (p(Tip,Tjp). Since G € (p(7;,7;), take a non-empty U € ij — PO(X) such that U C ij — Pcl(G). Then
FNU # 0 because of that the bispace is P-hyperconnected and F N U C ij — Pcl(G). Observe that ij — Pcl(G) =
ij — Pclp(G) and since F € 7; N 75,
FNUC Fnij— Pe(G)
C Fij — Pelp(G)
Cij — Pelp(FNG)

is obtained. On the other hand, since U € ij — PO(X), then;

FNUC Fninty,(cly,; (U))
Cintr, (F Nl (U))
C intr,(cly (FﬂU))
C intnF(clTjF(F n0))

which implies that FNU C ij — Pclp(FNG) and x € FNG € (p(Tip, 7). With all the same process, observe that
KCFNHe(p(rip,7p) and (FNG)N(FNH)=0. 0

6 Conclusion

All in all, we define the concepts ij-w-somewhere density properties for w € {P,S,SP,a}. We obtained some
weaker forms of somewhere density by using generalized open sets in bitopological spaces. We derive many properties
and interesting results of this ij-w-SD sets and we obtain a filter and proper maximal ideal in w-hyperconnected spaces.
These types of sets obtained by using two different topological structures can give new viewpoints to computer science
applications and digital topologies. The related filter and ideals obtained in w-hyperconnected spaces can give a new
way on studying different type compactifications of these spaces. In upcoming paper, we plan to study new types of
compactness and other covering properties by using 7j-w-SD sets. Also it would be interesting to study the selective
versions of this types of density properties. In addition, we are going to define this concept on the contexts of soft
and fuzzy bitopological spaces and will provide an approximations and accuracy measures of rough sets by using this
types of sets as new framework for the applicable area. We believe in that this work will contribute for the researchers
who are interested in bitopological spaces to study this kind of properties.
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