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Abstract

We consider the Steklov problem associated with the weighted p-Laplace operator and (p, ¢)-Laplacian on submanifolds
with the boundary of Euclidean spaces and prove Reilly-type upper bounds for their first eigenvalues.
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1 Introduction

Let (M", g) be a compact Riemannian manifold with a possibility non-empty boundary M. The triple (M, g, dug =
e~/dv) is called a smooth metric measure space, where f : M — R is a smooth real-valued function on M and dv is
the Riemannian volume element related to g. We also call e~/ the density.

For 1 < p < 0o and any u € WOI’p(M), the p-Laplacian A, is defined by

Apu = div(|VulP~?Vu) = |[VulP"2Au + (p — 2)|Vu|P~*Hessu(Vu, Vu),

where div is the divergence operator, V is the gradient operator, and Hessu is the hessian of u. For p = 2, the
p-Laplacian is the Laplace-Beltrami operator of (M™, g). Also, the weighted p-Laplacian is defined by

A, pu = el div(e™ | VulP72Vu).

The spectrum of the weighted p-Laplacian has been studied on smooth metric measure spaces with Dirichlet or Neu-
man boundary conditions (see [10, 17, [I8, [19]). In the present paper, we will consider the Steklov problem associated
with the weighted p-Laplace operator and (p, ¢)-Laplacian on submanifolds with boundary of Euclidean spaces.

In following, we will consider the weighted p-Steklov problem on submanifolds with the boundary of the Euclidean
space

{Amu =0 n M, (1.1)

|Vu|p_2% = AMu[P~2u on OM,
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where % is the derivative of the function u with respect to the outward unit normal v to the boundary oM. If f is a

constant function then the weighted p-Steklov problem ([1.1]) reduces to the p-Steklov problem which has been studied
n [16]. This problem arises from the following variational characterization of the first positive eigenvalue given by

fM |Vu|pd,ug
faM lulPdpur,

A (M) = inf{ e Whe(M)\ {0}, /aM P~ 2udpy, = o} (1.2)

where dyy, is the weighted measure on OM. Also, we consider a Steklov problem associated with the (p, ¢)-Laplacian
as follows:

{ApquAquO in M, (13)

(IVulP=2 + [Vu|172) 8 = g|u|""2u  on OM,

where 1 <p<qg<r <oo,re(l q%v:ql)) if p< Nandr € (1,00) if p > N. The first positive eigenvalue of the

(p, ¢)-Steklov problem (1.3) defined as

Jar (VulP + [Vul|?) du,
faM |ul" dvp,

The (p, ¢)-Steklov problem has been studied in [4} 5] [6].

o1 (M) = inf{ e whaan | o), /@M lu|™2uduy, = 0} . (1.4)

The aim of this paper is to obtain upper bounds for the first positive eigenvalue of the problems (|L.1]) and ([1.3)),
for submanifolds of Riemannian manifolds, depending on the geometry of boundary in the spirit of the classical Reilly
upper bounds for the Laplacian on closed hypersurfaces.

For the first positive eigenvalue A; of Laplacian, Reilly [12] proved the following well-known upper bound

A H?d
' VOZ( ) Jm b

where H is the mean curvature of the immersion. Also, he [12] showed that for r € {1,2,--- ,n},

2
A (/ Hrldvg> gvol(M)/ HZdv,,
M M

where H, is the r-th mean curvature of the immersion and defined by the r-th symmetric polynomial of the principal
curvatures. Moreover, Reilly studied the equality cases and proved that equality holds in one of these inequalities, if

and only if M is immersed in a geodesic sphere of radius , /;L—l. More generally, he show that if (M™, g) is isometrically

2
1(/ Hrdvg> gvol(M)/ |H, 41| dvy,
M M

for any even r € {0,1,--- ,n} and equality holds if and only if M is minimally immersed in a geodesic sphere of R™.
For codimension greater than 1, H, is a function and H,;; is a normal vector field. These inequalities have been
generalized for other ambient spaces and other operators (see [T, 2, [3] [7, 8, 11 13} 14} [15] [16]).

Du and Mao [9] established the first positive eigenvalue of the p-Laplacian on closed submanifold of R satisfies the

following inequalities.
A < ot |H |7 dv TN i<p<e
= Wl \ Sy g N%* if p>2.

In addition, equality holds if and only if p = 2 and M is minimally immersed into a geodesic hypersphere. On the
other hand, Roth [I6] proved Reilly-type inequalities for the first eigenvalue of p-Steklov problem on submanifolds of
RY and showed that

immersed into RN, N > n + 1, then

2—p
Vol(M) N& if1<p<2,
A < ol( % /|H| - p: 1 RS
(VlaM N= if p>2.
Moreover, equality holds if and only if p = 2 and M is minimally immersed into BN ()\%) such that X (OM) c BN (%1),
where X is the isometric immersion.
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2 Main results

Motivated by the above works, we prove that:

Theorem 2.1. Let (M", g,du = e~fdv) be a compact connected and oriented Riemannian manifold with nonempty
boundary OM and p € (1, +00). Assume that (M",g,du = e~/ dv) isometrically immersied into the Euclidean space
RN by X. If \;(M) is the eigenvalue of the weighted p-Steklov problem (|1.1)) then for 1 < p < 2 we have

1 P P P P L VOZ (M)
M(M) <2 Tn 5 NL-E (/ H|7T + |Vf]71)d > TR
(M) < ! oM (|n | Iv5 ) . (Voly, (OM))P

and for p > 2 we get

L _pop » » P~ vol, (M)
M(M)<21p 2N2"1 / H|7=T + |V f|7—T dL) T Me L
(M) < 271 ([ (i 19175 ) ) oo

where Vol, (0M) = [,, dug and Vol,, (0M) = [, duy,. Moreover,

(i) If f is constant, H does not vanish identically then equality occurs in both inequalities if and only if p = 2 and
M is minimally immersed into BY (W) so that M lies into geodesic hypersphere 9 BY (W)

(ii) If f is not constant and equality occurs then M is a self-shrinker for the mean curvature flow and f|,, =a — grg

for some constants a,b, where 7, is the Euclidean distance to the center of mass p of M. In particular, if
n=N-—-1land H>0orn=2, N=23and M is embedded and has genus 0, then M is a geodesic ball.

Let T be a symmetric positive definite and divergence-free (1, 1)-tensor on M. We associated with T' the normal vector
field Hy defined by

n

Hr =) (Te;e;)Bleie)),

ij=1
where {e1, -+ ,e,} is a local orthonormal frame of TOM and B is the second fundamental form of the immersion of
M into RY. We also, recall the generalized Hsiung-Minkowski formula [TT} 14} [15] as

| (X = TV + (1) di =0, (2.1)
oM

In following theorem we extended the theorem to estimates with higher order mean curvatures.

Theorem 2.2. Let (M", g,du = e~ fdv) be a compact connected and oriented Riemannian manifold with nonempty
boundary OM and p € (1,+00). Assume that (M™,g,du = e~fdv) isometrically immersed into the Euclidean space

R by X and let T be a symmetric and divergence-free (0,2)-tensor on 9M. If A\; (M) is the eigenvalue of the weighted
p-Steklov problem (1.1]) then for 1 < p < 2 we have

/ tr(T)dpp,
oM

and for p > 2 we get

) /8 (),

where Vol,, (0M) = [, dug and Vol,, (0M) = [, duy,. Moreover,

P ] p—1
A1 (M) <ot TpiNI% (/{W (|HT\ﬁ + |Vf|ﬁ) dﬂh> Vol,, (M)

p

p—1
M (M <2rTpiNE (/ (1E2 175 + 9 1177) dl%) Voly, (M).
oM

(i) If f is constant, Hp does not vanish identically then equality occurs in both inequality if and only if p = 2 and

M is minimally immersed into BV (ﬁ) so that OM lies into geodesic hypersphere 9BV (ﬁ)

(ii) If f is not constant and equality occurs then M is a self-shrinker for the mean curvature flow and f,, = a — %rf)

for some constants a,b, where 7, is the Euclidean distance to the center of mass p of M. In particular, if
n=N-—-1and H>0orn=2, N=3and M is embedded and has genus 0, then M is a geodesic ball.
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For r € {1, - ,n}, let

1 Ty 81y eeey Ty N N
T =~ E € (] j ; ><Bi1j1’Bi2j2> T <Bir—1jr—17Birjr>ei ® €y
s Sy ey Jr

i1l
25J15e-50r

if r is even and

1 i1y ooy i .
= Yo« ( )(BiljuBz‘sz ABiy_ajra Biy 11 ) Bij. @€ @ €]

: XTI JsJ1y s Jr
JrJ1s--dr
if 7 is odd, where the B;;’s are the coefficients of the second fundamental form B in a orthonormal frame {e,--- ,e,}
with the dual coframe {e},---,eX} and € is the standard signature for permutations. The r-th mean curvature is

defined as Hy = 0 and H, = mtr(ﬂ). If r is even then H, is a real function and if r is odd then H, is a normal

vector field, in this case, we will denote it H,.. Also, the Hsiung-Minkowski formula becomes

/ (<X7 H7'+1> + Hr) d,uh =0
oM

for any even r € {0,1,--- ,n} if N >n+1, and

/ (<X7 V>H'r+1 +H7') d,U'h =0
oM

for any r € {0,1,--- ,n} if N = n+ 1, where v is the normal unit vector field on M chosen to define the shape
operator.
Now we obtain the following corollary from Theorem

Corollary 2.3. Let (M",g,du = e 7dv) be a compact connected and oriented Riemannian manifold with nonempty
boundary OM and p € (1,+00). Assume that (M™,g,du = e~/dv) isometrically immersed into the Euclidean space
RN by X. If A\;(M) is the eigenvalue of the weighted p-Steklov problem ([1.1))

(1) If N>n+1,and r € {0,--- ,n — 1} is an even integer then we have

(a) If 1 < p <2 we have

)\1 (M) H7' dUh

oM

(b) If p > 2 we have

P p—1
<27 ipiNI-% (/ (|H,.+1|% + |Vf|f51) duh> Vol,, (M).
oM

P p—1
MM | [ Hedu,| <27 TnENE (/ (14277 + |V £17°7) dun) Vol,,, (M).
oM oM
Moreover, if f is constant, H, does not vanish identically then equality occurs in both inequality if and only if
p =2 and M is minimally immersed into BY (W) so that @M lies into geodesic hypersphere 9BY (W)

(2) IN=n+1,and r € {0,--- ,n — 1} is an even integer then we have
(a) If 1 < p <2 we have

p p—1
MO | [ Hedps| <27 TnENE </ (|Hr+1|ﬁ + |Vf|ﬁ) duh) Vol,, (M).
oM oM

(b) If p > 2 we have

A (M) Hydp,| <27 n2NE~! </ (|Hr+1|ﬁ + |Vf|ﬁ) duh> Vol,, (M).
oM oM ’
Moreover, if f is constant, H,,; does not vanish identically then equality occurs in both inequality if and only

if p=2and X(M) :BN(Al(lM)).
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In following we investigate the first eigenvalue of weighted p-Steklov problem on Riemannian products R x M where
M is a complete Riemannian manifold.

Theorem 2.4. Let p > 2 and (M",g) be a complete Riemannian manifold. Consider (X", g) a closed oriented
Riemannian manifold isometrically immersed into the Riemannian product (R x M, § = dt> @ g) with a density e=f.
Moreover, assume that ¥ is mean-convex and bounds a domain Q in R x M. Let A\; (M) be the first eigenvalue of the
weighted p-Steklov problem on €2, then

ki O)[Hlwe | Vol (N
inf Vol,, (%)

p
2

A(Q) <

)

where k4 (3) = max{k,(x)|z € M} with £, the biggest principal curvature of ¥ at the point x.
Now, we obtain Reilly upper bounds for (p, ¢)-Steklov problem. Similar the theorem n we have

Theorem 2.5. Let (M", g,dv) be a compact connected and oriented Riemannian manifold with nonempty boundary
OM and 1 < p < g <r < oo. Assume that (M", g, dv) isometrically immersed into the Euclidean space RY by X. If
o1(M) is the eigenvalue of the (p, ¢)-Steklov problem (1.3)) then

(1) for 1 <p < g <r <2 we have
p P a g T rt VOZ(M)
o1 (M) < (Nl—fnf +N1_5n§) (/ (|H|77) dvh) o)
on (

(2) For 1 <p<g<2andr>2we get

r—1
5-1 (N1-5p% 4 N1-%pt I
o1 (M) < N (N n¥ 4+ N'-#p )</6M(|H| )dvh) VoM

(3) For 1 <p<2and2<gq<r we get

A0 < N5 (V) (i) d”h>7_1 Wol@M))

(4) For 2 <p < q<r we get

In following theorem we extended the theorem to estimates with higher order mean curvatures.

Theorem 2.6. Let (M™, g, dv) be a compact connected and oriented Riemannian manifold with nonempty boundary
OM and 1 < p < g < r. Assume that (M™, g, dv) isometrically immersed into the Euclidean space RY by X and let
T be a symmetric and divergence-free (0,2)-tensor on M. If o1(M) is the eigenvalue of the (p,q)-Steklov problem

(1.3) then

(1) for 1 <p < g <r <2 we have

/ (T don
OM

(2) For 1 <p<qg<2andr>2we get

/ tr(T)dvy,
oM

< (n%

r—1
o1(M) n® —|—N17%n%> </ (|HT|TT1) dvh) Vol(M).
oM

T

r—1
o1 (M) < NE-1 (Nl—%n% +N1—%n%) (/W ) dvh> Vol(M).
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(3) For 1 <p<2and2<gq<r we get

T r—1
o1 (M) / tr(T)dvy,| < N5 (Nl—%n% + n*) (/ (|Hp|7T) dvh) Vol(M).
oM oM
(4) For 2 <p < q<r we get
T . r—1
o1(M) / tr(T)dv,| < N27! (n% —|—n%) </ (|Hr| ™) dvh> Vol(M).
oM oM

Also, we have

Corollary 2.7. Let (M™,g,dv) be a compact connected and oriented Riemannian manifold with nonempty boundary
OM and 1 < p < ¢ < r. Assume that (M", g, dv) isometrically immersed into the Euclidean space R by X. If oy (M)
is the eigenvalue of the (p, ¢)-Steklov problem (|1.3)

(i) N >n+1,and s € {0, -+ ,n — 1} is an even integer then we have

(1) for 1 < p < ¢ <r <2 we have

r—1
< (Nl_gng +N1—%n%) (/ (|H3+1rrl)dvh) Vol(M).
oM

(2) For 1 <p<q<2andr>2we get

o1 (M) H,doy,
oM

(3) For 1 <p<2and2<q<r weget

T

r—1
o (M)| [ Hydv,| <N& (Nl—%n% +n%) (/aM (|H8+1|ﬁ)dvh) Vol(M).

(4) For 2 <p < q<r we get

r r—1
o (M)| [ Hydv,| < N3 (n* +n%) </8M (JHopa|77) dvh> Vol(M).

oM

(i) H N=n+1, and s € {0,--- ,n — 1} is an even integer then we have

(1) for 1 < p < g <r <2 we have

r—1
< (legng —|—N17%n%) / (|H5|T7:1) dvh> Vol(M).
oM

(2) For1<p<g<2andr>2we get

g1 (M) Hsd’l]h
oM

r

r—1
< Nz 7! (le%n% —|—N17%n%> </ (|Hé|fr1) dvh> Vol(M).
oM

r—1
o (M)| [ Hydoy| <NE! (Nl—%n% +n%) (/ (|Hs|r11)dvh> Vol(M).
oM oM

(4) For 2 <p < q<r we get

r r—1
o (M)| [ Hydv,| <N& (n% +n%) (/W (|Hs|f1)dvh> Vol(M).

In following we investigate the first eigenvalue of (p, ¢)-Steklov problem on Riemannian products R x M where M
is a complete Riemannian manifold.
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Theorem 2.8. Let 2 < p < ¢ < r and (M",g) be a complete Riemannian manifold. Consider (X", g) a closed
oriented Riemannian manifold isometrically immersed into the Riemannian product (R x M, § = dt? @ g). Moreover,
assume that ¥ is mean-convex and bounds a domain Q in R x M. Let o1(M) be the first eigenvalue of the weighted
p-Steklov problem on €2, then

r

2

Kot (2) | H | oo Vol(Q) 1-3
o1(Q) < 2 *ing (wz(z)) ’

where £4(X) = max{ri(x)|x € M} with k4 the biggest principal curvature of ¥ at the point z.

3 Proof of main results

In this section we give the proof of our main results.
Proof .[proof of theorem For coordinates functions X*, by replacing if needed, | X*|P~2X" by
Jone 1X P2 X

X’i p—2xi _
X7 Vol,, (OM)

we can assume without loss of generality,

| XP2 X duy, = 0
oM
for all s € {1,2,---, N}. Thus, we can use the coordinates functions X* as test functions.

The case 1 < p < 2. By the definition of A\; (M) we have
MOn [ Y < [ 379X P, (31)
OM —y M—q

1
2

1
< (ZXa1xir)”,

N 5 N ‘
X|P = <Z|Xl|2> <)X (3:2)
i=1

i=1

Since p < 2, we get (Zf\;l |Xi|2)

On the other hand, the concavity of y — y% yields

N N N
SIVXIP =3 (VX < N (Z |VXi|2> = N'"int, (3.3)
=1 ]

i=1

since we have va:l |[VX?? =n (see [I4, Lemma 2.1]). Hence, we obtain

A1 (M) / | X [Pduy, < N'"5n%Vol, (M). (3.4)
oM
On the other hand, using Holder inequality we have
1 p—1
[ ot =V < ( / leduh) ( [ - Vflv’ﬂduh)
oM oM oM
% _1 P P pT
< ([ ixpan ) (27 [ Qo s 917
oM oM

b2 P -1
With multiply both sides of 1; by ( Jour (mmﬁ v f|zf1) duh)p and use the integral Hélder inequality,
we conclude that

p

p—1
2751\ (M) < N'Yips (/ (|nH|£1+|Vf|;ﬁ1)duh) Vol,, (M).  (3.5)
oM

/ (X, nH — Vf)dun
oM
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Now, using the Hsiung-Minkouski formula
/ (X, nH — Vf) +n) dpupn = 0 (3.6)
oM

we infer
1 1 P P p_l
2771\ (M) (nVol,, (OM))? < N'~ip% ( / (nH|pl+|Vf|pl>duh) Vol,, (M). (3.7)
oM

The inequality is proven. First, assume that f is constant, H does not vanish identically, and equality holds. Then
the end of the proof is similar to the proof of Roth [16] for the p-Steklov problem. Now, assume that f is not constant.
If equality occurs, then the end of the proof is similar to the proof of Roth [15].

The case p > 2. It is straightforward that
N

N N %
SIVXIP =) (IVXP)® < (Z |VXi|2> =n. (3.8)
i=1 =1

i=1
On the other hand, using the fact that y — y# is convex, we obtain
N N 5
> IXP = NTE (Z |Xl|2> = N*"Exp. (3.9)
i=1 i=1

Therefore, using the last two inequalities in the variational characterization of A1 (M), we get

Al(M)/ | X [Pdpy, < N:¥~'n¥Vol, (M). (3.10)
oM

The end of the proof is the same that in case 1 <p < 2. O

Proof .[Proof of theorem [2.2] Similar to the proof of Theorem[2.1] just enough to use the generalized Hsiung-Minkowski
formula (2.1]) instead of the classical one. O

Proof .[Proof of theorem [2.4] Similar to [I6], we assume that the function ¢ is a test function. Let v = (8, ) = (Vt,v).
Hence, we have At = —nHv and

/|Vt|2dug=/nHvtd,ug. (3.11)
b b
Also, since Vv = =SVt we have
/(SVt,Vt)dug :/nH'U2 dug. (3.12)
b b
Then,
ninf(H) / v?dp, < / nHv?dp, < / (SVt, Vt)du, < k4 (2) / V|2 dpy,
= b b b by
< /<;+(E)/nHvtdpggnmr(EﬂH\oo/vtd,ug (3.13)
by b
< el ([ 17dng)" ([ 10175 au,)
by by

From the Hélder inequality we have

2(p—1)

inf (H) ( / |v|Pp1d,ug> " Vol () inf (H) / vy,
i 5 z b )

e ©lHl ([ tl”dug;); (L1 an) "

IN

IN
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therefore,

p—1

o ol 7T dpg) s
( > g>1 < ﬁ+(z)‘H|OO Volug (Z)T
(fs It dpg) ? inf(H)

On the other hand, from the variational characterization of A\; (M), we have
M@ [ Hrdny < [ 197w,
s Q
Since |Vt| = 1 and At = 0 we have

[ 9ty = Vot (@) = ( [ [iaug ) Vot (1%

and

/|@t\2dug:/<t@t,y>dug:/tvdug.
Q by b

1 p—1
Vtdpg < ([ [t dpy ) P dpy )
Hg = Hg |v|? Hg )
Q b b

p—1

07T dpg )
(i)
(fz W’ dﬂg) :

Therefore, substituting (3.14]) in (3.19)), we complete the proof of theorem. O

By Holder inequality we get

thus, we obtain

(SIS

1(22) <

oly, (Q)-=2.

Proof .[Proof of theorem [2.5] For coordinates functions X*, by replacing if needed, |X?|"~2X* by

Jous I X2 X

Xi 7’—2Xi _
X'l Vol,, (0M)

we can assume without loss of generality,
/ ‘X'L‘r—QXid,uh:O
oM

for all i € {1,2,---, N}. Thus, we can use the coordinates functions X* as test functions.

(1) The case 1 < p < ¢ < r < 2. By the definition of o1 (M) we have

N N
Ul(M)/ Z|Xi|rdvh§/ Z(|VXi|p+|in|q)dvg.
OM =y M =1

=

1
2

Since 7 < 2, we get (Zfil |Xi|2) ', then

< (ZLxr)

N 5 N A
| X" = <Z|Xz|2> <X
i=1 i=1

On the other hand, the concavity of y — y% yields

N

N N » N
SIVXIP =Y (IVX'P)* < N'7E (Z VXi|2> = N'"2p%,

i=1 =1 =1

303

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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Similarly,

N
S o b,
i=1
Hence, we obtain
al(M)/ X[ duy, < (legn% + le%n%) Vol(M), (3.23)
oM

with multiply by ( /. oM (|H |T%1) dvh)Pl and use the integral Holder inequality, we conclude that

/BM<X,H)dvh

Now, using the Hsiung-Minkouski formula

T

o1(M) < (Nl—gn% +N1—%n%) (/8M (|H|7=7) dvh)T_l Vol(M). (3.24)

/ (X, H) + 1) dvp = 0 (3.25)
oM
we infer o
o1 (M) (Vol(dM)) < (Nl—%n% +N1—%n%) (/ (|H|7) dvh> Vol(M). (3.26)
oM
The case 1 <p<qg<2andr>2.
It is straightforward that
N
D (VXP+ VX)) < N'"2n? 4 N'"in2, (3.27)

i=1

On the other hand, using the fact that y — 32 is convex, we obtain

N N 2
> = Nt (Z |Xi|2> — N1E T (3.25)
i=1 i=1

Therefore, using the last two inequalities in the variational characterization of o1 (M), we get

Ul(M)/ | X|"dvy < N371 (legn% + le%n%) Vol(M). (3.29)
oM

Thecase 1 <p<2and2<qg<r.
It is straightforward that

N
S OIVXIP < N'TEnd, (3.30)
i=1
and .
N . N . 9 N . z
DIVXIT =Y (IVXP)* < (Z |VX1|2> =n3. (3.31)
i=1 i=1 i=1
On the other hand, using the fact that y — y2 is convex, we obtain
> OIXT = N EX (3.32)
i=1

Therefore, using the last two inequalities in the variational characterization of o1 (M), we get

p b q

JI(M)/ |X|"dvy < N371 (Nl_frﬂ +n5) Vol(M). (3.33)
oM
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(4) Thecase 2 <p<g<r.

It is straightforward that
N

S (VX +|VX'|7) <n¥ +n?. (3.34)

i=1
On the other hand, using the fact that y — y2 is convex, we obtain

N
Z |Xz|r > N1I-%

i=1

X" (3.35)

Therefore, using the last two inequalities in the variational characterization of o1 (M), we get
al(M)/ | X|"dv, < N27Y(n% +n2)Vol(M). (3.36)
oM

O

Proof .[Proof of theorem Similar to the proof of Theorem just enough to use the generalized Hsiung-Minkowski
formula (2.1) instead of the classical one. [

Proof .[Proof of the Theorem Similar to [I6], we assume that the function ¢ is a test function. Let v = (0, v) =
(Vt,v). Hence, we have At = —nHv and

/|Vt|2dvg=/nHvtdvg. (3.37)
by b
Also, since Vv = —SVt we have
/ (SVt, Vt)dv, = / nHv? dv,. (3.38)
b b
Then,
ninf(H)/vzdvg < /nHde,ug§/<SVt,Vt>dvg§/<;+(E)/ |Vt|?dv,
= s by by s
< /$+(E)/ nHut dp, §nﬁ+(2)|H\m/vtdv9 (3.39)
b b
< @l ([1rany) ([ pi=ra,) |
by b

From the Hélder inequality we have

2(r—1)
2—r

i) (ol =va, ) Vel ()%
= b

Sinf(H)/v2dvg
= b

< o (D) H ( / |t|rdvg) ( / v|rildvg) 7

r—1

(fg [o]7 dvg) ™ < m+(2)|H|OOV (5 =2
— <t ol(£)F. (3.40)
(fz |t‘7’- dvg) T lgf(H)

On the other hand, from the variational characterization of o1 (M), we have

therefore,

01(9)/ |t\Tdvg§/ (Wt\umw) dvg. (3.41)
P Q
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Since |Vt| = 1 and At = 0, we have

and

/ |Vt[Pdvg = Vol(Q) = ( / |@t|2dv§) Vol(Q)'~2 (3.42)
Q Q

/Q|@t|2dvg:A(Nt,umvg:/ztudvg. (3.43)

By Holder inequality we get

3=

/Q|W|2du§§ </Z |t|rd’ug> (/Z o] 75T dvg> o (3.44)

thus, we obtain

o1(Q) <2 (s Il dv”)l 2 Vol(Q)t 2. (3.45)
(fz [t]" dvg)§

Therefore, substituting (3.40)) in (3.45]), we complete the proof of theorem. O
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