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Abstract

In this paper, we investigate the Toeplitz determinant for a family of functions with bounded turnings, we give
estimates of the Toeplitz determinants of fifth order for the set R of univalent functions with bounded turnings in the
unit disc. Also, we obtain bounds of the fifth Toeplitz determinant for the subclasses of the class R.
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1 Introduction

Assume that A denotes the class of functions of the form
f(2) :z—i—Zanz" (1.1)
n=2

which are analytic in the open unit disc U = {z : z € C : |2| < 1}. Further, by S we shall denote the class of all
functions in A which are univalent in U. Also, let, S* and C denote the classes of starlike and convex functions
respectively and are defined as:

S*={feS:Re (fo;g))>0, z € U},
C={feS:Re <1+ZJ{"/;2’§)>>07 2 eU).

Suppose that P denote the class of analytic functions p of the type

p(z) =1+ cnz", (1.2)

n=2

such that Re (p(z)) > 0. A function f € A is said to be close-to-convex, if there exists a starlike function g € S* such
that ,
Re (zf (Z)> > 0,
9(2)
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for z € U.

Assume that R denotes the class of functions f in A satisfying Re (f/(z)) > 0 in U. It is easy to verify that
functions in R are close-to-convex and hence univalent. Functions in R are sometimes called functions of bounded
turnings.

Also, let m € N={1,2,...}. An analytic function f is m—fold symetric in U, if

27mi 27mi

flemz)=em f(2), (2€U).

By 8™, we shall denote the set of m—fold univalent functions having the following Taylor series form

fz)=z+ iamkﬂzmk"’l, (z€U). (1.3)
k=1

The sub-family R™ of 8™ is the set of m—fold symetric functions with bounded turnings.
An analytic function f of the form(|1.3) belongs the family R™, if and only if

f'(z) =p(2),
with p € P™, where the set P™ is defined by

Pr={peP:p(z) =1+ cmrz™, z€ U} (1.4)
k=1

Pommerenke [IT} 12] introduced the idea of Hankel determinants, and he defined those for univalent functions
f €S as follows:

(079 Ap+1 An+4q—1
An+1 An+2 ceo OGnig—2

Hy(n) =
Uptq—1 Optq—2 .- OGpt2q—2

In the theory of analytic functions, finding the upper bound of |H,(n)| is one of the most studied problems. Several
researchers found the above-mentioned bound for different subfamilies of univalent functions for fixed values of ¢ and
n[14, 15, [19]. For the subfamilies S*,C and R of the set S the sharp bounds of |Hz(2)| were investigated by Janteng
et al.[5] [6]. they proved the bounds as follows:

; fesr,
: fec (1.5)
, fEeER.

[H2(2)] <

O koo | —= —

The accurate estimate of |H2(2)| was obtained by Krishna et al.[7] for the family of Bazilevic functions. For
subfamilies of S, According to Thomas’ conjecture [I3], if f € S, then |H4(2)| < 1, but it was shown by Li and
Srivastava in [9] that this conjecture is not true for n > 4. Estimation of [H3(1)| is much more difficult. Babalola [3]
published the first paper on H3(1)(f) in 2010 in which he obtained the upper bound of |H3(1)| for the subfamilies
S*,C and R. Zaprawa [18] improved the results of Babalola|3] recently in 2017, by showing

1, fes,
49
LAGTES S A (16)
41
50 feRr.

Arif et al. [2] found the upper bounds of |H4(1)| and |H5(1)| for the classes of functions with bounded turnings.
Toeplitz determinants are closely related to Hankel determinants [I0]. Toeplitz matrices have constant entries along
the diagonal. Toeplitz matrices have some applications in pure and applied mathematics[I7].
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Thomas and Halim in [I6] introduced the symmetric determinant Ty (n) for analytic functions f of the form (L.1)
defined by,

Qp Ap+1 cee Ap4g—1
Ap+1 Qp, cee Qpyg—2
Ty(n) = ' ' ’ ' geN\1, neN.
Up+qg—1 OGptqg—2 - QAn

The study of exact upper bound of |T,(n)| for different subclasses of analytic functions has attracted some authors.
The Toeplitz determinant T, (n) for class S of univalent functions was studied and improved by Ali et al.[I]. Also Ali
et al.[I] have investigated T (n) for subclasses of S.

To prove our main results, we need following lemmas and theorems.

Lemma 1.1. If p € P and of the form , then for n € N={1,2,...}, the following sharp inequality hold
len| < 2. (1.7)
Lemma 1.2. If p € P and of the form , then for n,k € N = {1,2,...}, the following inequalities hold
[entk — Acner| <2, for 0< A<, (1.8)
the inequalities and are proved in [4] and [§] respectively.

Lemma 1.3. [2] If f € R and n+m =k + [, then

4
|anam —aga; < — (1.9)
I
where 4 = min{mn, kl}.
Theorem 1.4. [I] Let f € S be of the form (1.1)). Then
(i) : |To(n)| < a2 — a2, | <20 +2n+1 (1.10)
(i) : |T5(1)] < 24. (1.11)
Both inequalities are sharp.
Theorem 1.5. [I] Let f € S* be of the form (1.1). Then
T5(2) < 84.
The inequality is sharp.
Theorem 1.6. [I] Let f € R be of the form (1.1). Then
() ITo()| S 5+ ey, 022 (1.12)
1) : 2\ _n2 (n+1)2, n = 4. .
. 35
(i) : |T3(1)| < n (1.13)
7
(7i1) : |T5(2)] < 3 (1.14)

In this paper, we obtain bounds of the fifth Toeplitz determinant for a family of functions with bounded turnings.
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2 Bounds of T5(1) for the set R
In this section, we obtain bounds of |T5(1)| for the set R. The fifth Toeplitz determinant |T5(1)] is given by

1 ay az3 a4 as
a9 1 as a3 Qa4
T5(1) = |a3 a2 1 as as (21)
ay a3 a2 1 as
as a4 a3 az 1

we can write 75(1) in the form
T5(1) = T4(1) — CLQA + a3B — a4C’ + (l5D.

with
Ty(1) = T3(1) — a2A1 + a3y — agAs, (2.2)
A = a9T3(1) — asAy 4+ asAs — asAg, (2.3)
B = asA7 — Ag + az3Ag — as A, (2.4)
C = a2A11 — Ajp + a3 — agAyy, (2.5)
D = a3A15 — Arg + a2A17 — azglas, (2.6)

where

( )= (1 —a2) — ag(az — azas) + as(a3 — as3), (2.7)
= ay(1 — a3) — as(az — azay) + az(asas — ay), (2.8)
= ay(ag — agaz) — (a3 — azay) + az(a3 — azay), (2.9)
= ay(a3 — az) — (azaz — aq) + as(as — azay), (2.10)
Ay = az(1 — a3) — as(ay — azas) + az(asas — as), (2.11)
As = as(as — asas) — (a4 — agas) + as(asas — asas), (2.12)
Ag = az(a3 — a3) — (azay — as) + as(agas — asas), (2.13)
A7 = as(1 — a2) — az(as — azay) + as(azas — ay), (2.14)
Ag = a3(1 — a3) — az(as — azas) + as(asas — as), (2.15)
Ag = az(az — asas) — az(ay — azas) + az(ai — azas), (2.16)
Aqo = az(azaz — aq) — as(azay — as) + az(aj — azas), (2.17)
Ayy = az(ag — azaz) — (a3 — agay) + az(aj — asay), (2.18)
A1z = asz(az — azaz) — (ag — asa;) + az(azay — azas), (2.19)
A1z = az(as — azay) — aslay — azas) + az(a? — asas), (2.20)
Avy = az(a3 — azaq) — as(azay — asas) + (aj — azas), (2.21)

and
Ars = az(a2 — a3) — (azas — aq) + az(ai — asay), (2.22)
A = az(a3 — a3) — (azay — as) + az(azay — azas), (2.23)
Av7 = az(azas — ag) — as(azay — as) + az(a? — azas), (2.24)
Aig = az(a3 — agay) — az(azay — azas) + (a2 — azas), (2.25)

From ([2.1]) we consider that T5(1) is a polynomial of four successive coefficients as, a3, ay and as of a function f in
a given class.
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Theorem 2.1. If f € R and has the form (|1.1)), then

5199
() <—=1 2.2
ITa(1)] < 22 = 10.69 (2:26)

2
Proof . Let f € R. From Theorem using Lemma and Lemma along with the inequality |a,| < — for
n

n > 2, we have,

T(0)] = |1 = 63) — aa( — azas) + sl — ao)| < .

|Ay| = ‘02(1 — a3) — az(a3 — azas) + as(azas — 04)’ < EO,

|Ag| = ‘a2(a2 — aga3) — (a3 — agaq) + a3(a§ - a2a4)’ < g,

|As| = ‘az(ag — a3) — (azas — as) + az(aj — a2a4)‘ < %.
Since,

Ty(1) = T3(1) — a2A; + azAg — asAg,
by using the triangle inequality, we conclude the proof. [
Theorem 2.2. If f € R and has the form , then
4] < %5 _ 8.16. (2.27)

2
Proof . Let f € R. From Theorem using Lemma and Lemma along with the inequality |a,| < — for
n
n > 2, we get,

T5(1)] = ’(1 —a3) — as(as — asaz) + az(aj — ag)’ < %

|Ay] = ‘as(l —a3) — az(ag — azas) + az(azas — as)‘ < %’
|As| = ‘113((12 — agasz) — (ag — asas) + as(azay — a2a5)‘ < %,
|Ag| = ‘ag(ag —a3) — (azaq — as) + az(agaz — azas)’ < %

Consequently, from (2.3) by using the triangle inequality, we obtain the declared bound. OJ
Theorem 2.3. If f € R and has the form (|1.1)), then

IB| < —= =7.50 (2.28)

2
Proof . Let f € R. Using Lemma Lemma and |a,| < = for n > 2, it follows that
n

|A7| = ’ag(lfag)—ag(ag—a2a4)+a3 asa3 — ay ’ %
|Ag| = ’ag(l —a2) — az(ag — asas) + as(azay — as ’ 7—0
|Ag| = ’a:s(as — agay) — az(ag — agas) + az(aj — azas) ‘ < 94—0
|[A1g| = ‘a3(a2a3 — ay) — az(asay — as) + ag(a? — a3a5)‘ 1.

IN

Putting the above values and a,, % for n > 2 in (2.4)) gives the desired result. This completed the proof. [J
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Theorem 2.4. If f € R and has the form (1.1)), then

1956

2
Proof . Let f € R. Formulas (1.8]), (1.9) and the inequality |a,| < — for n > 2, result in
n

47
|A11| = |a2(as — aza3) — (a3 — azaq) + 03(03 - 02114)’ < TR
615
|A1a| = |az(az — a2a3) — (a4 — azas) + as(azas — a2a5)‘ < 270’
) 501
|As] = |as(asz — azay) — az(as — azas) + az(ay — a3a5)‘ < 770"
|A14| = a3(a§ — a2a4) — ag(a3a4 — a2a5) + (ai — a3a5) <1.

2

From the above values along with the inequality |a,| < — for n > 2, in (2.5]), we obtain the desired result. O
n

Theorem 2.5. If f € R and has the form (1.1)), then

412
D| < — =4.57. 2.30
Dl < 5 (2:30)

2
Proof . Let f € R. Applying (1.8)), (1.9) and |a,| < = for n > 2, we get,
n

|Ais| = |ag (a2 — a3) — (agas — ay) + az(a2 — a2a4)‘ < ;

|Ars| = |as(a3 — as) — (azas — as) + az(asas — a2a5)‘ = %7
|Av7| = |as(azas — as) — az(azas — as) + az(af — asas)‘ <1,
[Bus] = Jas(a} — a20) ~ az(asas — azas) + (4] - asas)] < 1.

2
Now putting the above estimates and |a,| < — in , we obtain the desired result. The proof is complete. [J
n

Theorem 2.6. If f € R and has the form (1.1)), then

T5(1)] < 32.34. (2.31)
Proof . Let f € R be of the form Clearly,
T5(1)] < |Tu(1)] + |az||A] + |as||B| + |aa]|C| + |as || D]. (2.32)

2
Now putting the bounds found in Theorems and the inequality |a,| < — for n > 2 in (2.32)), we obtain
n

|T5(1)|<@+@+ <2><4054>+<1><1956>+<2x412)
~ 486 90 3 540 2 270 5 90
=10.69 + 8.16 + 8.04 + 3.62 4 1.83
=32.34

This concludes the proof. [J
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3 Bounds of T5(1) for the sets R? and R*
In this section, we obtained bounds of |T5(1)| for sub-families R? and R*.
Theorem 3.1. Let f € R? be of the form (1.3). Then
T5(1)] < 347

Proof . Since f € R?, there is a function p € P? such that

f'(z) =p(z)
Equating coefficients,
C2 Cq
a2 =0, ag3=—=, ag =0, a5 = —.
2 3= 3 4 5

By a simple computation, T5(1) can be written as

Ts(1) = (1 — a2)(1 — 242 + 2a5a2 — a?).

Using (3.1]) and triangle inequality, we get

|C2| 2 1 2
T=(1)| <1 — —
IT5(1)] <1+ 5 T 45|C4||C2| + 25|C4|
2 4 2 4 1 2
+ 81|02\ + 405\C4||02| + 225\02\ |cal

From Lemma [T.]] it is easily follows that,

IT(l)|<1+é+E+i+¥+674+£
P =" ys T o5 T 81 T 405 | 225°

Therefore, |T5(1)| < 3.47. This concludes the proof. O
Theorem 3.2. Let f € R* be of the form (1.3). Then

T5(1)| < 1.16

Proof . Since f € R*, there is a function p € P* such that
f'(2) = p(2).
From (1.3)) and (1.4)), when m = 4, we can write
C4

QQZO, (13:0, a4:0, a5:€.

It is easy to see that
T5(1) =1 —a?.

Using (3.3]) and triangle inequality, we conclude,
1
T3] < 1+ geles

From Lemmd[l.1] it easily follows that |75(1)| < 1.16. This concludes the proof. O

4 Conclusion

105

The bounds of Toeplitz and Hankel determinants have always been the main interest of researchers in univalent
and bi-univalent classes. Many studies related to this problem are around analytic normalized functions. Here the

fifth Toeplitz determinant is obtained for functions with bounded turnings.
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