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Derivation of some statistics for beta exponential distribution
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Abstract

We propose a beta exponential distribution that is formed from the logarithm of a random variable with a beta value,
as well as a thorough investigation of the distribution’s mathematical characteristics. Because we dealt with the
beta exponential distribution, we have a clear and understandable way to comprehend the equation and apply it to
the actual problem. To do this, we gathered the questions that statisticians find interesting and studied the most
significant properties and statistics related to the distribution. Future research will utilize this data to identify specific
industrial flaws or inefficiencies as a function of survival. Included are system statistics, BE distributions for graphs,
generation functions, moments, and Hazard functions.
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1 Introduction

Nadarajah and Kotz [2] introduced the beta-exponential (BE) distribution. They presented an equation for the
sth moment, Hazard function characteristics, distribution findings for the sum of BE random variables, maximum
likelihood estimation, and some asymptotic results in their article.

Let G (x) = 1 − e−λx be the cdf of the exponential distribution, with λ > 0 and x > 0. The density of the BE
distribution is given by:

f (x) =
λ

B (a, b)
e−bλx

(
1− e−λx

)a−1
, a > 0, b > 0, λ > 0, x > 0. (1.1)

As a specific example for b = 1, An exponential distribution has been included in this distribution (Gupta and
Kundu, [1]).The BE distribution is identical to the exponential distribution with parameter b when a = 1. X ∼
BE(a, b, λ) denotes a random variable that follows a beta exponential distribution bλ.

With b = λ = 1, Figure 1.1 depicts several densities of the BE distribution.
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Figure 1.1: The BE pdf for several a values when b = λ = 1.

2 Hazard function

The Hazard function is defined by

h (x) =
λe−bλx

(
1− e−λx

)a−1

Be−λx (b, a)
, a > 0, b > 0, λ > 0, x > 0. (2.1)

where Be−λx (b, a) is the beta function that isn’t complete.

The Hazard function’s form is determined solely by the parameter a. When a < 1, h(x) decreases monotonically
with x, and when a > 1, h(x) increasing monotonically with x. When the hazard function is constant, it means that

a = 1.

Figure 2.1 show the hazard function for b = λ = 1 and a = {0.5, 1, 2}.

Figure 2.1: The BE Hazard function for some values of a with b = λ = 1.
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3 Moment

We now let x1≤x2≤x3≤ . . .≤x(n) denote order statistics to the BE distribution with density function in (1.1). We
calculate the general single moment

E
(
Xk

r:n

)
=

∫ ∞

0

xkfr:n (x) dx =
n!

(r − 1)! (n− r)!

∫ ∞

0

xk[F (x)]
r−1

[1− F (x)]
n−r

f (x) dx

=
n!λ

B (a, b) (r − 1)! (n− r)!

∫ ∞

0

xk
[
1−e−λx

]r−1 [
1−

[
1−e−λx

]]n−r
e−bλx

{
1−e−λx

}a−1
dx

=
n!λ

B (a, b) (r − 1)! (n− r)!

∫ ∞

0

xk
[
1−e−λx

]r−2+a
eλx(r−n−b) dx

=
n!λ

B (a, b) (r − 1)! (n− r)!

r−1∑
j=0

(−1)
j

(
r − 1
j

)∫ ∞

0

xkeλx(r−n−b+j) dx.

But ∫ ∞

0

xkeλx(r−n−b+j) dx=(r−n−b+j)
k+1

∫ ∞

0

tke−tdt

=
Γ(k+1)

(r−n−b+j)
k+1

.

Therefore

E
(
Xk

r:n

)
=

n!λ

B (a, b) (r − 1)! (n− r)!

r−1∑
j=0

(−1)
j

(
r − 1
j

)
Γ(k+1)

(r−n−b+j)
k+1

, r=1, 2, 3, . . . ,k ≥ 1. (3.1)

4 Generating Function

For a random variable X with the density function BE, we calculate the rth moment around the origin and the
moment generating function in this section

f (x) =
λ

B(a, b)
e−bλx{1− e−λx}a−1

and

Sd,b,a =

∫ ∞

0

xd−1e−bλx
{
1− e−λx

}a−1
dx.

Let u = e−λx, then lnu = −λx and so, λx = |lnu |,

λdx

du
=

1

u
⇒ dx =

du

uλ

Sd,b,a =

∫ ∞

0

|lnu |d−1
ub{1− u}a−1 du

uλ
=

1

λ

∫ ∞

0

|lnu |d−1
ub−1{1− u}a−1

du.

If a > 0 and it is not an integer we have

Sd,b,a =
Γa

λ

∞∑
j=0

(−1)
j

(a− j) j!

∫ 1

0

|lnu |d−1
ub+j−1{1− u}a−1

du.

Also, for p> -1 and our real q we get ∫ 1

0

xp|lnx |q dx =
Γ(1 + q)

(1 + p)
q+1 .
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Then ∫ 1

0

|lnu |d−1
ub+j−1 du =

Γ(1 + d− 1)

(b+ j − 1)
d−1+1

=
Γd

(b+ j − 1)
d∫ ∞

0

xd−1f (x) dx = Γa

∞∑
j=0

(−1)
j
Γd

Γ (a− j) j!(b+ j − 1)
d

Finally, there is ∫ ∞

0

xd−1e−bλx{1− e−λx}a−1
dx = Γa Γb

∞∑
j=0

(−1)
j

Γ (a− j) j!(b+ j − 1)
d
.

If we let a > 0 be an integer then∫ ∞

0

xd−1f (x) dx =

a−1∑
j=0

(
a− 1
j

)
(−1)

j
∫ 1

0

|lnu |d−1
ub+j−1 du.

By using we have ∫ ∞

0

xd−1f (x) dx =

a−1∑
j=0

(
a− 1
j

)
(−1)

j
Γa

(b+ j − 1)
d

,

which simplifies to ∫ ∞

0

xd−1e−bλx{1− e−λx}a−1
dx = Γd

a−1∑
j=0

(
a− 1
j

)
(−1)

j

(b+ j − 1)
d

.

Then MGF of X can be written

M(t) =
λ

B(a, b)

∫ ∞

0

etxe−bλx{1− e−λx}a−1
dx

=
λ

B (a, b)

∞∑
r=0

tr

r!

∫ ∞

0

xre−bλx(1− e−λx)
a−1

dx.

Considering ∫ ∞

0

xre−bλx(1− e−λx)
a−1

dx.

Let w = e−λx ⇒ lnw = −λx ⇒ x = 1
λ |lnw | ⇒ dx

dw = 1
λw

⇒ dx =
dw

λw∫ ∞

0

(
1

λ
|lnw |

)r

wb(1− w)
a−1 dw

λw
=

1

λr+1

∫ ∞

0

(|lnw |)r wb−1(1− w)
a−1

dw.

If a > 0 is a real and not an integer

(1− w)
a−1

=

∞∑
j=0

(−1)
j
Γ(a)

Γ (a− j) j!
wj

Then
1

λr+1

∞∑
j=0

(−1)
j
Γ(a)

Γ (a− j) j!

∫ ∞

0

(|lnw |)r wb+j−1 dw.
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Using the fact that ∫ 1

0

xp|lnx |q dx =
Γ(1 + q)

(1 + p)
q+1 .

We have
1

λr+1

∞∑
j=0

(−1)
j
Γ(a)

Γ (a− j) j!

Γ(r + 1)

(b+ j − 1)
r+1 .

Therefore mgf of X,

M(t) =
λ

B (a, b)

∞∑
r=0

tr

r!

1

λr+1

∞∑
j=0

(−1)
j
Γ (a)

Γ (a− j) j!

Γ (r + 1)

(b+ j − 1)
r+1

=
1

λr B (a, b)

∞∑
r=0

∞∑
j=0

tr (−1)
j
Γ (a) Γ (r + 1)

r!Γ (a− j) j!(b+ j − 1)
r+1

=
Γ (a+ b)

λrΓ (a) Γ (b)

∞∑
r=0

∞∑
j=0

tr (−1)
j
Γ (a) Γ (r + 1)

r!Γ (a− j) j!(b+ j − 1)
r+1 .

Hence,

M(t) =
Γ (a+ b)

λrΓ (b)

∞∑
r=0

∞∑
j=0

tr (−1)
j
Γ (r + 1)

r!Γ (a− j) j!(b+ j − 1)
r+1 ,

and for integer a > 0 we have

M(t) =
1

λrB (a,b)

∞∑
r=0

tr

r!

∞∑
j=0

(
a− 1
j

)
(−1)

j

(b+ j − 1)
r+1 . (4.1)

Therefore using the fact that M(t) =
∑∞

r=0
tr

r! µ′
r, then for non-integer a , the rth moment of X is

E (xr) =
Γ (a+ b)

λrB (a , b)

∞∑
j=0

(−1)
j
Γ (r + 1)

Γ (a− j) (b+ j − 1)
r+1 . (4.2)

When a > 0 is integer, we have

E (xr) =
Γ (r + 1)

λrB (a , b)

a−1∑
j=0

(−1)
j

(
a− 1
j

)
(b+ j − 1)

r+1 (4.3)

5 Shape

Let f (x) = λ
B(a,b) e−bλx(1− e−λx)

a−1
and take logarithm natural to f (x) obtain

lnf(x) = ln (λ)− bλx+ (a− 1)(1− e−λx) . (5.1)

Now take the first and second derivative of lnf(x) in equation (5.1)

dlnf(x)

dx
=

(a− 1)λe−λx

1− e−λx
− bλ

d2lnf(x)

dx2
=

(a− 1)λ(λe−λx
(
−1 + e−λx

)
−
(
e−λx

)2
λ)

(1− e−λx)
2 =

(1− a)λ2e−λx

(1− e−λx)
2 . (5.2)
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6 Order statistics of BE distribution

Given that x1 ≤ x2 ≤ x3 ≤ . . .≤ xn denotes the order statistic of a random sample X1 , X2 , X3 , . . . , Xn from
BE distribution with cdf F (x) and pdf f (x) of Xr can be written as

fr
(
x(r)

)
=

n!

(r − 1)! (n− r)!
f (x) [F (x)]

r−1
[1− F (x)]

n−r
(6.1)

such that

f (x) =
λ

B(a, b)
e−bλx{1− e−λx}a−1

(6.2)

and
F (x) = 1− e−λx. (6.3)

By using the pdf in equation (6.2) and the cdf in equation (6.3), we get

fr
(
x(r)

)
=

n!

(r − 1)! (n− r)!

λ

B (a, b)
e−bλx(r)

{
1− e−λx(r)

}a−1[
1− e−λx(r)

]r−1[
1−

[
1− e−λx(r)

]]n−r
.

Hence,

fr
(
x(r)

)
=

λn!

B (a, b) (r − 1)! (n− r)!
e−λx(r)(b+n−r)

[
1− e−λx(r)

]a−2+r
, x(r) > 0.

The pdf of the largest statistical order xn is given by

fn (xn) =
nλ

B (a, b)
e−bλxn

[
1− e−λxn

]a−2+n
, xn > 0 (6.4)

and the pdf of smallest statistical order x1 is given by

f1 (x1) =
nλ

B (a, b)
e−λx1(b+n−1)

[
1− e−λx1

]a−1
, x1 > 0. (6.5)

7 Conclusions

We researched and studied a class of distribution, These are known as the beta exponential distributions, and
these are the ones I’ll be using in this paper. Which result from considering G(x) to be exponential. In this paper, we
derive some properties of the beta exponential distribution, They are all of the following properties: Hazard function,
generating function, Moment, shape, Order statistics of BE Distribution. We demonstrated that beta exponential
distributions are the most traceable of any known distribution. This statement can also be used as a model for data
on failure times. The results reported in this work can be used as a starting point for obtaining similar results for
other distributions in the same family.
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