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Abstract

In this paper, the conditions for the superposition operators were provided to map the space bv, into bv,, where
1 < p, ¢ < co. Additionally, we presented the necessary and sufficient conditions under which superposition operators
become bounded, continuous and uniformly continuous on the sequence space bv,.
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1 Introduction and preliminaries

Superposition operators on sequence spaces have not studied widely, while there are lots of studies have been focused
on spaces of functions [2 B, B]-[8, 12]. Dedagic and Zabrejko [9] have investigated the continuity of superposition
operators on the sequence spaces ¢, for 1 < p < co. Pluciennik [I3] characterized continuous superposition operators
from wq into ¢1, where wy is the space of all sequences or all functions Cesaro strongly summable to zero. In some other
sequence spaces, the continuity of superposition operators, including Orlicz sequence spaces, was studied in [14], [15].

Let N and R denote the set of all-natural numbers and the set of all real numbers, respectively. Let w be the vector

space of all real sequences © = (z5) = (5),cy - By the term sequence space, we shall mean any linear subspace of w.

Let A and p be two sequence spaces and let f : N x R — R be a real function with f(s,0) = 0 for s € N. A
superposition operator F : A — p is defined by

Fy(x) = f(s,2(s)) = f(s,25), @ =2(s) = (25) € A (1)

Sequence spaces have various applications in several branches of functional analysis, in particular, the theory of
functions, the theory of locally convex spaces, matrix transformations, as well as the theory of summability invariably
depends upon the study of sequences and series. We recall here some of the familiar sequence spaces.

Let us recall some definitions and results. Let x1 and x5 be the functions of the sequence space w, then 1 and x2
are called difference disjoint, if (z1(s) — 21(s — 1)) (w2(s) — z2(s — 1)) = 0, for each s € N.
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We shall denote by £, for 1 < p < oo, the space of functions = : N — R (real sequences), for which the following
norm makes sense and is finite
Jolly = (Z (s)P)”

For 1 < p < oo, we shall denote by bv, the space of functions z : N — R (real sequences) of all functions (sequences)
of p-bounded variation, for which

bvp:{xzx cw: Z|x —xs—1)|p<oo}

where 2(0) = 0, bv, is a Banach space with the following norm:

lzllbo, == <Z|x —x(s — 1)|p)

It was proved that bu, is linearly isomorphic to the space ¢, and the inclusion bv, D ¢, strictly holds (see [4} I1]).

B =

The operator Pp denotes the multiplication operator which is defined by characteristic function yp of the set
D CN,ie.,
Ppx(s) = xp(s)z(s), seN.

We denote by 7 the set of all x € bu, which satisfy
lz(s) —z(s—1)| <1, seN.

In many situations, the investigation of the basic properties of the superposition operator (1) does not involve any
particular difficulties. But this is not always so. In fact, at the beginning of nonlinear analysis it was often tacitly
assumed that ”nice” properties of a function carry over to the corresponding superposition operator; this turned out
to be false even in well-known classical function spaces. A typical example of this phenomenon is the behaviour of the
superposition operator in Lebesgue spaces. For instance, the smoothness (and even the analyticity) of a function does
not imply the smoothness of corresponding superposition operator, considered as an operator between two Lebesgue
spaces [2]. These facts are rather surprising; they show that many of the important properties of a function do not
imply analogous properties of the corresponding superposition operator, or vice versa.

Classical mathematical analysis mainly dealt with spaces of continuous or differentiable functions already Lebesgue
spaces arose only in special fields, e.g. Fourier series, approximation theory, probability theory. In modern nonlinear
analysis, however, the arsenal of available function spaces has been considerably enlarged. In this connection, one
should mention Sobolev spaces and their generalizations which are simply indispensable for the study of partial
differential equations [I, 12], Orlicz spaces which are the natural tool in the theory of both linear and nonlinear
integral equations [14] [16], Holder spaces and their generalizations which are basic for the investigation of singular
integral equations [5] 0], and special classes of spaces of differentiable or smooth functions which frequently occur in
the theory of ordinary or partial differential equations and variational calculus [2]. The usefulness of all these spaces
in various fields of mathematical analysis emphasizes the need for a systematic study of the superposition operator
(1), considered as an operator from one such space into another.

In this study, for every 1 < p,q < 0o, we present necessary and sufficient conditions under which superposition
operator maps the space bv, into bv,. In addition, we provide the necessary and sufficient conditions under which
superposition operators become bounded, continuous and uniformly continuous on the bounded variation sequence
spaces by, for 1 < p < oo.

The present paper was organized with the following sections. In section 2 we provided necessary and sufficient
conditions under which superposition operator to map the space bv, into bvy, where 1 < p,q < oo. In section 3 we
presented the necessary and sufficient conditions under which superposition operators become bounded, continuous
and uniformly continuous on the sequence space bv,.

2 Superposition operators on the sequence spaces bv,

In this section, we present necessary and sufficient conditions under which superposition operator maps the space
bu, into bvy, where 1 < p, ¢ < 0.
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Theorem 2.1. Let 1 < p,g < oo, and f: NxR — R be a real function. Then the following conditions are equivalent:
1) the superposition operator Fy, generated by function f, maps buv, into by,

2) for u € bv, there exists a function a € bvy and constants 6 > 0,n € N and b > 0 such that
p
q

£ (s,u(s)) = f(s = Liu(s = 1) < (a(s) —a(s = 1)) + blu(s) —u(s = D]s, (s = n,[u(s) —uls = 1)| <9),

3) for u € bv, and each € > 0 there exist a function a. € bv, and constants 6. > 0,n. € N and b, > 0 such that
l|aellbw, < € and

£ (s,u(s)) = (s = Luls = 1)] < (a=(s) = ac(s — 1)) + befu(s) — u(s = 1)|1, 3)
holds, where s > n. and |u(s) — u(s — 1)| < de.
We need the following technical lemma which is used to prove Theorem 2.1.

Lemma 2.2. Let x € bv,. Then x € 7 if and only if function = can be represented in the form

T=x1+...+xTm (2)
where 21, ..., 2, are pairwise difference disjoint functions from the unit sphere in bv, and m < 2||x||§vp + 1.
Proof . At first, we suppose that for pairwise difference disjoint functions x;, where ¢ = 1,...,m, in the unit sphere

of the space bv,,, and for each 1 <4, j < m that ¢ # j and s € N, we have

x; #x; and (acl(s) —xi(s — 1)) (xj(s) —z;(s— 1)) =0,

and the function x be written in the form
r=x1+...+2Tm,.

We assert that x € 7. Since x; are pairwise difference disjoint functions and ||z;||p,, < 1, for each 1 <i <m, s € N
and 1 < p < oo, then only for one j,

2(s) — (s = D" = [(z1(s) —x1(s = 1)) + ...+ (2ils) —zils = 1) + ... 4 (2 (s) = 2m(s — 1))

= [zj(s) —zj(s =D

< Jlaylp, <1.

therefore |z(s) —x(s—1)] < 1.

Conversely, let « € 7. We can produce a finite partition Q = {Q,Qa,...,Q,} of the set N such that the functions
Paq, : bu, — bu, be defined by Po z(s) = xq,(s)z(s), where P, x, for 1 < j < m, are pairwise difference disjoint
functions. Therefore, we have

1Po,allf, =" [Pa,x(s) — Po,a(s — 1)|7
s=1

= Ixe,(9)2(s) = xo,(s = Da(s =" < 1,
s=1

where 1 < 7 < m and so Po,z € bvy. Now for each 1 < j < m, put z; := Pq,z. From the sum of z;, (2) is satisfied.
Moreover, without loss of generality we claim that for each 1 < j < m except for one of j we have 2||xj||§vp > 1,
otherwise, for example, if for j = 1,2 we have

2lally, <1 and - 2flzo|ly, <1,

then
lz1 + 22|l < lz1lly,, +[l22llp,, <1,
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so we can replace x1 and zo with 1 + 5 in (2), which is disjoint from the other elements and this is in contradiction
with the representation of x in the form m of the distinct element. So if in (2) we had for all the terms except one
the inequality 2||z;[[p, > 1, then

1 _
||$||va Z H%Hbvp 9 Z —1)2

therefore we have
m < 2|z, + 1.
O
We now present the proof of Theorem 2.1.

Proof . [Proof of Theorem 2.1] Proof of state 3) — 2) is obvious. We present the proofs of states 2) — 1) and
1) — 3).

(2) — 1)): Assume that condition 2) holds. We show that the operator F : bu, — bu, is well defined. For this
purpose, for u € bv, and s € N, we have

¢ (w3, = Z|Ff Fy(u)(s = 1)

§Z|fsu fs—1u(s—1) \q—|—2|fsu — f(s—1Lu(s—1))9
§Z|fsu fs—1u(s—1) \q—|—Z|a —a5—1|q—|—bq2|u ) —u(s— 1)
< Z|f s, u( f(s = Lou(s = )| + [lall,, +bullp,, < oo,

therefore Fy(u) € buy, and the proof 2) — 1) is completed.

Now, it suffices to prove that 1) — 3). for this reason, assume that « € bv, and condition 1) holds. Let us first
prove that for each € > 0 there exist . > 0 and n. € N, such that [|z|,, < J. then ||[Fy(Pn x)|p, < €, where
Pn = P{n+1,n+2,...}-

Indeed, if we assume that the contrary of the above relation is established, that is, for some € > 0 and any n € N,
we can find z, € bv, such that [|2,[[p,, < 27" and ||F;(Py2y)|sy, > €. Since for m > n we have

1ES (P — Pyl = (i F (P~ P )(5) Fy((Ba — Paen)(s — D))
= (3 19 - B o)
therefore _
Jm IF (P = Pea)loe, =l ( _f; By (o)) — Fr(aa)(s = DI

= HFf(ann)Hbvq-

Then for every n € N there exists n’ > n such that ||Ff((P, — P.)xy,)|lbv, > €. By induction, we produce the
sequence ny, of natural numbers such that ny = 1 and njp41 = (ng) for k=1,..., m. Then we have

—k
||(Pnk 7Pnk+1)xnk‘|bvp <2 5

and
||Ff((P7lk: - Pmc+1)xnk)”bvq > €.
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Put z:= ;" (Pn, — Pn,,,)Tn,. Hence, we have
oo
[, = (3 I2(s) = 3(s = 1)I7)
oo
1> (P, — P,

)
Nkt1 )T (s E
s=1 k=1
N+

— Py ) (5 — 1)|”)
k=1
(

=

o =

1
To(s= D)
s=nr+1
oo
= ZH(Pnk Pnk+1)xnk||bvp
k=1
o
< 22*’“ < 00,

so & € bvy,. On the other hand

1E5 @), = (Z |y (@

Q=

= (X 1#(5,8() — £(s = La(s = D))

o0
- nk+1 xnk(
=1

8

s—l,z e — B
Nk41

(Z Z (8,20, (s)) — f(s
k=1s=np+1

1
— 1,2, (s = 1))’
1

(=)' =oe.
k=1

Q=

e ) (s = D))

Y

HMR

= fe(s = L u(s = 1))| = max{0, | f(s, u(s)) -

and thus Fy(Z) ¢ bug, which contradicts the assumption. Now, for each ¢ > 0 and u € bv,, we consider
|f=(s,u(s))

Fls = Lou(s — 1)) - 23562

Furthermore, for every function = € bv,, which is satisfied in condition |P,,_xz(s)

e|u( ) —u(s —1)[7}. (4)
D(z) == {s > ne;|f(s,z(s)) —

and

P, z(s —1)| < d., we put

fls—La(s = 1) > 286 “elo(s) —a(s — 1[5}, (5)

Y := Pp()
Hence, for every s € N we have

ly(s) —y(s — )| = [Pp(z)x(s)
yl,.“

PD(m)LB(S — 1)‘ < 6..
, Ym, such that

m < 26. ||yl

According to Lemma 2.2, the function y can be represented in the form of pairwise difference disjoint terms
bv, T 1 and

1Yllbw, < de,
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where j =1,...,m. Then

Do felsiz(9) = fels = La(s =)= D [fels,y(s) = fols = Ly(s = 1))
s=n.+1 s=n.+1
=Y D felsyi(s) = fols = Lys(s = 1)
j=1s=n.+1

o0

<Y (X i) — s = Lyy(s = D)7

= > 207 yy(s) — (s — 1))

< me? — 267 ylly,,

<267 lylly,, + € — 262 Pelyllp,, = €7

So it follows from |z(s) — z(s — 1)| < §. that

oo

S felsial(s) = fels — La(s — 1))]7 < e

s=ne+1
Now, we put

0 s < ng

(0cls) —oels =) = {Suplu(s)u(sl)|<6a [fe(s,u(s)) = fe(s = Lu(s = 1))[ s> ne.

Then we obtain

oo

lacllf,, = > lac(s) = ac(s — 1)
s=ncs+1
(oo}

— ] (s, — f — 17 —1 q S q.
|u(s)—§é€1)|g5€ (S_%:+l |f (S U(S)) f (8 U(S ))| ) IS

But from (4) and (5) it follows that

(ac(s) — ac(s = 1)) = [fe(s,u(s)) = fo(s = L, u(s = 1))|

> [f(s,u(s)) = f(s — Lau(s — 1))] — 2552 “elu(s) — u(s — I%, (s> ne, Ju(s) — u(s - 1)] < 82),

then
[£(s,u(s)) = f(s = Lu(s — )| < (ae(s) — ac(s — 1)) + 2562 *elu(s) — u(s — 1)[5.

_P
If we put b, = 2%55 “¢, the proof is complete. [

3 Continuity and boundedness of the superposition operators

In this section, we provide the necessary and sufficient conditions under which superposition operators become
bounded, continuous and uniformly continuous on the sequence spaces bv,, where 1 < p < oo.

By Theorem 2.1, the operator F : bv, — by, is neither locally bounded nor continuous function. Therefore, in
the following theorem, we provided conditions for continuity of the superposition operators on the sequence spaces

bup.

Theorem 3.1. Let 1 <p,qg <ooand f: NxR — R be a real function. Then superposition operator Fy : bv, — bvg,
generated by function f, is continuous if and only if for each s € N all functions f(s,-) are continuous.
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Proof . Let for each s € N, the functions f(s,-) be continuous and z¢ € bv,. Furthermore, let € > 0 be an arbitrary
number and . and n. are numbers corresponding to a. (||ac||pw, < €) and b, > 0, then we have inequality (3). Put

v = 55 We show that the operator superposition Fy is continuous on the sphere with center zo and radius . Indeed,

let there exists a natural number 7 such that 72 > n. and || Pizo||pe, < 7, (b;ls)%. Then for ||z —2o|pw, < v and s > 7
we have |z(s) —z(s — 1)| < d¢, and hence according to (3),

[f(s:20(5)) = f(s =1, w0(s = 1))| < (a=(s) — ac(s = 1)) + be|zo(s) — @o(s — )7,

P
q

and
b
q

[f(s,2(s)) = f(s = Lw(s = 1) < (ac(s) — ac(s — 1)) + befa(s) — 2(s — 1[4

From the above, it follows that

Q=

15 (2) = Fy (o), = (32 1(Fs(@) = Fy()) (5) = (Fy(e) = Fy(ao)) (s = 1)])

Q=

SIS (s,w(5)) = S(s,20(5))) = (s = (s = 1)) = f(s = Lzols — 1))

n

+ (X1l = Loas — 1)) = fls = Lag(s — 1))

)74 +( S (s zo(s)) — I(s ~1,20(s — 1))

Q=

> 1f(s,a(s)) = flsm0(5))]?)

Q=

Z x(s)) — f(s—1,z(s — 1))]

w
M = f
=

(
(
+(
(
(>
(>

s=n-+1 s=n-+1
n 1 1
< Z\f — f(s,wo(s)I?) "+ (Do 1f(s = La(s = 1) = f(s = Lag(s = 1))’
s=1 s—1
1 1
+ lac (s —aa(s—1|q)q ( Z | (s —xs—1)|)q
s=n-+1 s=n—+1
1 1
+ lac (s —a(s—1|q)q ( Z |xo(s —xos—1)|)q
s=n-+1 s=n-+1

Q=

z(if(s,x(s)) f(s,20(s) ) (Z|fs—1ms—1)) f(s—l,xo(s—l))\q)

P
+2llac[po, + bel|Pazlly,, + be HP~$0||Z;IU

Q=

S(zﬁ:f(s,x(s)) s, zo()l7)” (Z|f8—1xs—1)) Fls = Lao(s = 1))

s=1

+2e+e+be((b-e)7 + ||z — zollbu,)

)
q

Since the functions f(s, -), for each s € N, are continuous, we can consider p € (0,7) such that for ||z —x||p, < 4,

we have
1

(Z\fsx ~ fs o))" <e

and )
(S 17(s — La(s = 1) = f(s = Lwo(s — D)I7) " <<,

y
in addition, without loss of generality we can assume that b, ((b;la)% +||z =0 [p0, ) *
w, we have

< 2¢. Therefore, for ||z —z0|[py, <

| Fp(x) = Fy(20)llbw, < Te,

and hence the operator superposition F is continuous at the point xg.
Conversely, Suppose that the superposition operator Fy : bv, — by, is continuous. Let i, : R — bv, be the
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embedding defined for each ¢ € R by i,(t) = tx(s € bv, and the surjective function 7 : bv, — R for every v € by,
defined by 7s(v) = v(s). Then for each s € N the function f(s,-) factors as follows

Since the functions is and 7, are continuous, the continuity of the operator Fy : bv, — bv, implies the continuity
of the function f(s,-). The theorem is proved. O

By Theorems 3.1, we can easily obtain locally boundedness for superposition operators.

Corollary 3.2. Let 1 <p,q < oo and f: NxR — R be a real function. Then superposition operator Fy : bv, — bvg,
generated by function f, is locally bounded if and only if for each s € N all functions f(s,-) are bounded.

Example 3.3. Let f: N xR — R can be defined by f(s,z(s)) = (z(s))° and superposition operator F : bv, — by,
generated by the function f. Then clearly the superposition operator Fy is continuous. However, it is not bounded
on any sphere with radius greater than 1.

In the following theorem, we give necessary and sufficient conditions for the boundedness of a superposition operator.

Theorem 3.4. Let 1 <p,q < oo and f: NxR — R be a real function. Then superposition operator Fy : bv, — bvg,
generated by function f, is bounded if and only if for u € bv, and each r > 0 there exists a function a, € bv, and
b, > 0 such that

f(s,u(s) = f(s = Liuls = )] < (ar(s) = ar(s = 1)) + brlu(s) —u(s = 1), (6)
where |u(s) — u(s — 1)| < r. Furthermore,
65(r) < s (r) < |FF(O0)]ly,,, + (25 + 1)gs(r),
where ¢;(r) = SUD| ||, <r ||Ff(u)||bvq ,and for |u(s) —u(s —1)| <,
by (r) = nf{||allpn, + b < [f(s,u(s)) = f(s — 1,u(s — 1))
< (als) — a(s — 1)) + blu(s) — u(s — 1)|7}.

Proof . Suppose that for r > 0, (6) is satisfied and for u € bv, we have ||u||p,, < 7, then

1Es (@)oo, = (D2 1Fr()(s) = Fy(w)(s = 1))
= (D 1f(s,uls)) = fls = Luls = 1))

< (S ler(®) —arls = DI) b (3 fute) —u(s ~ 1I7)
s=1 s=1

P
= llar|lov, + bp[lully,,
S Haervq + brT§7

and therefore |[Fy(u)|py, < ¥y(r), and hence ¢y(r) < ¢¢(r). Now suppose that the superposition operator Fy is
bounded. Define the function

|f7’(5au(s)) - fr(s - 17u(s - 1))| = max{(), |f(s,u(s)) - f(s - ]_,’IL(S - 1))| - |f(870) - f(s - 170)|
— 2074 65(r)|u(s) — u(s — 1)[}. (7)
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Moreover, for every function = € bu,, in order to satisfy the condition |z(s) — (s — 1)| < r, put

D(z) == {s € N;|f(s,2(5)) — f(5 — L,a(s — 1)) > [f(5,0) — f(s — 1,0)| + 257~ 465 (r)|z(s) — x(s — 1)| 7},

and
Y = PD(w)x.

According to Lemma 2.2, the function y can be represented in the form of pairwise difference disjoint functions
Y1, - Ym, such that m < 2r~P||y[[, +1 and ||y;[|es, <7, where j =1,...,m. Then

i 1 (s:0(5) = fils = La(s = )| = i 12(5.9()) = fils = Ly(s = D))"
= i_oj ﬁ(aiyj(s)) ~ fr(s = Lilyj(s - D)
<3 (W)~ fs = Lsts = )P
- s;ilms,m — fls = L,0))" = 2r ¥ (r Zm —yi(s = 1))

g@fmmm+mﬁvrﬂf%ﬁﬂmmp

Therefore, it follows from z € bv, and |z(s) — z(s — 1)| < r that
Z|fr (s,2(s)) = fr(s = Liw(s = 1))|* < 9f(r).

Hence, as in the proof of Theorem 2.1, for |u(s) — u(s — 1)| < r, we have

[fr(s,u(s)) = fr(s = L uls = 1)) < ar(s) —ar(s — 1), (8)
where ||a,||ps, < ¢f(r). Then it follows from (7) and (8) that

P
q

£ (s, u(s) = f(s = Lu(s = )] <[ £(5,0) = F(s = 1,0)| + (ar(s) = ar(s = 1)) + 2075 65(r)|u(s) — u(s — 1)[7,

if we put b, := 2%r7§¢f(r). Hence

P
q

[f(s,u(s)) = f(s = Lu(s = 1)) < ar(s) — ar(s — 1) + bpfu(s) —u(s — )] .
Moreover, for each r > 0, we have

Yy(r) < HaTHbvq +bpre < ||Ff(0)||bvq + HaT”bvq +byra
1 _p
= [[Fr(0)l[bv, + llar|lbo, + 297 25 (r)r
1
<N Fp(0)l[bw, + (27 + 1)@ (7).

P
q

The proof is complete. [

In the following example, it is shown that a continuous superposition operator is not necessarily uniformly contin-
uous.

Example 3.5. Let f: N x R — R can be defined by f(s,z(s)) = z(s)sinmsz(s), where x is a real function of the
space bu; on N. Then the operator Fy : bvy — buy, defined by Fr(x)(s) = f(s,z(s)), is a continuous superposition
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. . . . 2n+1 2n —1
operator. But it is not uniformly continuous, since for the sequences u,, := o X{n} and v, :=
n

X{n} We have

2n +1 2n+1
wn b, = Z| Xy () = =5 X(ny(s —1)|

= 2n+1(Z’X{n} X{n}(5*1)|>
2n+1

3
||X{n}HbU1 = 2

and

2 2n—1
[oallb, = Z| )~ T (s 1)

2n_1(Z|X{n} ) = Xgup(s = 1))
2n —

HX{n}HbUl < 17

then wu,,v, € bvi, and thus

M8

|(un —Un)(8) = (un —vn)(s — 1)|

l[un — vallpw, =

s=1

x o1 2 — 1 o+ 1 on 1
:;K 5 X (8) = 5 xqmy () = (S Xgmy (5 = 1) = = —xqmy (s = 1))
1/ .

E(Z X{n}(8) = Xgny (s = 1)!) =

But we have

15 (un) = Fr(0n)[[po, = Z! Fy(un) = Fy(vn))(s) = (Fy (un) = Fy(va))(s — 1)

t”ﬂg

|(f(s,un(s)) = f(s,0a(5)) = (f(s = Lun(s = 1)) = f(s = Lva(s = 1)))|

s=1

o

| (un (8)sinmsun (s) — vn(s)sinmsv,(s))

s=1

— (un(s — 1)sinm(s — Dun(s — 1) — va(s — D)sinm(s — 1)vy (s — 1))]
2n+1 . 2n +1 2n —1 . 2n —1

= Z ‘( X{n}(s)sinms X{n}(s) — X{n}(s)sinms X{n}(S))

s=1

2n+1 . 2n +

— (TX{"}(S — Dsinm(s — 1) Xin}y(s—1)

2n —1 2n - 1

o X{n}(s — 1)sinm(s — 1) o X{n}(s — 1))‘

= 2(2 X (8) = Xgup (s = D)[) = 2

Let the operator Fy : bv, — bvg, generated by function f, is the superposition operator on bv, for 1 < p,q < oo.
Then for r,§ > 0, ws(r,d) is the continuity modulus of the operator F'y and is defined by

wy(r,0) = sup [E5 () = Fr () [bu,

||u||bvp"‘UHvaST’H“*UHbvpgé
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where u, v € bvy, also for the function a € by, and constants b, c,d > 0, v;(r, §) is the function defined by

vp(r,6) = inf {[|allp, + (b+c)ra +do7 : |(f(s,u(s)) — f(s — Lu(s — 1)) — (f(s,0(s)) = f(5 — Lo(s — 1)))]
< (a(s) — a(s — 1)) + blu(s) — u(s — 1)|7 + clv(s) — v(s — 1)| 7 +d|(u—v)(s) — (u—v)(s — )|},

where [u(s) — u(s — 1)[,[v(s) — v(s — 1)] < r and |(u—v)(s) = (u—v)(s — 1)| < 6.
In the following, we give necessary and sufficient conditions for the uniformly continuity of a superposition operator
and we compare the functions wy(r,d) with vs(r,J).

Theorem 3.6. Let 1 < p,q < oo and f: NxR — R be a real function. Then superposition operator Fy : bv, — bvg,

generated by function f, is uniformly continuous if and only if for u,v € bv, and each r,§ > 0 and € > 0 there exists
a function a, s € bvg such that

[(£(s,u(s)) = f(s = Lu(s = 1)) = (f(s,0(s)) = f(s = L,v(s = 1)))]

<(ars(s) — ars(s — 1)) + bys|u(s) — u(s — 1)‘5 + erslv(s) —v(s — 1)’5 + dps| (u—v)(s) = (u—v)(s — 1)

Sl

(9)

where ||ays]|bv, + (br.s+rs)re < €, dps > 0and [u(s)—u(s—1)|, [v(s)—v(s—1)| < rand [(u—v)(s) — (u—v)(s—1)| < 4.
Furthermore,
1+gq
wi(r,6) < vp(r,6) < (275 + 1) wy(r,d).

Proof . Let for each r,d > 0, (9) is satisfied. Then for u,v € bv, such that ||u||p,,||v|[ps, < 7, and |Ju —v[[p,, < 0,
we have

1Py (u) = Fy(v) oo, = (il — Fy(v ))(5)*(Ff(u)*Ff(v))(sflﬂq)%
- (i! (s) = f(5,0(5))) = (f(s = L,u(s = 1)) = f(s = L,u(s — 1)))@3
- (i’ (8)) = f(s = Liuls =1))) = (F(s,v(s)) = f(s = L v(s = 1)))\‘1)%
S(i |ars(5) — ars(s — 1)|q)3+br,5(§|u(s)_u(s_1)q>é
“76(2\” —vs—1>|)1+dr,6(§\<u—v><s> <u—u><s_1>\)3

+ (bTﬁ + C7-7§)T% + d,.,(;é%.

Hence, according to the above inequality, we have
1F (u) = Fr(v)[loo, < vp(r,0).

Therefore the operator superposition F is uniformly continuous and wy(r,d) < vy(r,9).

Conversely, suppose that the operator superposition Fy, for u € bvy, is uniformly continuous on ||ully,, < 7.
Consider the function

gr.s(s,u(s)) = grs(s = Liu(s = 1)) = sup max {0, [ (f(s, (u+1)(s)) = f(s = 1, (u+ t)(s — 1)))

[t(s)—t(s—1)|<8,—r—ult<r—u

—(f(s,u(s)) = f(s = 1,u(s — 1)))| = 256 5w (r, 8)|t(s) — t(s — 1)] 7 }. (10)

By repeating the arguments given in the proof of Theorem 3.4, it can be easily shown that the superposition
operator is bounded on ||u|y,, < 7 by ws(r,d). Once again, using arguments similar in the proof of Theorem 3.4, for

|u(s) —u(s —1)] < r, we have

P
q

[9r5(s,u(5)) = grs(s = Lu(s = D)] < (ars(s) = ars(s = 1)) + 207 Tws(r, 8)|uls) —uls = 1|7, (11)
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where ||a,s|[pv, < wy(r,d). Hence, it follows from (10) and (11) that
[(f(s, (utt)(s) = fls =1, (u+ ) (s = 1)) = (f(s,u(s)) = f(s = L,u(s —1)))]

2

< (ars(s) = arg(s — 1)) + 25r" 5w (r, 6)|u(s) — u(s — 1)|4
F0|(u+)(s) — (u+t)(s — 1) 7 +276 Gws(r,6)[t(s) — t(s — 1)] 7.

If we put v :=u+t and b, 5 = Zérfgwf(r, 0), ¢r5 =0, drs = 2%57504(7", 9). Then inequality (9) is established.

Moreover, for each r,§ > 0, we have

vp(r,6) < llarslloo, + (brs + rs)r + dps6
<wg(r,0) + 257“_%1"5(,%:(7“, o) + 2%5_§5§wf(r, J)
= (1 + 2%1)wf(7“, 9).

This ends the proof. (I
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