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Abstract

In this paper, we establish the global well-posedness result of the viscous primitive equations of geophysics in the

critical Fourier-Besov-Morrey space with variable exponents FṄ
2− 3

p(·)
p(·),k(·),q(R

3), when the initial data are small and

Pandtl number P = 1, we also show the Gevrey class regularity of the solution.
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1 Introduction

It is known that the viscous primitive equations are a fundamental mathematical model in the field of fluid
geophysics. In this paper we study the initial value problem of this model in R3 which reads as follows:


∂tu− µ∆u+Ωe3 × u+ (u.∇)u+∇p = gθe3 (t, x) ∈ R+ × R3,
∂tθ − κ∆θ + (u.∇)θ = −N 2u3 (t, x) ∈ R+ × R3,
∇ · u = 0
u |t=0= u0, θ |t=0= θ0 x ∈ R3,

(1.1)

where the unknown functions u(t, x) = (u1(t, x), u2(t, x), u3(t, x)) denote the fluid velocity , p = p(t, x) denote the
pressure of the fluid, θ = θ(t, x) is a function representing the density fluctuation in the fluid. µ, κ and g are positive
constants related to viscosity, diffusivity and gravity, respectively. u0 = u0(x) denotes the given initial velocity field
satisfying the incompressible condition ∇ · u0 = 0. Moreover, Ω is the so-called Coriolis parameter, it is the speed of

rotation around the vertical unit vector e3(0, 0, 1) and N is the stratification parameter. The ratio P :=
µ

κ
is known

as the Prandtl number and B :=
Ω

N
is the Burger number of geophysics.
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There is a rich literature about global-in-time well-posedness for fluid dynamics PDEs with singular data in
different spaces, where the smallness conditions are taken in the weak-norms of the critical spaces. For instance,

we have results in the Lebesgue space L3, homogeneous Besov Ḃ
3
p−1
p,∞ , Fourier-Besov FB2− 3

p
p,q , Fourier-Besov-Morrey

FN s
p,k,q[10, 11, 12, 13, 14], Besov-Morrey spaces N 3− k

p

p,k,∞, and BMO−1, among others (see, e.g., the book [36] for a

nice review). It should be noted that the variable exponent Fourier-Besov-Morrey space FṄ
2− 3

p(·)
p(·),k(·),q(R

3) is invariant

under the scaling of (1.1). In fact, if
(
u(t, x),

√
gθ(t,x)

N

)
is the solution of (1.1) with the initial data (u0,

√
gθ0
N ), then(

uγ(t, x),
√
gθγ(t,x)

N

)
with

(
uγ(t, x),

√
gθγ(t,x)

N

)
:=
(
γu(γ2t, γx), γ

√
gθ(γ2t,γx)

N

)
is also a solution of the same system with

the initial data (
u0,γ(x),

√
gθ0,γ(x)

N

)
:=

(
γu0(γx), γ

√
gθ0(γx)

N

)
(1.2)

and ∥∥∥∥(u0,γ(x), √gθ0,γ(x)N

)∥∥∥∥
FṄ

2− 3
p(·)

p(·),k(·),q(R3)

≈
∥∥∥∥(u0(x), √gθ0(x)N

)∥∥∥∥
FṄ

2− 3
p(·)

p(·),k(·),q(R3)

.

Definition 1.1. Let A be a Banach space such that A ∈ S′(Rn), then A is a critical space for initial data of the
system (1.1) if and only if whose norm is invariant under the scaling (1.2) for all γ > 0, i.e∥∥∥∥(u0,γ(x), √gθ0,γ(x)N

)∥∥∥∥
A

≈
∥∥∥∥(u0(x), √gθ0(x)N

)∥∥∥∥
A

.

Under these scalings, we can show that FṄ
2− 3

p(·)
p(·),k(·),q(R

3) is critical for (1.1). In this regard, there are numerous

studies on global-in-time well-posedness for (1.1) in various functional settings. For example, Babin, Maholov and
Nicolaenko [16] showed that the problem (1.1) is globally well-posed in Hs(T3) with s ≥ 3/4 for small initial data
when the stratification parameter N is sufficiently large. Later, Charve [22] obtained the global well-posedness of

(1.1) in Ḣ
1
2 (R3) ∩ Ḣ1(R3) for arbitrary initial data (ie. not necessarily small ) when Ω and N are large. In 2008,

Charve [23] proved the global well-posedness of (1.1) in less regular initial value spaces, also in [24] Charve and Ngo

considered the global well-posedness of (1.1) with anisotropic viscosities. In Fourier-Besov spaces FḂ2− 3
p

p,q (R3), Jinyi
Sun and Shangbin Cui [39] proved that the Cauchy problem (1.1) with the Prandtl number P = 1 is locally well-posed
for 1 < p ≤ ∞, 1 ≤ q < ∞ and globally well-posed in these spaces when the initial data are small. In 2019, Abbassi,
Allalou and Oulha [1] considered the local well-posedness, the global well-posedness and stability for global solutions
of the viscous primitive equations of geophysics in critical Fourier-Besov-Morrey spaces when Prandtl number P = 1
and the initial data are small. In [9] Leithold et al. established well posedness result for fractional version of system
(1.1) in Fourier-Besov-Morrey. We refer to the monographs [20, 21] for the other studies of the problem (1.1).

We remark that if θ ≡ 0,N = 0 and Ω = 0, then we have the classical Navier-Stokes equations: ut − µ∆u+ (u.∇)u+∇p = 0 (t, x) ∈ R+ × R3

∇ · u = 0,
u(0, x) = u0(x) x ∈ R3.

The local and global well-posedness of the classical Navier-Stokes equations have been established by a lot of researches
in a different function spaces, for instance [35, 37].
Also, we have the Navier-Stokes equations with Coriolis force when θ ≡ 0,N = 0 and Ω ̸= 0, ut − µ∆u+Ωe3 × u+ (u∇)u+∇p = 0 (t, x) ∈ R+ × R3,

∇ · u = 0,
u(0, x) = u0(x) x ∈ R3.

In [31] Iwabuchi introduced Fourier spaces of Besov type, Fourier-Besov spaces FḂs
p,q with p = 1 in the context

of parabolic-elliptic Keller-Segel system. Later, Iwabuchi and Takada [32] established the global existence and the
uniqueness of the mild solution for the Navier-Stokes-Coriolis system in FḂ−1

1,2 . Taking in particular Ω = 0, they also



Well-posedness and analyticity for the viscous primitive equations of geophysics 2917

proved the global well-posedness result for 3D Navier-Stokes equations in the same spaces and they showed the ill-
posedness in the space FḂ−1

1,q for all Ω ∈ R, if 2 < q ≤ ∞. Konieczny-Yoneda [34] obtained global well-posedness and
asymptotic stability of small solutions for 3D Navier-Stokes-Coriolis equations (and Navier-Stokes) in critical Fourier-

Besov spaces FḂ2− 3
p

p,∞ with 1 < p ≤ ∞. After, Ferreira and Lima [29] introduced Fourier-Besov-Morrey spaces FṄ s

p,k,q

to analyze a class of active scalar equations and showed the well-posedness and asymptotic behavior results. Almeida
et al. [8] obtained the uniform global well-posedness for the Navier-Stokes-Coriolis equations with small initial data

in the framework of Fourier-Besov-Morrey spaces FṄ s

p,k,∞ where 1 ≤ p < 3 and 1 ≤ k < 3 with k ̸= 0 when p = 1. In

Fourier-Besov-Morrey spaces FṄ 1−2α+ 3
p′+

k
p

p,k,q , El Baraka and Toumlilin [27] obtained the global well-posedness of the
fractional Navier-Stokes equations, which the model as follows ut + µ(−∆)αu+ (u∇)u+∇p = 0 (t, x) ∈ R+ × R3

∇ · u = 0
u(0, x) = u0(x) x ∈ R3,

(1.3)

when the initial data are small.

Function spaces with variable exponents have been attracted the attention of many researches in the recent years,
not only by theoretical reasons but also by the special role played in some applications, for instance resolution of
some equations (fractional Navier-Stokes equations, fractional magneto-hydrodynamics equations, Generalized Porous
Medium equations... ).

In 2018, S. Ru and M. Z. Abidin [4] proved the global well-posedness result of (1.3) in critical variable exponent
Fourier-Besov spaces FḂ4−2α−3

p(·),q . Later, in 2021, M. Z. Abidin and J. Chen [3] generalized this result to the Fourier-

Besov-Morrey spaces FṄ
4−2α− 3

p(·)
p(·),k(·),q (R3) and they proved the global well-posedness result for (1.3) with small initial

data belonging to FṄ
4−2α− 3

p(·)
p(·),k(·),q (R3).

In this work, we prove that the Cauchy problem (1.1) is globally well-posed when Prandtl number P = 1 and the
initial data are small, we also show the analyticity of the solution.

2 General notation

In this paragraph, we introduce some general notations which we will use throughout the paper.
We denote by Rn the n-dimensional real Euclidean space. B(x, r) is the open ball in Rn centered at x ∈ Rn with
radius r > 0, C will denote a positive constant such that whose value may change at different places, x ≲ y means
that there exists a positive constant C such that x ≤ Cy, we also use (U, V ) ∈ X to denote (U, V ) ∈ X × X for a
Banach space X, ∥(U, V )∥X to denote ∥(U, V )∥X×X and we denote ∥·∥E∩F = ∥·∥E + ∥·∥F . The symbol S (Rn) is the
usual Schwartz space of infinitely differentiable rapidly decreasing complex-valued functions on Rn.
By φ̂ we denote the Fourier transform of φ ∈ S (Rn) in the version

φ̂(x) := Fφ(x) = 1

(2π)n/2

∫
Rn

e−ixξφ(ξ)dξ, x ∈ Rn.

and we define its inverse Fourier transform by

φ̆(ξ) = F−1φ(ξ) = (2π)−
n
2

∫
Rn

eix·ξφ(x)dx.

The convolution f ∗ g of two complex or extended real-valued measurable functions f, g on Rn is given by

(f ∗ g)(x) :=
∫
Rn

f(x− y)g(y)dy, for x ∈ Rn.

suppf is the support of the function f, i.e. the closure of its zero set and χA is the characteristic function of A.

3 Preliminaries and main results

Let us introduce some basic properties of the Littlewood-Paley theory and Fourier-Besov-Morrey spaces with
variables exponent.
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Let φ ∈ S (Rn) be a radial positive function such that 0 ≤ φ ≤ 1, supp(φ) ⊂
{
ξ ∈ Rn : 3

4 ≤ |ξ| ≤ 8
3

}
and ∑

j∈Z
φ
(
2−jξ

)
= 1, for all ξ ̸= 0.

We denote
φj(ξ) = φ

(
2−jξ

)
, ψj(ξ) =

∑
k≤j−1

φk(ξ)

and
h(x) = F−1φ(x), g(x) = F−1ψ(x).

Now, we present some frequency localization operators:

∆jf := F−1 (φjF(f)) = 2nj
∫
Rn

h
(
2jy
)
f(x− y)dy,

Sjf :=
∑

k≤j−1

∆kf = F−1 (ψjF(f)) = 2nj
∫
Rn

g
(
2jy
)
f(x− y)dy,

where ∆j = Sj −Sj−1 is a frequency projection to the annulus {|ξ| ∼ 2j} and Sj is a frequency to the ball {|ξ| ≲ 2j}.
By using the definition of ∆j and Sj , we easily check that

∆j∆kf = 0, if |j − k| ≥ 2

∆j (Sk−1f∆kf) = 0, if |j − k| ≥ 5.

The following Bony para-product decomposition will be applied around the paper:

uv = Ṫuv + Ṫvu+R(u, v),

where Ṫuv =
∑

j∈Z Ṡj−1u∆̇jv, Ṙ(u, v) =
∑

j∈Z ∆̇ju∆̃jv and ∆̃jv =
∑

|j′−j|≤1 ∆̇j′v. We define the Lebesgue spaces

with variable exponent Lp(·).

Definition 3.1. ([6]) Let P0 denotes the set of all measurable functions p(·) : Rn → (0, ∞) such that

0 < p− = ess inf
x∈Rn

p(x) , ess sup
x∈Rn

p(x) = p+ <∞.

The Lebesgue space with variable exponent is defined by

Lp(·)(Rn) =

{
f : Rn → R is measurable,

∫
Rn

|f(x)|p(x)dx <∞
}
,

with Luxemburg-Nakano norm

∥f∥Lp(·) = inf

{
λ > 0 :

∫
Rn

(
|f(x)|
λ

)p(x)dx ≤ 1

}
.

The space Lp(·)(Rn) equipped with the norm ∥ · ∥Lp(·) is a Banach space.

Definition 3.2. ([6]) Let p : Rn → R.
i) We say that p is locally log-Hölder continuous, p ∈ C log

loc (Rn), if there exists a constant clog > 0 with

|p(x)− p(y)| ≤ clog

log
(
e+ 1

|x−y|

) for all x, y ∈ Rnand x ̸= y.

ii) We say that p is globally log-Hölder continuous, p ∈ C log (Rn), if p ∈ C log
loc (Rn) and there exists a p∞ ∈ R and a

constant c∞ > 0 with

|p(x)− p∞| ≤ c∞
log(e+ |x|)

for all x ∈ Rn.

iii) We write p ∈ P log
0 (Rn) if 0 < p− ≤ p(x) ≤ p+ ≤ ∞ with 1/p ∈ C log(Rn).
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Definition 3.3. ([5]) Let p(·), k(·) ∈ P0(Rn) with 0 < p− ≤ p(x) ≤ k(x) ≤ ∞, the Morrey space with variable

exponent Mk(·)
p(·) := Mk(·)

p(·)(R
n) is defined as the set of all measurable functions on Rn such that

∥f∥Mk(·)
p(·)

:= sup
x0∈Rn,r>0

∥r
n

k(x)
− n

p(x) fχB(x0,r)∥Lp(·) <∞.

According to the definition of the Lp(·)-norm, ∥f∥Mk(·)
p(·)

also has the following form

∥f∥Mk(·)
p(·)

:= sup
x0∈Rn,r>0

inf

{
λ > 0 : ρp(·)(r

n
k(x)

− n
p(x)

f

λ
χB(x0′r)) ≤ 1

}
.

We now give some important lemmas.

Lemma 3.4. ([5]) Let p(·) ∈ P0(Rn). For any measurable function f

sup
x∈Rn,r>0

ρp(·)(fχB(x,r)) = ρp(·)(f) .

Lemma 3.5. ([5]) If p(·) ∈ P0(Rn), then ∥f∥Mp(·)
p(·)

= ∥f∥Lp(·) .

Lemma 3.6. ([18]) Let X be a Banach space with norm ∥·∥ and B : X −→ X a bilinear operator, such that for any

x1, x2 ∈ X, ∥B(x1, x2)∥ ≤ η∥x1∥∥x2∥, then for any y ∈ X such that ∥y∥ < 1

4η
the equation x = y + B(x, x) has a

solution x ∈ X. In particular, the solution is such that ∥x∥ ≤ 2∥y∥ and it is the only one such that ∥x∥ < 1

2η
.

Definition 3.7. ([5]) Let p(·), q(·), k(·) ∈ P0(Rn) with p(·) ≤ k(·), the mixed Morrey-sequence space lq(·)(Mk(·)
p(·))

includes all sequences {fj}j∈Z of measurable functions in Rn such that

ρ
lq(·)(Mk(·)

p(·))
(λ{fj}j∈Z) <∞ for some λ > 0. For {fj}j ∈ lq(·)(Mk(·)

p(·)) we define

∥{fj}j∈Z∥lq(·)(Mk(·)
p(·))

:= inf

{
λ > 0, ρ

lq(·)(Mk(·)
p(·))

(
{fj
λ
}j∈Z

)
≤ 1

}
<∞,

where

ρ
lq(·)(Mk(·)

p(·))
({fj}j∈Z) :=

∑
j∈Z

inf

γ > 0,

∫
Rn

(
|r

n
k(x)

− n
p(x) fjχB(x0,r)|

γ
1

q(x)

)p(x)

dx ≤ 1

.

Notice that if q+ <∞ or q+ <∞ and p(x) ≥ q(x) , then

ρ
lq(·)(Mk(·)

p(·))
({fi}i∈N0

) =
∑
i∈N0

sup
x0∈Rn,r>0

∥(|r
n

k(x)
− n

p(x) fi|χB(x0,r))
q(·)∥

L
p(·)
q(·)

.

Definition 3.8. ([4]) Let s(·) ∈ Clog(Rn) and p(·), q(·) ∈ P0(Rn) ∩ Clog(Rn) with 0 < p− ≤ p(·) ≤ ∞. The

homogeneous Fourier-Besov space with variable exponent FḂs(·)
p(·),q(·) is defined by the set of all f ∈ Z ′(Rn) such that

∥f∥FḂ
s(·)
p(·),q(·)

:= ∥{2js(·)φj f̂}∞−∞∥lq(·)(Lp(·)) <∞.

The space Z ′(Rn) is the dual space of

Z(Rn) = {f ∈ S(Rn) : (Dαf)(0) = 0,∀α multi-index} .

Definition 3.9. ([5]) Let s(·) ∈ Clog(Rn) and p(·), q(·), k(·) ∈ P0(Rn) ∩ Clog(Rn) with 0 < p− ≤ p(x) ≤ k(x) ≤ ∞.

The homogeneous Besov-Morrey space with variable exponent Ṅ s(·)
p(·),k(·),q(·) is defined by the set of all f ∈ Z ′(Rn) such

that
∥f∥Ṅ s(·)

p(·),k(·),q(·)
:= ∥{2js(·)∆jf}j∈Z∥lq(·)(Mk(·)

p(·))
<∞.
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Definition 3.10. ([3]) Let s(·) ∈ Clog(Rn) and p(·), q(·), k(·) ∈ P0(Rn) ∩ Clog(Rn) with 0 < p− ≤ p(·) ≤ k(·) ≤ ∞.

The homogeneous Fourier-Besov-Morrey space with variable exponent FṄ s(·)
p(·),k(·),q(·) is defined by the set of all f ∈

Z ′(Rn) such that

∥f∥FṄ s(·)
p(·),k(·),q(·)

:= ∥{2js(·)φj f̂}∞−∞∥
lq(·)(Mk(·)

p(·))
<∞.

Definition 3.11. ([3]) Let s(·) ∈ Clog(Rn), p(·), q(·), k(·) ∈ P0(Rn)∩Clog(Rn), T ∈ [0,∞) and 1 ≤ q, ρ ≤ ∞. We

define the Chemin-Lerner type homogeneous Fourier-Besov-Morrey space with variable exponents Lρ([0, T );FṄ s(·)
p(·),k(·),q)

by

Lρ ([0, T );FṄ s(·)
p(·),k(·),q) =

{
f ∈ Z ′(Rn); ∥f∥Lρ([0,T );·FṄ s(.)

p(·),k(·),q)
<∞

}
,

with the norm

∥f∥Lρ([0,T );·FṄ s(.)

p(·),k(·),q)
=

∑
j∈Z

∥2js(·)φj f̂∥q
Lρ([0,T );Mk(·)

p(·))

 1
q

.

Proposition 3.12. ([3]) For Morrey spaces with variable exponents, the following inclusions are established.
(1) (Hölder inequality)([3]) Let p(·), p1(·), p2(·), k(·), k1(·), k2(·) ∈ P0(Rn), such that p(x) ≤ k(x), p1(x) ≤
k1(x), p2(x) ≤ k2(x),

1

p(x)
=

1

p1(x)
+

1

p2(x)
and

1

k(x)
=

1

k1(x)
+

1

k2(x)
. Then there exists a constant C

depending only on p− and p+ such that

∥fg∥Mk(·)
p(·)

≤ C∥f∥Mk1(·)
p1(.)

∥g∥Mk2(·)
p2(.)

,

holds for every f ∈ Mk1(·)
p1(·) and g ∈ Mk2(·)

p2(·).

(2) ([3]) Let p0(·), p1(·), k0(·), k1(·), q(·) ∈ P0, and s0(·), s1(·) ∈ L∞ ∩ Clog(Rn) with s0(·) ≥ s1(·). If
1

q
and

s0(x) − n
p0(x)

= s1(x) − n
p1(x)

are locally log-Hölder continuous, then

N s0(·)
p0(·),k0(·),q ↪→ N s1(·)

p1(·),k1(·),q.

(3) ([5]) For p(·) ∈ Clog(Rn) and ψ ∈ L1(Rn), assume Ψ(x) = sup
y/∈B(0,|x|)

|ψ(y)| is integrable. Then

∥f ∗ ψϵ∥Mk(·)
p(·)(Rn)

≲ ∥f∥Mk(·)
p(·)(Rn)

∥Ψ∥L1(Rn),

for all f ∈ Mk(·)
p(·)(R

n), where ψϵ =
1

ϵn
ψ(

1

ϵ
) and C depends only on n.

The following result will be used to prove the main theorems.

Proposition 3.13. ([3]) Let I = (0, T ], s > 0, 1≤ γ, ρ, ρ1, ρ2, q ≤ ∞, p(·), k(·), r(·) ∈ C log∩P0 (Rn) , 1
k(·) =

1
k1(·) +

1
k2(·) ,

1
ρ = 1

ρ1
+ 1

ρ2
and 1

γ = 1
r(·) +

1
p(·) .Then, we have

∥ab∥Lρ(I,Ṅ s
γ,k(·),q)

≲∥a∥Lρ1 (I,Mk1(·)
r(.)

)
∥b∥Lρ2 (I,Ṅ s

p(·),k2(·),q)

+ ∥b∥Lρ1 (I,Mk1(·)
r(.)

)
∥a∥Lρ2 (I,Ṅ s

p(·),k2(·),q)
.

Below, we shall present our first main result that establishes the global existence.

Theorem 3.14. Let Prandtl number P = 1, i.e. µ = κ, Ω ∈ R, p(·), k(·) ∈ C log (Rn)∩P0 (Rn) such that p(·) ≤ k(·) <
∞, 2 ≤ p(·) ≤ 6, 1 ≤ ρ <∞, 1 ≤ q < 3. Then there exists a small σ such that for any v0 = (u0,

√
gθ0
N ) ∈ FṄ

2− 3
p(·)

p(·),k(·),q

satisfying ∇ · u0 = 0 with ∥(u0,
√
gθ0
N )∥

FṄ
2− 3

p(·)
p(·),k(·),q

< σ, the problem (1.1) admits a unique global solution v = (u,
√
gθ

N )

in

L∞([0,∞),FṄ
2− 3

p(·)
p(·),k(·),q) ∩ Lρ([0,∞),FṄ

2
ρ+

1
2

2,k(·),q) ∩ L∞([0,∞),FṄ
1
2

2,2,q).
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Moreover, let p1(·) ∈ C log (Rn)∩P0 (Rn) , s1(·) = 2
ρ −

3
p1(·) +2 and s1(·) ∈ C log (Rn), if there exists c > 0 such that

2 ≤ p1(·) ≤ c ≤ p(·), then we obtain that v = (u,
√
gθ

N ) ∈ Lρ([0,∞),FṄ s1(·)
p1(·),k(·),q).

The next theorem assures the Gevrey class regularity of the solution.

Theorem 3.15. Let p(·), k(·) ∈ C log (Rn) ∩ P0 (Rn) such that p(·) ≤ k(·) < ∞, 2 ≤ p(·) ≤ 6, 1 ≤ ρ < ∞, 1 ≤
q < 3. Then there exists a small σ0 such that for any v0 = (u0,

√
gθ0
N ) ∈ FṄ

2− 3
p(·)

p(·),k(·),q satisfying ∇ · u0 = 0 with

∥(u0,
√
gθ0
N )∥

FṄ
2− 3

p(·)
p(·),k(·),q

< σ0, the solution v = (u,
√
gθ

N ) obtained in Theorem 3.14 is analytic, in the sense that

∥eµ
√
t|D|v∥

L∞([0,∞),FṄ
2− 3

p(·)
p(·),k(·),q)∩Lρ([0,∞),FṄ

2
ρ
+1

2
2,k(·),q)∩L∞([0,∞),FṄ

1
2
2,2,q)

≤ ∥v0∥
FṄ

2− 3
p(·) )

p(·),k(·),q

.

Moreover, let p1(·) ∈ C log (Rn)∩P0 (Rn) , s1(·) = 2
ρ −

3
p1(·) +2 and s1(·) ∈ C log (Rn), if there exists c > 0 such that

2 ≤ p1(·) ≤ c ≤ p(·), then we obtain that eµ
√
t|D|v(t) ∈ Lρ([0,∞),FṄ s1(·)

p1(·),k(·),q).

where eµ
√
t|D| is a Fourier multiplier and eµ

√
t|ξ| defines its symbol.

4 Global well-posedness

To ensure the existence of global solution with small initial data, we first transform (1.1) to an equivalent Cauchy
problem.

By setting N := N√
g, v :=

(
v1, v2, v3, v4

)
=
(
u1, u2, u3,

√
gθ

N

)
, v0 :=

(
v10 , v

2
0 , v

3
0 , v

4
0

)
=
(
u10, u

2
0, u

3
0,

√
gθ0
N

)
and

∇̄ := (∂1, ∂2, ∂3, 0), we can convert the system (1.1) to vt +Av + Bv + ∇̃p = −(v · ∇̃)v (t, x) ∈ R+ × R3,

∇̃ · v = 0 (t, x) ∈ R+ × R3,
v(0, x) = v0(x) x ∈ R3,

(4.1)

where

A =


−µ∆ 0 0 0
0 −µ∆ 0 0
0 0 −µ∆ 0
0 0 0 −κ∆

 and B =


0 −Ω 0 0
Ω 0 0 0
0 0 0 −N
0 0 N 0

 .

In order to solve the problem (4.1), we consider the following integral equation:

v(t) = TΩ,N (t)v0 −
∫ t

0

TΩ,N (t− τ)P̃∇̃ · (v ⊗ v)dτ

= TΩ,N (t)v0 +B(v, v)

(4.2)

where, B(v, v) = −
∫ t

0
TΩ,N (t−τ)P̃∇̃ ·(v⊗v)dτ and P̃ =

(
P̃ij
)
4×4

is the Helmholtz projection onto the divergence-free

vector fields defined by

P̃ij =

{
δij +RiRj 1 ≤ i, j ≤ 3
δij otherwise,

where δij denotes the Kronecker symbol and Rj (j = 1, 2, 3) are the Riesz transforms on R3. TΩ,N (·) denotes the
Stokes-Coriolis Stratification semigroup corresponding to the linear problem of (4.1), which is given by

TΩ,N (t)f = F−1

[
cos

(
|ξ|′

|ξ|
t

)
M1 + sin

(
|ξ|′

|ξ|
t

)
M2 +M3

]
∗ F−1

(
e−µ|ξ|2tF(f)

)
,

where

|ξ| :=
√
ξ21 + ξ22 + ξ23 , |ξ|′ := |ξ|′Ω,N :=

√
N2ξ21 +N2ξ22 +Ω2ξ23



2922 Ouidirne, Azanzal, Allalou, Oukessou

for ξ = (ξ1, ξ2, ξ3) ∈ R3,

M1 =


Ω2ξ23
|ξ|′2 0 −N2ξ1ξ3

|ξ|′2
ΩNξ2ξ3
|ξ|′2

0
Ω2ξ23
|ξ|′2 −N2ξ2ξ3

|ξ|′2 −ΩNξ1ξ3
|ξ|′2

−Ω2ξ1ξ3
|ξ|′2 −Ω2ξ2ξ3

|ξ|′2
N2(ξ21+ξ22)

|ξ|′2 0

ΩNξ2ξ3
|ξ|′2 −ΩNξ1ξ3

|ξ|′2 0
N2(ξ21+ξ22)

|ξ|′2

 ,

M2 =


0 − Ωξ23

|ξ||ξ|′ −Ωξ2ξ3
|ξ||ξ|′

Nξ1ξ3
|ξ||ξ|′

Ωξ23
|ξ||ξ|′ 0 −Ωξ1ξ3

|ξ||ξ|′
Nξ2ξ3
|ξ||ξ|′

−Ωξ2ξ3
|ξ||ξ|′

Ωξ1ξ3
|ξ||ξ|′ 0 −N(ξ21+ξ23)

|ξ||ξ|′

−Nξ1ξ3
|ξ||ξ|′ −Nξ2ξ3

|ξ||ξ|′
N(ξ21+ξ23)

|ξ||ξ|′ 0


and

M3 =


N2ξ22
|ξ|′2 −N2ξ1ξ2

|ξ|′2 0 −ΩNξ2ξ3
|ξ|′2

−N2ξ1ξ2
|ξ|′2

N2ξ21
|ξ|′2 0 ΩNξ1ξ3

|ξ|′2

0 0 0 0

−ΩNξ2ξ3
|ξ|′2

ΩNξ1ξ3
|ξ|′2 0

Ω2ξ23
|ξ|′2

 .

We now prove our first main theorem.

4.1 Proof of Theorem 3.14

We considerX =

{
L∞([0,∞),FṄ

2− 3
p(·)

p(·),k(·),q) ∩ Lρ([0,∞),FṄ
2
ρ+

1
2

2,k(·),q) ∩ L∞([0,∞),FṄ
1
2

2,2,q)

}
, to solve the problem

(4.1), we define the mapping
Φ : TΩ,N (t)v0 +B(v, v).

Thus, it suffices to show that Φ admits a fixed point.
We start with linear estimate, according to Proposition 3.12 we obtain

∥TΩ,N (t)v0∥
Lρ([0,∞),FṄ

2
ρ
+1

2
2,k(·),q)

≤

∥∥∥∥∥∥∥∥2j( 2
ρ+

1
2 )φje

−tµ|ξ|2 v̂0

∥∥∥
Lρ
(
[0,∞),Mk(·)

2

)
∥∥∥∥∥
ℓq

≤

∥∥∥∥∥∥∥
∑

k=0;±1

∥2j(2−
3

p(·) )φj v̂0∥Mk(·)
p(·)

∥r
−3(p(·)−2)

2p(·) 2j(
2
ρ−

3
2+

3
p(·) )φj+ke

−µ|ξ|2∥
Lρ

(
[0,∞),L

2p(·)
p(·)−2

)
∥∥∥∥∥∥∥
ℓq

≲

∥∥∥∥∥2j(2− 3
p(·) )φj v̂0∥Mk(·)

p(·)

∥∥∥∥
ℓq

≲ ∥v0∥
FṄ

2− 3
p(·)

p(·),k(·),q

,
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where we used the following estimates∥∥∥r−3(p(·)−2)
2p(·) 2j(

2
ρ−

3
2+

3
p(·) )φj+ke

−tµ|ξ|2
∥∥∥
Lρ

(
[0,∞),L

2p(·)
p(·)−2

) ≲
∥∥∥r−3(p(·)−2)

2p(·) 2j(
3

p(·)−
3
2 )2j

2
ρφj+ke

−tµ22(j+k)
∥∥∥
Lρ

(
[0,∞),L

2p(·)
p(·)−2

)

≲
∥∥∥r−3(p(·)−2)

2p(·) 2j
2
ρ e−tµ22(j+k)

∥∥∥
Lρ([0,∞))

∥∥∥φj+k2
j( 3

p(·)−
3
2 )
∥∥∥
L

2p(·)
p(·)−2

≲
∥∥∥φj+k2

j( 3
p(·)−

3
2 )
∥∥∥
L

2p(·)
p(·)−2

≲ inf

{
λ > 0 :

∫
R3

| φj+k2
j( 3

p(·)−
3
2 )

λ
|

2p(x)
p(x)−2 dx ≤ 1

}

≲ inf

{
λ > 0 :

∫
R3

| φj+k

λ
|

2p(x)
p(x)−2 2−3jdx ≤ 1

}
≲ inf

{
λ > 0 :

∫
R3

| φk

λ
|

2p(2jx)

p(2jx)−2 dx ≤ 1

}
≤ C.

Consequently, one obtains
∥TΩ,N (t)v0∥

Lρ([0,∞),FṄ
2
ρ
+1

2
2,k(·),q)

≲ ∥v0∥
FṄ

2− 3
p(·)

p(·),k(·),q

.

Analogously, for p1(·)≤ c ≤ p(·), we have

∥TΩ,N (t)v0∥Lρ([0,∞),FṄ s1(·)
p1(·),k(·),q)

≤

∥∥∥∥∥∥∥∥2js1(·)φje
−tµ|ξ|2 v̂0

∥∥∥
Lρ
(
[0,∞),Mk(·)

p1(·)

)
∥∥∥∥∥
ℓq

≲

∥∥∥∥∥∥∥
∑

k=0,±1

∥2j(2− 3
c )φj v̂0∥Mk(·)

c
∥r

−3(c−p1(·))
cp1(·) 2

j( 2
ρ+

3
c−

3
p1(·) )φj+ke

−tµ22(j+k)

∥
Lρ

(
[0,∞),L

cp1(·)
c−p1(·)

)
∥∥∥∥∥∥∥
ℓq

≲

∥∥∥∥∥∥
∑

k=0,±1

∥2j(2−
3

p(·) )φj v̂0∥Mk(·)
p(·)

∥∥∥∥∥∥
ℓq

≲ ∥v0∥
FṄ

2− 3
p(·)

p(·),k(·),q

,

where ∥∥∥∥r−3(c−p1(·))
cp1(·) 2

j( 2
ρ+

3
c−

3
p1(·) )φj+ke

−tµ22(j+k)

∥∥∥∥
Lρ

(
[0,∞),L

cp1(·)
c−p1(·)

)

=

∥∥∥∥r−3(c−p1(·))
cp1(·) 2j

2
ρ e−tµ22(j+k)

∥∥∥∥
Lρ([0,∞))

inf

{
λ > 0 :

∫
R3

| φj+k2
j( 3

c−
3

p1(x)
)

λ
|

cp1(x)

c−p1(x) dx ≤ 1

}

≤ inf

{
λ > 0 :

∫
R3

| φj+k

λ
|

cp1(x)

c−p1(x) 2−3jdx ≤ 1

}
≤ C.

Therefore,
∥TΩ,N (t)v0∥Lρ([0,∞),FṄ s1(·)

p1(·),k(·),q)
≲ ∥v0∥

FṄ
2− 3

p(·)
p(·),k(·),q

.

On the other hand, if ρ = ∞ and p1(·) = p(·), then

∥TΩ,N (t)v0∥
L∞([0,∞),FṄ

2− 3
p(·)

p(·),k(·),q)
≲ ∥v0∥

FṄ
2− 3

p(·)
p(·),k(·),q

,

similarly, we get
∥TΩ,N (t)v0∥

L∞([0,∞),FṄ
1
2
2,2,q)

≲ ∥v0∥
FṄ

2− 3
p(·)

p(·),k(·),q

.
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Consequently,

∥TΩ,N (t)v0∥X ≤ C1 ∥v0∥
FṄ

2− 3
p(·)

p(·),k(·),q

. (4.3)

For bilinear estimate, according to Hölder’s inequality, Hausdorf-Young’s inequality, and Proposition 3.13 , we
obtain

∥B(v, w)∥Lρ([0,∞),FṄ s1(·)
p1(·),k(·),q)

=

∥∥∥∥∫ t

0

TΩ,N (t− τ)P̃∇̃ · (v ⊗ w)dτ

∥∥∥∥
Lρ([0,∞),FṄ s1(·)

p1(·),k(·),q)

≲

∥∥∥∥∥∥
∥∥∥∥∫ t

0

2js1(·)φje
−µ(t−τ)|ξ|2F(∇̃ · (v ⊗ w))dτ

∥∥∥∥
Lρ([0,∞),Mk(·)

p1(·))

∥∥∥∥∥∥
ℓq

≲

∥∥∥∥∥∥
∥∥∥∥∫ t

0

2j(s1(·)+1)φje
−µ(t−τ)|ξ|2F(v ⊗ w)dτ

∥∥∥∥
Lρ([0,∞),Mk(·)

p1(·))

∥∥∥∥∥∥
ℓq

≲

∥∥∥∥∥∥
∥∥∥∥∥
∫ t

0

∥∥∥∥2j( 2
ρ−

3
p(·)+3)φje

−µ(t−τ)|ξ|2r
−3(6−p1(·))

6p1(·)

∥∥∥∥
6p1(·)

6−p1(·)

∥F(v ⊗ w)∥Mk(·)
6/5

dτ

∥∥∥∥∥
Lρ([0,∞))

∥∥∥∥∥∥
ℓq

≲

∥∥∥∥∥∥
∥∥∥∥∥
∫ t

0

2j(
2
ρ+

3
2 )

∥∥∥∥φje
−µ(t−τ)|ξ|2r

−3(6−p1(·))
6p1(·) 2

−3j
6−p1(·)
6p1(·)

∥∥∥∥
6p1(·)

6−p1(·)

∥v ⊗ w∥Mk(·)
6/5

dτ

∥∥∥∥∥
Lρ([0,∞))

∥∥∥∥∥∥
ℓq

≲

∥∥∥∥∥∥
∥∥∥∥∥
∫ t

0

2j(
2
ρ+

5
2 )e−µ(t−τ)|ξ|2

∥∥∥∥φjr
−3(6−p1(·))

6p1(·) 2
−3j

6−p1(·)
6p1(·)

∥∥∥∥
6p1(·)

6−p1(·)

∥v ⊗ w∥Mk(·)
6/5

dτ

∥∥∥∥∥
Lρ([0,∞))

∥∥∥∥∥∥
ℓq

≲

∥∥∥∥∥
∥∥∥∥2j( 2

ρ+
1
2 ) ∥v ⊗ w∥Mk(·)

6/5

∥∥∥∥
Lρ([0,∞))

∥∥∥22je−µt22j
∥∥∥
L1([0,∞))

∥∥∥∥∥
ℓq

≲ ∥v∥
Lρ([0,∞),Ṅ

2
ρ
+1

2
2,k(·),q)

∥w∥L∞([0,∞),L3) + ∥w∥
Lρ([0,∞),Ṅ

2
ρ
+1

2
2,k(·),q)

∥v∥L∞([0,∞),L3)

≲ ∥v∥
Lρ([0,∞),FṄ

2
ρ
+1

2
2,k(·),q)

∥w∥L∞([0,∞),FḂ
1/2
2,q )

+ ∥w∥
Lρ([0,∞),FṄ

2
ρ
+1

2
2,k(·),q)

∥v∥L∞([0,∞),FḂ
1/2
2,q )

≲ ∥v∥
Lρ([0,∞),FṄ

2
ρ
+1

2
2,k(·),q)

∥w∥
L∞([0,∞),FṄ

1
2
2,2,q)

+ ∥w∥
Lρ([0,∞),FṄ

2
ρ
+1

2
2,k(·),q)

∥v∥
L∞([0,∞),FṄ

1
2
2,2,q)

.

As a result, it follows

∥B(v ⊗ w)∥Lρ([0,∞),FṄ s1(·)
p1(·),k(·),q)

≲ ∥v∥
Lρ([0,∞),FṄ

2
ρ
+1

2
2,k(·),q)

∥w∥
L∞([0,∞),FṄ

1
2
2,2,q)

+ ∥w∥
Lρ([0,∞),FṄ

2
ρ
+1

2
2,k(·),q)

∥v∥
L∞([0,∞),FṄ

1
2
2,2,q)

.

Hence, if ρ = ∞ and p(·) = p1(·), we obtain

∥B(v ⊗ w)∥
L∞([0,∞),FṄ

2− 3
p(·)

p(·),k(·),q)
≲ ∥v∥

Lρ([0,∞),FṄ
2
ρ
+1

2
2,k(·),q)

∥w∥
L∞([0,∞),FṄ

1
2
2,2,q)

+ ∥w∥
Lρ([0,∞),FṄ

2
ρ
+1

2
2,k(·),q)

∥v∥
L∞([0,∞),FṄ

1
2
2,2,q)

.

Similarly, we get

∥B(v ⊗ w)∥
Lρ([0,∞),FṄ

2
ρ
+1

2
2,k(·),q)

≲ ∥v∥
Lρ([0,∞),FṄ

2
ρ
+1

2
2,k(·),q)

∥w∥
L∞([0,∞),FṄ

1
2
2,2,q)

+ ∥w∥
Lρ([0,∞),FṄ

2
ρ
+1

2
2,k(·),q)

∥v∥
L∞([0,∞),FṄ

1
2
2,2,q)

and

∥B(v ⊗ w)∥
L∞([0,∞),FṄ

1
2
2,2,q)

≲ ∥v∥
Lρ([0,∞),FṄ

2
ρ
+1

2
2,k(·),q)

∥w∥
L∞([0,∞),FṄ

1
2
2,2,q)

+ ∥w∥
Lρ([0,∞),FṄ

2
ρ
+1

2
2,k(·),q)

∥v∥
L∞([0,∞),FṄ

1
2
2,2,q)

.
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Consequently,

∥B(v ⊗ w)∥X ≲ ∥v∥X ∥w∥X .

Finally,

∥B(v ⊗ v)∥X ≤ C2 ∥v∥X ∥v∥X for all v ∈ X. (4.4)

Then, by (4.3) and (4.4), one concludes

∥Φ(v)∥X ≤ ∥TΩ,N (t)v0∥X +

∥∥∥∥∫ t

0

TΩ,N (t− τ)P̃∇̃ · (v ⊗ v)dτ

∥∥∥∥
X

≤ ∥TΩ,N (t)v0∥X + ∥B(v ⊗ v)∥X
≤ C1 ∥v0∥

FṄ
2− 3

p(·)
p(·),k(·),q

+ C2ε
2.

Put ε <
1

2max(C1, C2)
for any v0 ∈ FṄ

2− 3
p(·)

p(·),k(·),q with

∥v0∥
FṄ

2− 3
p(·)

p(·),k(·),q

<
ε

2max(C1, C2)
,

we get

∥Φ(v)∥X < C1
ε

2max(C1, C2)
+ C2

ε

2max(C1, C2)

<
ε

2
+
ε

2
< ε.

Then, according to Lemma 3.6 we obtain a unique global solution when the initial data are small.
Moreover, let us present the space

Y =

{
Lρ([0,∞),FṄ s1(·)

p1(·),k(·),q) ∩ L∞([0,∞),FṄ
2− 3

p(·)
p(·),k(·),q) ∩ Lρ([0,∞),FṄ

2
ρ+

1
2

2,k(·),q) ∩ L∞([0,∞),FṄ
1
2

2,2,q)

}
.

By following a similar argument to the one presented above, we obtain

∥Φ(v)∥Y ≤ ∥TΩ,N (t)v0∥Y + ∥B(v, v)∥Y .

Thus, in an analogous way to the case of the space X we can show that the problem (4.1) has a unique global solution,
when

∥v0∥
FṄ

2− 3
p(·)

p(·),k(·),q

< σ.

5 Gevrey class regularity

The analyticity of the solution is also an important subject developed by several researchers, particularly with
regard to the Navier-Stokes equations, see [17] and the references therein. In this section, we will prove the Gevrey
class regularity for (1.1) in the Fourier-Besov-Morrey spaces and the following lemma is so helpful.

Lemma 5.1. [40] Let 0 < s ≤ t < +∞ and 0 ≤ α ≤ 1. Then, the following inequality holds

t | x |α −1

2
(t2 − s2) | x |2α −s | x− y |α −s | y |α≤ 1

2

for any x, y ∈ R3.
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5.1 Proof of Theorem 3.15

We note V (t) = eµ
√
t|D|v(t). Using (4.2), we get

V (t) = eµ
√
t|D|TΩ,N (t)v0 + eµ

√
t|D|B(v, v)

= Lv0 + B̃(v, v).

For linear estimate, it is easy to show that

∥∥∥2js1(·)φjL̂v0

∥∥∥
Lρ([0,∞),Mk(·)

p1(·))
≲
∥∥∥2js1(·)φje

−µ
2 t|ξ|2eµ

√
t|ξ|−µ

2 t|ξ|2 v̂0

∥∥∥
Lρ([0,∞),Mk(·)

p1(·))

≲
∥∥∥2js1(·)φje

−µ
2 t|ξ|2 v̂0

∥∥∥
Lρ([0,∞),Mk(·)

p1(·))
,

where we used the following inequality eµ
√
t|ξ|−µ

2 t|ξ|2 = e−
µ
2 (

√
t|ξ|−1)2+µ

2 ≤ e
µ
2 . Taking ℓq-norm, we obtain

∥Lv0∥Lρ([0,∞),FṄ s1(·)
p1(·),k(·),q)

≲
∥∥∥2js1(·)φje

−µ
2 t|ξ|2 v̂0

∥∥∥
Lρ([0,∞),FṄ s1(·)

p1(·),k(·),q)
.

Hence, by following a similar process as in the proof of Theorem 3.14 , we obtain

∥Lv0∥Lρ([0,∞),FṄ s1(·)
p1(·),k(·),q)

≲ ∥v0∥
FṄ

2− 3
p(·)

p(·),k(·),q

. (5.1)

Notice that the estimate (5.1) also hold for ρ = ∞ and p1 = p. i.e,

∥Lv0∥
L∞([0,∞),FṄ

2− 3
p(·)

p(·),k(·),q)
≲ ∥v0∥

FṄ
2− 3

p(·)
p(·),k(·),q

,

also, it is easy to see that
∥Lv0∥

Lρ([0,∞),FṄ
2
ρ
+1

2
2,k(·),q)

≲ ∥v0∥
FṄ

2− 3
p(·)

p(·),k(·),q

and
∥Lv0∥

L∞([0,∞),FṄ
1
2
2,2,q)

≲ ∥v0∥
FṄ

2− 3
p(·)

p(·),k(·),q

.

Then
∥Lv0∥X ≲ ∥v0∥

FṄ
2− 3

p(·)
p(·),k(·),q

.

For bilinear estimate, we have

B̃(v, w) = −
∫ t

0

eµ
√
t|D|TΩ,N (t− τ)P̃∇̃ · (v ⊗ w)dτ. (5.2)

Then, we can rewrite (5.2) as follows:

B̃(V,W ) = −
∫ t

0

eµ
√
t|D|TΩ,N (t− τ)P̃∇̃ · (e−µ

√
τ |D|V ⊗ e−µ

√
τ |D|W )dτ

withW = eµ
√
τ |D|w. Taking the Fourier transform, multiplying with 2js1(·)φj , taking the Lρ([0,∞),Mk(·)

p1(·))-norm and
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using Lemma 5.1, one obtains∥∥∥∥2js1(·)φj
̂B̃(V,W )

∥∥∥∥
Lρ([0,∞),Mk(·)

p1(·))

≲

∥∥∥∥2j(s1(·)+1)φj

∫ t

0

eµ
√
t|ξ|e−µ(t−τ)|ξ|2 ̂(e−µ

√
τ |D|V ⊗ e−µ

√
τ |D|W )dτ

∥∥∥∥
Lρ([0,∞),Mk(·)

p1(·))

≲

∥∥∥∥2j(s1(·)+1)φj

∫ t

0

e
−µ
2 (t−τ)|ξ|2

∫
R3

e
−µ
2 (t−τ)|ξ|2+µ

√
t|ξ|−µ

√
τ(|ξ−z|+|z|)(V̂ (ξ − z, τ)⊗ Ŵ (z, τ))dzdτ

∥∥∥∥
Lρ([0,∞),Mk(·)

p1(·))

≲

∥∥∥∥2j(s1(·)+1)φj

∫ t

0

e
−µ
2 (t−τ)|ξ|2

∫
R3

V̂ (ξ − z, τ)⊗ Ŵ (z, τ)dzdτ

∥∥∥∥
Lρ([0,∞),Mk(·)

p1(·))

≲

∥∥∥∥2j(s1(·)+1)φj

∫ t

0

e
−µ
2 (t−τ)|ξ|2 ̂(V ⊗W )dτ

∥∥∥∥
Lρ([0,∞),Mk(·)

p1(·))

.

By using an analogous argument as in the proof of Theorem 3.14 , one reaches∥∥∥B̃(V,W )
∥∥∥
X

≲ ∥V ∥X ∥W∥X

and

eµ
√
t|D|v(t) ∈ X =

{
L∞([0,∞),FṄ

2− 3
p(·)

p(·),k(·),q) ∩ Lρ([0,∞),FṄ
2
ρ+

1
2

2,k(·),q) ∩ L∞([0,∞),FṄ
1
2

2,2,q)

}
.

From the above and in a similar manner to the case of the space X, one checks that

eµ
√
t|D|v(t) ∈ Y =

{
Lρ([0,∞),FṄ s1(·)

p1(·),k(·),q) ∩ L∞([0,∞),FṄ
2− 3

p(·)
p(·),k(·),q) ∩ Lρ([0,∞),FṄ

2
ρ+

1
2

2,k(·),q) ∩ L∞([0,∞),FṄ
1
2

2,2,q)

}
.
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