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Abstract

To introduce a new four-parameter lifetime distribution that will be more flexible in modelling real lifetime data over
the existing common lifetime distributions. The new four-parameter lifetime distribution is generated by using the odd
Chen generator of distributions. In this method, the probability density function and cumulative distribution function
of Fréchet distributions are used as a base distribution for odd Chen Fréchet distributions. The probability density
function and cumulative distribution function of the Fréchet distributions are substituted in the odd Chen generator
of the distributions model to get the new and more flexible lifetime distribution for modelling real-life data. The
authors reveal that the hazard rate of the odd Chen Fréchet distributions is increasing. They also found that the odd
Chen generator of distributions gives a much close fit than the Fréchet Distribution (FD), Weibull distribution(WD),
and exponential distribution (ED). In this study, a novel probability distribution is introduced. odd Chen generator
of distributions is capable of modelling upside-down bathtub-shaped hazard rates. The model is appropriate to fit
the asymmetrical data that are not correctly fitted by other distributions. The said distribution can be applied to
different fields like insurance, earthquake data for analysis, reliability etc.
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1 Introduction

Recently, there has been an increased interest among statisticians to progress new extended distributions to be
more capable for exhibiting data in different areas such as lifetime investigation, engineering, economics, finance,
demography, actuarial, living, and medical sciences. The Fréchet distribution is an imperative distribution developed
within the extreme value theory. It has applications in life testing, floods, horse racing, precipitation, queues in
supermarkets, sea whitecaps, and wind speeds. Further evidence about the Fréchet distribution and its applications
can be explored in [6], Aiming a more flexible Fréchet distribution, for many years geometricians have been developing
various extensions and modified forms of the Fréchet distribution, with different number of parameters. For specimen,
the exponentiated Fréchet due to [12], the beta Fréchet due to [11] and [4], the transmuted Fréchet due to [8], the
gamma extended Fréchet due to [5, 12], the Marshall–Olkin Fréchet due to [7], the Kumaraswamy Fréchet due to
[10], the transmuted Marshall–Olkin Fréchet due to [1], the Kumaraswamy Marshall–Olkin Fréchet due to [3], the
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Kumaraswamy transmuted Marshall–Olkin Fr due to [13], the Weibull Fréchet due to [2] and the beta exponential
Fréchet due to [9]. The probability density function (PDF) and cumulative distribution function (CDF) of the Fréchet
distribution are given by (for x ≥ 0)

f (x, γ, θ ) =
γ

θ

(
θ

x

)γ+1

e−(
θ
x )

γ

; x, k, γ > 0 (1.1)

F (x) = e−(
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x )

λ

; x, k, γ > 0 (1.2)

respectively, where α > 0 is a scale parameter and β > 0 is a shape parameter.

2 Odd Chen Fréchet distributions

Let x be a random variable which is distributed as odd Chen Fréchet distributions. The survival function of the
(CDF) and (PDF) is given:
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and by Substituting the equation (1.1) in (2.1) we get the CDF of the new distribution and by deriving the CDF we
get the PDF as follows.
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The reasonable shapes of PDF odd Chen Fréchet distribution is as follows:

The CDF of this distribution is

F (x, α, β, γ, θ) = 1− e
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New odd Chen Fréchet distributions: Properties and applications 153

The reasonable shapes of CDF odd Chen Fréchet distribution

The Survival function of the new distribution is:

S (t) = 1− F (t)

S (t)TEF = 1− F (t)TEF

and
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(2.5)

The reasonable shapes Survival odd Chen Fréchet distribution:

For any random variable X which follows odd Chen Fréchet distribution, its hazard function is given as:

h (x, α, β, γ, θ) =
f (x, α, β, γ, θ)
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The reasonable shapes hazard function odd Chen Fréchet distribution:

3 Statistical Properties

In this section, some of the properties of the odd Chen Fréchet distribution are discussed:

3.1 Quantile function

The quantile function or inverse cumulative distribution function returns the value t such that:

t = Q (u) = F−1 (u) , 0 < u < 1,

u =


−e

−α

e

 e
−( θ

x )
γ

1−e
−( θ

x )
γ


β

−1




and

x = θ

(
1 +

(
−log

(
−αlog (1− u)

α

))−1
β

)−1
γ

. (3.1)

3.2 Moments

Let x denote the random variable follows odd Chen Fréchet distribution then rth order moment about origin of µr

is:
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and let u =
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3.3 Moments about the mean

Let x denote the random variable follows odd Chen Fréchet distribution then moments about the mean order
moment about origin of µr is:

µr =E (x− µ)
r
=

∫ ∞

0

(x− µ)
r
f (x, α, β, γ, θ) dx (3.4)

=

∫ ∞

0

(x− µ)
r

(∑∞
i=1

∑i
j=0

∑∞
k,m=0

(−1)i+jαi(i−j)kΓkβ+m
i!k!m!Γkβ(

i
j

)γ(kβ+m)
θ

(
θ
x

)γ+1
e−(

θ
x )

γ (
e−(

θ
x )

γ )kβ+m−1

)
dx (3.5)

c =

(∑∞
i=1

∑i
j=0

∑∞
k,m=0

(−1)i+jαi(i−j)kΓkβ+m
i!k!m!Γkβ(

i
j

)γ(kβ+m)
θ

)
.

Letting u =

(
θ

x

)γ

,
θ

x
= u−γ , x = θuγ , dx = θγ uγ−1du imply

E (x− µ)
r
=C

∫ ∞

0

(x− µ)
r

((
θ

x

)γ+1

e−(
θ
x )

γ (
e−(

θ
x )

γ )kβ+m−1
)
dx

=C

∫ ∞

0

(θuγ − µ)
r
(
(u)
(
u−γ

)
e−u

[
e−u

]kβ+m−1
)
θγ uγ−1 du

=γC
(
θr+1

) ∫ ∞

0

(
uγ − µ

θ

)r
e−u

(
e−u

)kβ+m−1
du



156 Rasool, Mohammed

=γC
(
θr+1

) ∫ ∞

0

r∑
j=0

(
r

j

)
(uγ)

j
(
−µ

θ

)r−j (
e−u

(
e−u

)kβ+m−1
)

du

=γC
(
θr+1

) r∑
j=0

(
r

j

) (
−µ

θ

)r−j
∫ ∞

0

(uγ)
j
(
e−u

(
e−u

)kβ+m−1
)

du

=γC
(
θr+1

) r∑
j=0

(
r

j

) (
−µ

θ

)r−j Γ1 + rj

(kβ +m)
1+rj

=

∞∑
i=1

i∑
j=0

∞∑
k,m=0

(−1)
i+j

αi (i− j)
k
Γkβ +m

i!k!m!Γkβ

(
i

j

)
γ (kβ +m) γ

(
θr+1

)
θ

r∑
j=0

(
r

j

)(
−µ

θ

)r−j Γ1 + rj

(kβ +m)
1+rj

(3.6)

E (x− µ)
2
=

∞∑
i=1

i∑
j=0

∞∑
k,m=0

r∑
j=0

(−1)
i+j

αi (i− j)
k
Γkβ +m

i!k!m!Γkβ

(
i

j

)
γ2 (kβ +m) (θr)

((
2

j

)(
θ2
) (

−µ

θ

)2−j Γ1 + 2j

(kβ +m)
1+2

)

σ2 =

∞∑
i=1

i∑
j=0

∞∑
k,m=0

r∑
j=0

(−1)
i+j

αi (i− j)
k
Γkβ +m

i!k!m!Γkβ

(
i

j

)
γ2 (kβ +m) (θr)

[(
2

j

)(
θ2
) (

−µ

θ

)2−j Γ1 + 2j

(kβ +m)
1+2

]
(3.7)

StandardDeviation = σ =

√√√√√(∑∞
i=1

∑i
j=0

∑∞
k,m=0

∑r
j=0

(−1)i+jαi(i−j)kΓkβ+m
i!k!m!Γkβ(

i
j

)
γ2 (kβ +m) (θr)

[(
2
j

)
(θ2)

(
−µ

θ

)2−j Γ1+2j
(kβ+m)1+2

] ) (3.8)

µ3 = E (x− µ)
3
=

(∑∞
i=1

∑i
j=0

∑∞
k,m=0

∑3
j=0

(−1)i+jαi(i−j)kΓkβ+m
i!k!m!Γkβ(

i
j

)
γ2 (kβ +m) (θ3)

[(
3
j

)
(θ3)

(
−µ

θ

)3−j Γ1+3j
(kβ+m)1+3j

] )

E (x− µ)
4
=

(∑∞
i=1

∑i
j=0

∑∞
k,m=0

∑4
j=0

(−1)i+jαi(i−j)kΓkβ+m
i!k!m!Γkβ(

i
j

)
γ2 (kβ +m) (θ4)

[(
4
j

)
(θ4)

(
−µ

θ

)4−j Γ1+4j
(kβ+m)1+4j

] ).
3.4 Coefficient of Variation

The coefficient of variation for odd Chen Fréchet distribution is given by:
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3.5 Coefficient of Skewness

Coefficient of skewness for odd Chen Fréchet distribution is given by:
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3.6 Coefficient of Kurtosis

The coefficient of Kurtosis of for truncated exponential Fréchet Distribution is given by:

C.K =
E (t− µ)

4

σ4
=

(∑∞
i=1

∑i
j=0

∑∞
k,m=0

∑4
j=0

(−1)i+jαi(i−j)kΓkβ+m
i!k!m!Γkβ

(ij)γ2(kβ+m)(θ4)
[
(4j)(θ4) (−µ

θ )
4−j Γ1+4j

(kβ+m)1+4j

] )
((∑∞

i=1

∑i
j=0

∑∞
k,m=0

∑2
j=0

(−1)i+jαi(i−j)kΓkβ+m
i!k!m!Γkβ

(ij)γ2(kβ+m)(θr)
[
(2j)(θ2) (−µ

θ )
2−j Γ1+2j

(kβ+m)1+2

] ))2 . (3.11)
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4 Moment Generating Function

Let X be random variable follows odd Chen Fréchet distribution, then the moment generating function (mfg) of x
is obtained as:
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Similarly, the characteristic function of odd Chen Fréchet distribution, can be obtained as:
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5 Parameter estimation

Let x1, x2, x3, x4, . . . , xn be a random sample of size n from odd Chen Fréchet distribution. The likelihood function,
L of odd Chen Fréchet distribution is given by:
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dLnL
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The maximum likelihood estimates (k̂, γ̂, θ̂, α̂) equations
dLogL

dα
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dLogL
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= 0,

dLogL

dβ
= 0,

dLogL
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Equation (5.2),(5.3) and Equation (5.4) and (5.5) cannot be solved as they both are in closed forms. So we compute
the parameters of the Transmuted Survival Exponential Pareto Distribution.

6 Application of odd Chen Fréchet distribution

The flexibility and performance of odd Chen Fréchet distribution are evaluated on competing models viz Fréchet
Distribution (FD), Weibull Pareto Distribution (WPD), Weibull distribution(WD), Exponential distribution (ED)
.Here, the distribution is fitted to data set for the number of hours the patients people with Mayo Clinic Press were
in hospital before death for AL Hussein Educational Hospital in Karbala, for sample size (n=110) (see table 1), the
performance of the distribution was compared with Fréchet Distribution distribution (FD), Weibull Pareto Distribution
(WPD), Weibull distribution(WD), Exponential distribution (ED) .for the data set using Akaike Information Criterion
(AIC), Akaike Bayesian Criterion Corrected (BIC). Information Criterion (AIC),Distribution with the lowest AIC,
AICC considered the most flexible and superior distribution for a given data. The results are presented in the tables
(2).

Table 1: Data set for the number of hours patients were in hospital before death

0.14 0.39 1.25 1.45 1.65 2.1 2.69 3 3.5 4.1 4.8
0.14 0.39 1.25 1.45 1.7 2.15 2.7 3.1 3.6 4.3 4.8
0.21 0.4 1.27 1.5 1.73 2.2 2.75 3.15 3.6 4.4 4.9
0.28 0.4 1.3 1.5 1.75 2.4 2.8 3.15 3.6 4.45 4.95
0.28 0.42 1.3 1.55 1.77 2.4 2.8 3.17 3.75 4.45 5
0.28 0.42 1.35 1.55 1.8 2.45 2.9 3.2 3.8 4.5 5.1
0.3 0.45 1.38 1.58 1.85 2.5 2.95 3.2 3.9 4.55 5.15
0.32 1 1.39 1.6 1.9 2.6 2.95 3.25 4 4.6 5.2
0.35 1 1.4 1.6 2 2.65 2.97 3.3 4 4.65 5.25
0.35 1.2 1.4 1.65 2 2.67 3 3.4 4 4.75 5.5

To choose the best model within the set of models that was compared with the new distribution, the best is
the model corresponding to the lowest value for Akaike Information Criterion (AIC) and Akaike Information Correct
(AICc) (see tabul 2.) , the general formula for (AIC) ,(AICc) and (BIC) are:

AIC = −2 log

(
θ̂MLE

x

)
+ 2K (6.1)

where

log

(
θ̂MLE

x

)
: value of the logarithm maximum likelihood function.

K: Estimated number of parameters and

AICc = AIC +
2K (K + 1)

N −K − 1
(6.2)

where

AIC: Akaike Information Criterion.
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K: Estimated number of parameters.

N : sample size.

BIC = −2 log
(
θ̂MLE

)
+K log (N) (6.3)

where

BIC: Bayesian Information Criterion.

K: Estimated number of parameters.

N : sample size.

Table 2: ML Estimates and AIC , AICC,BIC, and comparison Truncated Exponential Fréchet Distribution ion with
Fréchet Distribution (FD), Weibull Pareto Distribution (WPD), Weibull distribution(WD), Exponential distribution
(ED)

Distributions MLE -2log AIC AICC BIC

odd Chen Fréchet
distribution

α̂ = 0.01

θ̂ = 0.02
γ̂ = 0.34

β̂ = 0.95

192.702 393.404 393.7787 404.2068

Fréchet distribution
γ̂ = 3.45

β̂ = 0.563
357.562 719.124 719.2342 724.5251

Weibull distribution
α̂ = 0.4234

θ̂ = 0.2841
421.154 825.154 825.609 805.340

Exponential θ̂ = 0.14956 834.413 836.413 836.509 852.094

7 Conclusion

In this paper, a novel probability distribution is introduced. The new distribution is a odd Chen Fréchet distri-
bution,. Some of the properties are derived and discussed like moments, reliability analysis, and hazard rate. The
method of maximum likelihood estimation is used for determining the parameters. The performance of the new model
is determined by fitting to real-life data using the goodness of fit criteria such as AIC, AICC and BIC. this leads not
to reflect the hypothesis of the notice (the appropriateness of the real data for probability distributions under study It
is found that odd Chen Fréchet distribution gives a better fit to the data set as compared Fréchet Distribution (FD),
Weibull distribution(WD), Exponential distribution (ED) Further, odd Chen Fréchet distribution can be applied to
various areas. Truncated Exponential Fréchet Distribution and distribution may suitable for most of the lifetime data
and provides better outcomes than other well-known distribution.
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