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Abstract

In [24], Khan et al. established some fixed point theorems in complete and compact metric spaces by using altering
distance functions. In [I6] Gordji et al. described the notion of orthogonal set and orthogonal metric spaces. In
[18] Gungor et al. established fixed point theorems on orthogonal metric spaces via altering distance functions. In
[25] Lotfy et al, introduced the notion of a,-t)-common rational type mappings on generalized metric spaces with
application to fractional integral equations. In [28] K. Royy et al. described the notion of Branciari Sp-metric space
and related fixed point theorems with an application. In this paper, we introduce the notion of the common fixed
point (a-1-05;)-contractive set-valued mappings on orthogonal Branciari Sp-metric space with the application of the
existence of a unique solution to an initial value problem.
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1 Introduction

We know, that the fixed point theory has many applications and was extended by several authors from different
views (see for example [I]-[34]). Harandi et al. [5] introduced the best proximity pairs for upper semi continuous
set-valued maps in hyper convex metric spaces. Samet et al [30] introduced the notion of a-i)-contractive type
mappings. Hassanzadeh Asl et al. [19, 20] introduced the notion of common fixed point theorems for a,-t)-contractive
multifunction. Farajzadeh et al. [I3] introduced the on fixed point theorems for (£, a, n)-expansive mappings in
complete metric spaces. Gungor et al, established fixed point theorems on orthogonal metric spaces via altering
distance functions. Lotfy et al. [25] introduced the notion of a,-t)-common rational type mappings on generalized
metric spaces with application to fractional integral equations. The aim of this paper is to introduce the notion common
fixed point (cu-1)-5;)-contractive set-valued mappings on orthogonal Branciari Sp-metric space with application the
existence of a unique solution to an initial value problem.

*Corresponding author
Email addresses: m.r.shaeri640gmail.com (Mohammad Rashea Shaeri), jalal.hasanzadeh172@gmail.com &
j_hasanzadeh@iaut.ac.ir (Jalal Hassanzadeh Asl), madjid.eshaghi@gmail.com & meshaghi@semnan.ac.ir ( Madjid Eshaghi Gordji),
h.refaghat@iaut.ac.ir. ( Hassan Refaghat)

Received: June 2022  Accepted: January 2023


http://dx.doi.org/10.22075/ijnaa.2023.27426.3597

106 Rashea Shaeri, Hassanzadeh Asl, Eshaghi Gordji, Refaghat

2 Preliminaries

In this section, we list some fundamental definitions that are useful tool in consequent analysis. Let 2% denote the
family of all nonempty subsets of X.

Definition 2.1. ([24]) A function ¢ : [0,+00) — [0,+00) is called an altering distance function if the following
properties are satisfied:
(1) ¥(0) = 0 and ¢(t) > 0 for all ¢ € (0, +00);
(12) 1 is continuous and no-decreasing;
(¥3) Y025 9" (1) < oo
(Ya) Y(t1 +t2) < P(t1) + P(t2);
for all 1,5 € (0,400).

These functions are known in the literature as (c)-comparison functions. It is easily proved that if ¢ is a (c¢)-
comparison function, then 1 (t) < t for all ¢ > 0. We denote ¥ as the set of altering distance function .

Definition 2.2. Let X # () and L C 2% x 2% be a binary relation. If L satisfies the following condition
JA,B C X;(Jyo € B;Va € A,z lyg) V (3xo € A;Vy € B,zoLly)

it is called (X, L) an orthogonal set.

Definition 2.3. [16] Let (X, L) be an orthogonal set. Any two subset A, B C X are said to be orthogonally relation
if ALBV B1A.

In the following, we give some examples of orthogonal sets.

Example 2.4. Let X =Z, A= {z € Z/|z| < 2} and B = {x € Z/x = 2k, k € Z} define ALB if there are m € A,
k € Z and for all n € B such that n = km. It is easy to see that AL B. Hence (Z, 1) is an orthogonal set.

Example 2.5. Let X = R? A = {(z,y)/y = ax,a € R} and B = {(z,y)/2® + y? = 7%, € R} define ALB if there
are (xg,y0) € A, for all (z,y) € B such that gy x y' = —1 or there are (xg,y0) € B, for all (z,y) € A such that
y' x yy = —1. Tt is easy to see that ALB A BLA. Hence (R?, 1) is an O-set.

The extended line is the ordered space [—oo; +00], considering of all points of the number line R and two points,
denoted by —oo, +cowith the usual order relation for points of R.

Definition 2.6. ([9,[16]) A map d : X x X — [0, 0] is called a generalized metric on the orthogonal set X, L. If the
followig condition are satisfied, for all x,y € X and all distinct u,v € X each of which is different from x and y:

(GMS1) d(z,y) = 0 if and if = y for any points z,y € X such that 1y and yLlz;

(GMS2) d(z,y) = d(y,x) for any points z,y € X such that zly and yLa;

(GMS3) d(z,y) < d(z,u) + d(u,v) + d(v,y) for any points z,y,u and v € X such that zLlwu, ulv, vLly and zLly
considering that if d(z,u) = oo or d(u,v) = oo or d(v,y) = oo then d(z,u) + d(u,v) + d(v,y) = 0.

In this case the orthogonal set X is called generalized orthogonal metric space and is denoted by (X, d, L).

In the above definition, if d satisfies only GM S1 and GM 52, then it is called a semi-metric (see, e.g. [33]).

Sedghi et al.[31] introduced a new type of metric structure consisting of three variables known as S-metric. Subse-
quently in the year (2016), N. Souayah and N. Mlaiki [32] investigated the notion of Sy-metric spaces which generalized
the concept of S-metric spaces.

Definition 2.7. ([29,131]) A map S : X3 — [0, 0) is called an S-metric on the orthogonal set (X, L). If the following
conditions are satisfied, for all x,y, z,t € X such that they are ortogonally to each other:

(1) S(z,y,2) =0ifand ifx =y = 2 ;

(1) S(z,y,2) < S(x,z,t)+ S(y,y,t) + S(z, 2,t).

In this case the orthogonal set (X, 1) is called orthogonal S-metric space and is denoted by (X, S, L).
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Example 2.8. ([31]) (1) Let R be the real line and X = R™ and [|.|| a norm on X. Then S(x,y,2) = ||y + z —
2z|| + |ly — #|| is an S-metric on X.

(2) Let R be the real line. Then S(z,y,2) = | — z| + |y — 2| for all ,y,z € R is an S-metric on R. This S-metric
on R is called the usual S-metric on R.

Definition 2.9. (|27, 32]) A map S, : X3 — [0,00) is called an Sj,-metric on the orthogonal set (X, L). If the
following conditions are satisfied, for all z,y, z,t € X and such that they are orthogonally to each other and let s > 1
be a given real number:

(1) Sp(z,y,z) =0ifandif =y =z ;

(1) Sp(z,y,z) < s[Sp(z,z,t) + Sp(y,y,t) + Sp(z, 2, t)].
In this case the orthogonal set (X, 1) is called orthogonal Sp-metric space and is denoted by (X, Sy, L).

Example 2.10. ([32]) Let X be a nonempty set and card(X) > 5. suppose X = X; U X, a partition of X such that
card(X7) > 4. Let s > 1, then

0 if x=y=z2,
5 if z=1=y and 2z=2,

Sp(z,y,2) = ’%Tl if x=1=y and z>3,
s b x=2=y and >3,
3 otherwise.

for all z,y,z,t € X. Then S is an Sp-metric on X with coefficient s.

Definition 2.11. ([28]) A map ) : X® — Ry is called an Branciari Sy-metric on the orthogonal set (X, L). If the
following conditions are satisfied, for all z,y,z € X and for a,b € X \ {z,y,z} with a # b and such that they are
ortogonally to each other and let k£ > 1 be a given real number:
(i) Mz,y,z) =0ifand if x =y = z;
(i)
Az, y,z) < kM, z,a) + My, y,a) + A(z, 2,b) + A(a, a,b)]. (2.1)

In this case the orthogonal set (X, 1) is called orthogonal Branciari S,-metric space and is denoted by (X, A, L).

Definition 2.12. ([28]) An orthogonal Branciari Sy-metric on a nonemty set X is said to be symmetric if A(x, z,y) =
o(y,y,x) for all z,y € X.

Proposition 2.13. ([28]) (i) Let (X, S, ) be an orthogonal S-metric spaces (see definition (2.7)). The X is also an
orthogonal Branciari Sp-metric space for k = 2.

(ii) Let (X, Sy, A) be an orthogonal Sy-metric space with coefficient s > 1 (see definition (2.9)). The X is also an
orthogonal Branciari Sj-metric space for k = 2s2.

Proposition 2.14. ([28]) Shows that any orthogonal S-metric space or Sp-metric space is also an orthogonal Branciari
Sp-metric space but there are several orthogonal Branciari Sp-metric spaces which are neither orthogonal S-metric

spaces nor orthogonal Sp-metric spaces.

Example 2.15. ([28]) Let X = N and A : X® — R} be defined by

0 if r=y=z

5 if r=1=y and 2z=2,
Naz,y,2) ={ =5 if z=1=y and =z2>3,

nTT-Q if r=2=y and =z2>3,

3 otherwise.

for all x,y,z,t € X. Also we take A(z,z,y) = My, y,z) for all z,y € X. Then X is a symmetric Sp-metric space on X
for k = % but it is nerther an S-metric nor an Sp-metric for any k& > 1.
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Definition 2.16. ([28]) Let (X, A, L) be an orthogonal Branciari Sp-metric space. Then
A sequence z,, in an orthogonal Branciari Sp-metric space (X, A, L) is called orthogonal Branciari sequence if

(Vn,k e NyzpLlayyp)V (V0 k € Nsxy i lay,)

(¢) An orthogonal Branciari sequence {z,} in (X, \, L) is said to be orthogonal Branciari convergent to some z € X
if AM(xp,Zn,2) = 0asn — oo.

(#4) An orthogonal Branciari sequence {z, } in (X, A, L) is said to be orthogonal Branciari cauchy if A\(x,,, zp, Zm) — 0
as n,m — oo.

(1) (X, A, L) is said to be orthogonal Branciari complete if every orthogonal Branciari cauchy sequence in (X, \, 1)
is orthogonal Branciari convergent to some element in X.

Definition 2.17. We say that (X, A\, L) has the property a—regular orthogonal Branciari Sp-metric space if, either
(¢) {zn} is a monotone orthogonal Branciari sequences in X such that a(z,, T, Tny1) > 1 for allnand z, - v € X
as n — 0o, then there exists an orthogonal Branciari subsequence {x,, } of {z,} such that a(x,, ,z,,,z) > 1 for all
k. Or
(#4) {z,} is a monotone orthogonal Branciari sequences in X such that a(zp41,Zn41,2,) > 1forallnand z, — 2z € X
as m — 00, then there exists an orthogonal Branciari subsequence {z,, } of {z,} such that a(z,z,z,,) > 1 for all k.

Proposition 2.18. [23| [16] Suppose that {z,} is an orthogonal Branciari Cauchy sequence in a (X, \, L) be a or-
thogonal Branciari Sp-metric space with lim, 0o MA@y, Zpn,u) = 0 where u € X. Then

Hm A(zp, Zn, 2) = AM(u,u, 2)
n—,oo

for all z € X. In particular, the orthogonal Branciari sequence {z,,} dose not Branciari converge to z if z # u.

Definition 2.19. Let (X, \, L) be an orthogonal Branciari Sy-metric space. A set-valued mapping T : X — 2% is
called orthogonal Branciari order closed if for monotone orthogonal Branciari sequences z,, € X and y, € Tz, with
lm;, 00 A(Zp, Tn, ) — 0 and limy, o0 A(Yn, Yn, y) — 0, implies y € T'z.

Definition 2.20. Let (X, ), L) be an orthogonal Branciari Sy-metric space and T, S : X — 2% with given set-valued
mappings, o : X x X x X — [0,+00), ay : 2% x 2%X x 2% — [0, +0), a.(4, A, B) = inf{a(a,a,b) : a € A,b € B},
Y €W, A(s,s,Ts) =inf{\(s,s,2)/z € Ts}, Hy is the Hausdorff metric

H)(Tz, Tz, Ty) = max{ sup A(a,a,Ty), sup A(Tz,Tz,b)}.
a€Tx beTy

Bi : RT — {0} — [0,1) be four decreasing functions such that Z?:l Bi(t) <1 for every ¢ > 0. One says that T, S are
Q--Fi-orthogonal common contractive set-valued mappings whenever

oy (Az, Az, By)p(HA(Az, Az, By)) < Bi(A(@, 2,y))Y (M@, 2,y))
+ﬁ4(H/\(A{,E7 Al‘, By)) mln{l/J(A(% z, By)> 1/J(A(l/, Y, A.”L'))}

One says that A, B are an a,— common admissible if
alz,z,y) > 1= a,.(Az, Az, By) > 1 (2.3)

A, B=Tor S, AvLByV Byl Ax for all x,35 € X where xLy and = # y. One says that a mapping 4, B: X — 2% is
called common orthogonal preserving (L-preserving) if A(x)LB(y)V A(y) LB(z) if zLy.

Example 2.21. ([28]) Let X = [0,1) and let the metric on X be the Euclidian metric. Define z Ly if vy < {§, &} X
is not complete but it is orthogonal complete. Let z Ly and zy < §. If i is an arbitrary Cauchy orthogonal sequence
in X, then there exists a subsequence {xy, } of {z)} for which z), =0V x, < & for all n € N. it follows that {xy, }
converges to a z € [0,1). On the other hand, we know that every Cauchy sequence with a convergent subsequence is
convergent. It follows that {z;} is convergent. Let T, S : X — 2% be set-valued mapping defined by

[ [0,2] fo<a<li, 0,8 ifo<z<i,
Tx_{o O i I ifi<z<l
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Also, zly and zy < £, sox=0or y < % 5- We have the following cases:

case (1 )1:*Oand0<y<1 then Tz = {0} and Sy = [0, £];
case (2) z =0 and + <y < 3, then T2 = {0} and Sy = [0, £];

case (3) acannd 5 <, then Tx = {0} and Sy = {0};

case (4) 0 <z < ¢ and0<y<1 then Tz = [0, ] and Sy = [0, 4];
case (5) % <x<%and0<y<f then T'z = [0, ] and Sy = [0, ¥;
case (6) § <r<g and ¢ <y <3, then Tz = [0, 5] and Sy = [0, ¥];
case (7) 5 <xand L <y, then Txf{O} and Sy = {0}.

These cases implies that TzSy < %. Hence T and S are common | — preserving. Also, one can see that
[Tz — Sy|| < 3||z — y||. Hence T, S are common L —contraction.

Definition 2.22. A subset B C X is said to be an approximation if for each given y € X, there exists z € B such
that A(B, B,y) = A(z, z,y).

Definition 2.23. A set-valued mapping T : X — 2% is said to have an approximate values in X if Tz is an
approximation for each z € X.

Definition 2.24. Let (X, 1, \) be an orthogonal Branciari Sp-metric space. If T : X — 2% is a set-valued mapping,
then € X is called fixed point for T if and only if € F(x). The set Fix(T) := {x € X/x € Tx} is called the fixed
point set of T'.

3 Main result

We should emphasize that throughout this paper we suppose that all set-valued mappings on an orthogonal
symmetric Sp-metric space (X, A, L) have closed values.

Lemma 3.1. Let (X, \, L) be an orthogonal symmetric Branciari Sy-metric space. Suppose that 7,5 : X — 2% are
,-1p-F;-orthogonal common contractive set-valued mappings satisfies the following conditions:

(i) T, S are a,-orthogonal common admissible;

(i%) there exists zg € X such that,

{l‘o}J_TJZO V {.%‘Q}J_STJ)().

Then Fiz(T) = Fixz(S).

Proof . We first show that any fixed point of T is also a fixed point of S and conversely. Since Fiz(T) # Fiz(S5),
we may assume there exists 2* € X such that z* € Fiz(T), but z* ¢ Fiz(S), since A(z*,z*,Sz*) > 0. Let xp € X
such that {xo}LlTxo V {0} LSTxo. Define the orthogonal Branciari sequence {z,} in X by 2,41 € Txa, and
Tont2 € Sxany1 for all n € Ng. If x,,, = 2,41 for some ng > 1, then x* = 2, are a common fixed point for 7', .S. So,
we can assume that xo, ¢ Txs, and xo,1 ¢ S,y for all n € Ny. Define

f1 alyVyle
oz, 2,y) = { 0 otherwise

Since T', S are a,-orthogonal common admissible and
{xO}J—TzO = OL*({I()}, {I0}7TI’0) Z 17

we have
a(xg, o, 1) > a({zo}, {zo}, Two) > 1 = o (Two, Two, Sx1) > 1;

a(z1,1,22) > au(Txo, Txo, Sz1) > 1 = i(Sx1, Sx1,T20) > 1]
a(zg,Ta,23) > au(Sx1,ST1, Tas) > 1 = an(Tas, Taxa, Sx3) > 1.

Inductively, we have
a(Ton, Ton, Tong1) = 1 = au(Tron, Tr2y, STont1) > 1
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and
a(Tont1, Tant1, Tant2) > 1 = @ (STont1, STont1, Tony2) > 1

for all n € Ng. Let
{20} LSTxg = ax({zo}, {zo}, STxo) > 1.

Similarly, we have
a(Zon, Ton, Tant2) > 1 = a(Txon, Txon, ST2,) > 1

and
a(Ton41, Toant1; Tangs) > 1 = an(STant1, STany1, TSTont1) > 1

for all n € Ng. We obtain

Y(A(z™, 2", Sz™)) <Y(HN\(Tz*, Tz", Sz*)) < o (Ta™, Ta™, Se™)p(Hx\(Tx*, Tx*, Sx*))
<Bu(Aa", 2", 2 A, 2, a%)) + Ba(Aw, 2, T )b(A(e", 2°, Ta"))
+ B3 (A(Sx*, Sz, )Y (A(Sz™, Sx*, z*))
+ Bo(Hx(Tx*, Ta*, Sz™)) min{e(A(z", 2™, Sz*), Y (A(z"™,z*, Tx*))}
=03 (A(Sx™, Sx*, x"))Y(A(Sz™, Sz*, x2")) < Y(A(Sz*, Sz*, z™))
Symmetric =yp(A(z”, x*, Sz*))

This is contradiction establishes that Fiz(T) C Fix(S). A similar argument establishes the reverse containment,
and therefore Fiz(T) = Fiz(S). O

Theorem 3.2. Let (X, A, L) be a complete orthogonal symmetric Branciari Sp-metric space (not necessarily complete
metric space). Suppose that 7,5 : X — 2% are a,-t-f3;-orthogonal common contractive set-valued mappings satisfies
the following conditions:
(i) T, S are a,-orthogonal common admissible;
(47) there exists zg € X such that,
{.To}J_TJL‘O V {xo}J_STJZQ

(7i7) X has the property a—regular orthogonal Branciari S,-metric space,
(iv) T, S are L-preserving set-valued mappings.

Then T, S have common fixed point * € X. Further, for each zy € X, the iterated orthogonal Branciari sequences
{z,} with zo, 41 € Txo, and xo, 19 € Sxa,41 converges to the common fixed point of T, S.

Proof . By lemma (3.1]), we have Fiz(T) = Fiz(S) and we have
Ty Ty Tp1) 2 1V Ty Ty Tpg2) > 1

{l’o}J_T.’tQJ_STZL'O eV {xo}lST$oJ_TST.’£Q ety

rolxilas - Vaxglzolzsy---;

Thus z, Lz, for all n € Nyg. Without loss of generality, we may assume that 7,5 : X — 2% are a,-1-3;-
orthogonal common contractive set-valued mappings. Consider equation (2.2), with @ = z9,41 and y = zg,40.
Clearly, we have

V(AN (@on+1, Tant1, Tont2)) L0(T2on, T2, SToni1 )V (H(Tx2n, TTopn, SToni1))
<Bi(A(@2ns T2ns T2n+1)) P (N (@20, Ton, T2nt1)) + Bo(AB2n, 25, T220) )Y (A(T2n, T2, TT2n))
+ B3(A(@2n+1, T2n+1, ST2n+1)) P (A(T2nt1, Tant 1, ST2n41))
Ba(Hx(Txap, Txon, Stopt1)) min{(A(zan, Ton, Stant1), V(A (Tant1, Tont1, T2on))}
<B1(AM@2n, T2ns T2n41) )P (MB2n, T2ns T2n11)) + B2(A(@2n, Tan, T2n+1)) P (A(T2n, Tan, T2n+1))
+ B3(M@2n+1, T2n+1, T2n+2) )P (MT2n+1, T2n+1, T2n+2))
Ba(MZ2n+1, Tant1, Tant2)) MIn{Y(A(Zon, Zon, Tant2), V(A (Z2n+1, Tant1, Tant1))}. (3.1)
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Then
(1 — Bs(A(@2n+1, Tan+1, Tant2))) V(M (T2n+1, Tont1, Tant2)) (3.2)
< (51 ()\(Izn7I2n,I2n+1)) + ﬂz()\(wzmIzn,12n+1)))¢()\(172n7502n,$2n+1)) ’
and R R
G201, Tonp1, Tansa)) < PO TP Olantagsonst D) (A3, 220, T2041)) (3.3)
Thus
YA (@2n41, Tant 1, Tany2)) < V(A (@2n, Ton, Tant1))- (3.4)
Similarly,
Y(Mx2n, Ton, Tont1)) < V(A (T2n—1,T2n—1,T2n)), (3.5)
for all n € Ny. We have
YMTpg1; T 1, Tng2)) <P (@0, T, Tng1)) < oo <P (M0, 70, 21)), (3.6)

for all n € N. From the property of ¢, we conclude that

A(xnaxn7$n+1) < /\(xn—la-rn—lyxn)y (37)
for all n € N, it is clear that
lim A(Zpi1, Tnt1, Tny2) = 0. (3.8)
n—oo

Consider equation (2.2)), with = x5, and y = xa, 2. Clearly, we have

w()\($2n,$2n,$2n+2)) Sa*(SI'anl»SxanlaSx2n+1)w(H)\(Sx2n717Sm2n717sx2n+1))

< Br(AM(@2n—1,Ton—1, Ton+1)) V(N @2n—1, T2n—1, T2n+1))
+B2(A(T2n—1, Tan—1, ST2n—1)) P (A(T2n—1, T2n—1, 5T2n—1))
+63(A(Z2n+1, Tont1, STant1))V(A(T2n41, Tont1, ST2n41))
54(HA(SCC2n—1, STop_1, SI2n+1)) min{iﬁ(A(IQn—l,Izn—l, 512n+1)7¢(/\($2n+17$2n+1, Sﬂfzn—l))}
< Bi(Mx2n—1,T2n—1, Tant1)) P (MNT2n—1, Tan—1, T2n+1))
+B2(Mx2n—1, Toan—1, Ton) ) V(M @2n—1, Tan—1, T2n))
+63(MZ2n+1, Tont1, Tant2) ) V(A (@2nt1, Tant1, Tant2))
Ba(M@2n, Ton, Tapt2)) min{p( M @on—1, Tan—1, Tant2), Y(MZ2n11, Tont1, T2n)) }-

(3.9)

Similarly, consider equation (2.2), with = x9,—1 and y = xg,+1. Clearly, we have

YA (Ton—1, Ton—1,T2n+1)) < a(Txon—2,Tx2p—2, Txon)Y(HA(TT2n—2, TTon—2,TT2,))
< Br(M@2n—2, Tan—2, T2n))V(M@2n—2, T2n—2, T2n))
+B2(A(T2n—2, Tan—2, T22n—2)) Y (A(T2 2, T2n—2, TT2,—2))
+B3(A(T2n, Ton, TT2n) )Y (A(T2n, Ton, T22n))
Ba(HA(Tx2n—2, Tw2, 2, Tx2,)) min{y)(A(z2n—2, Tan—2, T22n), Y(A(T2n, T2p, TT2n—2))}
< Br(M@2n—2, Tan—2, T2n)) V(AN (@2n—2, T2n—2, Ton))
+B2(M@2n—2, Tan—2, Tan—1))Y(AN(T2n—2, Tan—2, T2n—1))
+B3(AM@2n, T2n, Tong1)) Y (A(T2n, T2n, Tons1))
54()\($2n71; Ton—1, 902n+1)) min{i/}()\(xgn,Q, Tan—2, $2n+1)a w(A(‘Tanla T2n—1, £C2n))}

Define agy, = M@2n—1, Ton—1, Tan+1) and ba, = A(Z2pn, T2n, Ton+1). Then

P(agn) < Pr(azn—1)v(azn-1) + B2(ben—1)¥(b2n—1) + B3(ban ) (b2n )+ (3.10)
/84(a2n) min{¢(A($2n—2, Ton—2, $2n+1), ¢(52n—1)}- ’

From the (3.8) lim,,— o0 bon, = limy,—s 00 A(@2n, Ton, T2n+1) = 0. We get
Y(azn) < Pr(azn—1)Y(azn-1) < Y(az,-1) (3.11)
and hence,

lim ag, = lim A(z2n—1,%2n—1,Z2n+1) = 0= lim a, = lim A(zn,—1,%n_1,Tnt1) =0.
n— o0 n— o0 n— oo n— o0
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Now, we shall prove that z, # x,, for all n # m. Assume on the contrary that x,, = x,, for some m,n € N with
n # m. Since A(zp, xp, Tpt1) > 0 for each p € N, without loss of generality, we may assume that m > n+1,m = 2k
and n = 21 for k,l € N. Substitute again © = x9; = xox, and y = xo;41 = xop+1 in (2.2)), (3.7) which yields

(Ao, Tar, v2t1)) = V(M@ak, Tors Takt1)) < @ (HA(Swak—1, Swop—1, Twor))(H(Sxok—1, STop—1, Tx2x))
< B Mxok—1, Tar—1, Tor ) )V (N(T2r—1, Ton—1, T2k))
+B2(A(wak—1, Tok—1, STor—1))Y(A(T2k—1, Tok—1, STok—1))
+B3(A(22k, Tok, Txor) ) (A(22k, Tok, Tror))
Ba(Hx(Txak, Trop, Sor—1)) min{)(A(war, Tor, Sor—1), Y(A(Top—1, Tok—1,TT2x))}
< Br(Mwor—1, Tok—1, T2k) ) (M (T2p—1, Tor—1, T2))
+B2(A(wap—1, Tak—1, Tok) )Y (A (@2k—1, Tak—1, Tak))
+B3( A2k, Tak, Tor+1)) V(M X2k, Tok, T2kt1))
Ba(M@2ks1, Tort1, Tox)) min{e( A2k, Tok, Tok ), V(M @2k—1, Tor—1, Tokt+1)) }
= (Br(M(on—1, Tak—1,T2k)) + Bo(M@2r—1, Tak—1,T2k))) Y (A(T2n—1, T2k—1, T2k))
+B3( M@k, Tok, Tokt1)) V(M @2k, Tog, Tar41))
< (Bi(M@ok—1, Tok—1,%2k)) + B2 (M @2k—1, Tan—1, Tak))
+B3(A(w2k, Tok, Tar+1))) Y (A(T2k, Tak, Tor41)) < Y(A(@2k, Tak, Tor+1))
(3.12)

which is impossible. Now, we shall prove that {z,,} is an orthogonal Branciari Cauchy sequence, that is,

lim MA@y, T, Tnpr) = 0 and 2, Lo, 4
n— oo

for all £ € N. We have already proved the cases for k = 1 and k£ = 2 in (3.7)) and (3.10)), respectively. Take arbitrary
k > 3. We discuss two cases.

Case I: Suppose that S, = AN, Zn, Tni1), ¥(Sn) = @, S, and a,, € (0, ﬁ) Then

Sn = )\(l’n,!En, anrl) < ¢(A($n—1; (Enflwrn)) = anfl)\(xnfhxnflyxn) (3 13)
< 1AM @n—2, Tp—2,Tp-1)) <+ < Ap_1Qn—2 - - 01 A(Z0, To, T1) = &"Sp '

Similarly, we have
S:: = )\(:Ena Tn, xn—i—?) < 1/)()\(%—1, Tp—1, zn+1)) = O‘ﬂ—l)‘(xn—b Tn—1, xn‘i‘l) (3 14)

< an 1A (@n—2,Tn—2,2n)) < -+ < Qp_1@n_2 - - @100 A(T0, o, £1) = a"™S§

for all n > 1 and @ = maxp<i<n—1{®;}. Now, we shall prove that {z,} is a orthogonal Branciari Cauchy sequence,
that is,

lim A(zp, Zn, Tpyr) =0,
n—oo

for all [ € N. We have already proved the cases for{ =1 and [ = 2 in and , respectively. Now for [ = 2m+1,
where m > 1. Using the inequality (2.1, we have
M, Tns Tngt) SEA(@n, Tn, Tng1) + M@, Tn, Tng1) + MTnsts Tngt, Tnvz) + AMTnt1s Tngt, Tng)]
=2kXN(Tp, Ty Tr1) + KN Tnats Trats Tro) + KA Tnt1, Tt Tnao)]
Symmetric =2k\N(@y, T, Tnt1) + KA Tnt1, Tntl, Tntz) + ENXnt2, T2, Tntl)
S2kN(Tp, Ty Tpt1) + AN Xpt1, Trg1, Tnta) + E(EN@nt2, Trio, Tnas)
+ AM@n+2, Tnt2, Tnts) + MTntts Totts Tnta) + MTnt3, Tnts, Tnta)])
Symmetric =2kX(Zy, T, Tpy1) + EXNTng1, Tnat, Tnio) + 262N (Tnt, Tnio, Tnis)
+ KA (@n 43, Tngs, Tnia) + KA @nga, Tnad, Tngomi1)
<...

L2Kk[M(@ns Ty Tnt1) + M@nt1s Tog1, Tny2)] + 2k2[)‘($n+2a Tnt2: Tn+3) + A @Tnt3, Tntss Tnya)]
+ -+ 2K AN (@ ng2m—25 Tntom—2, Tnt2m—1) + MTprom—1, Tnt2m—1, Tntam)]
+ k"M@ pt2m, Tnt2ms Tntamt1)
<2{k(ag + af ™) + (e + ap ™) -+ B (g T 4 g T+ B ag TS0
2k(1 + ap)

=2k(1 + ag)ap [l + ka2 + -+ k™ad™]So 5kl

al S (3.15)
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for all n > 1. Also for | = 2m we get

M, Ty Tppom) <0 < Qﬁgljo‘j‘;’)ao So + ap(ka?)m=15; (3.16)

for all n > 1. Thus we proved that {z,} is a orthogonal Branciari Cauchy sequence in the complete metric space
(X, A, 1), there exists * € X such that lim, 0o A(Zp, Tpn, 2*) = 0 by (X, A, L) has the property a—regular Branciari
Sp-metric space. There exists a subsequence {z,, } of {z,} such that

ax({zan, 11} {zon, 11}, {2"}) > au(Txon, , Txopn,, T2x*) > 1 for all k. (3.17)
Thus

Y(A(z", 2", Ta")) <p(Ma®, 2%, 22n,41)) + Y(A(@2n,4+1, T2, 41, T2"))
<A™, 2", wan,41)) + @ (Txon, , Txon, , Tx* ) Y(Hx(TT2n, , Txon,, TT"))
<Y(M@™, 2%, 22, 41)) + Br(Ma2n, Tany,, 7))V (A(@2n,, , T2n,, 7))

+ B2(AM(@2ny s T2n,, 7)) (A(T2ny s T2ny,, TT20,, )

+ B3(A(wan, , Ton,, v°))Y(A(z*, %, Tx*))

Ba(AM@an,,, Tan,, ")) min{(A(w2n, , Ton,, Tr"), (A2, 2%, Tron,))}
<Y(M™, 2%, Tan,41)) + Br(AM(@2n, , Ton,, 7)) V(M @2n,,, Ton, , 7))

+ B2(AM(@2ny s T2ny, T2ny+1)) 0 (A(@2ny,, T2ny s T2ny+1))

+ Bs(A(@2n,, Tang,, )W (A(z™, 2", Tx"))

Ba( A (Tan, , Tan,, 7)) min{(A(xon, , Ton,, Tx™), V(N a™, 2%, 2on, +1)) }
<Y(0) + Br(Mz2ny s Tany 7)) (0) + B2(M@2n,, T2n,, T2n,+1))1(0)

+ B3(AM(wan, , Ton,, 2°))W(A(z", 2%, Tx*)) Ba(Mxan, , Tan, , ©*)) min{w (A(zan, , Tan,, Tz*),(0)}
<Bs(A@an, , Ton, , ™)) V(A(x*, 2%, Tx"))
<p(A(z*, 2", Tx")), (3.18)

for all k, which is impossible. Hence, A(z*, a*, T2x*) = A(Tz*,Tz*,2*) = 0 and so z* € Tz*. By Lemma (3.1) we
have z* common fixed point of T, S. [J

Corollary 3.3. [24] Let (X, )\, 1) be an orthogonal symmetric Branciari complete metric space( not necessarily com-
plete metric space ), f,g: X — X be a self map ,i) € ¥ be a sub-additive function and «, 3,7 : Rt — {0} — [0,1)
be three decreasing functions such that (o + 28 + 7)(t) < 1 for all ¢ > 0. Suppose that f is L-preserving self mapping
satisfying the inequality

Y(A(fz, fz,9y)) < a(Mz,z,9)) (N (z, 2,9)) + BNz, 2, y)) W (M=, =, fr))
+ (MY, Y, 99)] + (A=, z,y)) min{(A(z, 2, gy), (@yfwﬂ

for all z,y € X where z 1y and = # y. In this case, there exists a point * € X such that for any orthogonal element
xo € X, the iteration sequence {f"xo} converges to this point. Also, if f is L-continuous at 2* € X | then z* € X is
a unique fixed point of f.

(3.19)

Example 3.4. Let X =7, A = {z € Z||z| < 2} and B = {x € Z|z = 2k, k € N} define AL B if there are m € A,
k € Z and for all n € B such that n = km. It is easy to see that AL B. Hence (Z, 1) is an O-set.
Let Y C X be a finite set defined as Y = {1,2,4,8}. Define A: Y XY x Y — [0,00) as:

A1,1,1) = A(2,2,2) = A(4,4,4) = A(8,8,8) =0,
A1,1,2) = A(2,2,1) = 3,
M2,2.8) = A(8.8,2) = A(1,1,8) = A(8,8,1) = 1 and
A(1,1,4) = A(4,4,1) = A(2,2,4) = A(4,4,2) = A(8,8,4) = A\(4,4,8) = &

The function A is not a metric on Y. Indeed, note

3=X1,1,2) > A(1,1,8) + A(8,8,2) =1 + 1 =2,

that is, the triangle inequality is not satisfied. However, A is a symmetric Branciari Sy-metric on Y and moreover (Y, A)
is a complete symmetric Branciari Sy-metric space. Define 7,5 : Y — 2Y as: T1 = T2 = T8 = {2,4},74 = {1,8}
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and S1=52=54={2,8},58={1,2}, a: Y xY xY — [0, 4+00),a, = inf a a8

(1 rlyvylz
oz, z,y)) = { 0 otherwise

P(t) = %t. Clearly, T, S satisfies the conditions of Theorem 1} and has a common fixed point x = 2.

4 Some consequences

In this section we give some consequences of the main results presented above. Specifically, we apply our results
to generalized metric spaces endowed with a partial order.

4.1 Fixed point theorems for weakly increasing on X has the property a-regular orthogonal symmetric
Branciari complete metric space

In the following we provide set-valued versions of the preceding theorem. The results are related to those in ([T4]).
Let X be a topological space and < be a partial order on X.

Definition 4.1. ([I4]). Let A, B be two nonempty subsets of X, the relations between A and B are definers follows:
(r1) If for every a € A, there exists b € B such that @ < b, then A <; B.
(r9) If for every b € B there exists a € A, such that @ < b, then A <5 B.
(r3) If A<y B and A <3 B, then A < B.

Definition 4.2. ([I1], [12]). Let (X, <) be a partially ordered set. Two mappings f,g: X — X are said to be weakly
increasing if fr < gfx and gz < fgx hold for all z € X.

Note that, two weakly increasing mappings need not be nondecreasing.
Example 4.3. Let X = R endowed with usual ordering. Let f,g: X — X defined by

oz H0o<x <1, Vo if0<z<1,
fx_{o ifl<z<oo and gx_{o ifl <z <oo

then it is obvious that fr < gfz and gx < fgz for all x € X. Thus f and g are weakly increasing mappings. Note
that both f and g are not nondecreasing.

Definition 4.4. ([3]) Let (X, <) be a partially ordered set. Two mapping F,G : X — 2% are said to be weakly
increasing with respect to <p if for any x € X we have Fx <y Gy for all y € Fx and Gz <1 Fy for all y € Gx.
Similarly two maps F,G : X — 2% are said to be weakly increasing with respect to <5 if for any z € X we have
Gy <9 Fx for all y € Fx and Fy < Gz for all y € Gz.

Now we give some examples.

Example 4.5. ([3]) Let X = [1,00) and < be usual order on X. Consider two mappings F, G : X — 2% defined by
Fx = [1,2% and Gz = [1,2x] for all # € X. Then the pair of mappings F and G are weakly increasing with respect
to <2 but not <; . Indeed, since

Gy =1[1,2y] <2 [1,2%] = Fz for all y € Fx

and
Fy=[1,y% <2 [1,2z] = Gz for all y € Gz

so F' and G are weakly increasing with respect to <o but F'2 = [1,4] > [1,2] = G1 for 1 € F2, so F' and G are not
weakly increasing with respect to < .

Example 4.6. ([3]) Let X = [1,00) and < be usual order on X. Consider two mappings F,G : X — 2% defined by
Fz =[0,1] and Gz = [z, 1] for all x € X. Then the pair of mappings F' and G are weakly increasing with respect to
<1 but not <5 . Indeed, since

Fr=10,1 <1 [y,1]] =Gy for all y € Fz



Common fixed point (a.-1-3;)-contractive 115

and
Gr = [r,1] <1 [0,1] = Fy for all y € Gz

so F and G are weakly increasing with respect to <3 but G1 =1%50,1= F1 for 1 € F'1, so F and G are not weakly
increasing with respect to <5 .

Theorem 4.7. Let (X, =<, L1, ) be a partially ordered orthogonal symmetric Branciari complete metric space (not
necessarily complete metric space). Suppose that T, S : X — 2% are a,-1)-3;-orthogonal common contractive set-
valued mappings for all z,y € X with x <1 y or x Ly satisfies the following conditions:

(¢) T and S be a weakly increasing pair on X w.r.t <y;

(44) there exists xg € X such that {0} <1 Txg and {xo} <1 STz or {zo}LTzo and {zo}LSTxo;

(#i7) X has the property a-regular orthogonal symmetric Branciari complete metric space,

(iv) T, S are L-preserving set-valued mappings.

Then T,S have common fixed point z* € X. Further, for each zg € X, the iterated O—sequence {z,} with
Tont1 € Txoy, and xopyo € Swan,y1 converges to the common fixed point of T, S.

Proof . Define the orthogonal sequence z,, in X by zo,4+1 € Tx2, and xoyi2 € Sxopyq for all n € Ny. If 2, = 2,41
for some n € Ny, then x* = x,, is a common fixed point for 7', S. Using that the pair of set-valued mappings 7" and S
is weakly increasing and by define @ : X x X x X — [0, +00)

1, ryVzly

o, 2,y) = { 0, otherwise.

It can be easily shown that the orthogonal sequence z,, is nondecreasing w.r.t, < i.e; and a.({zo}, {z0}, Tx0) >
1 = Jzy € Ty, such that a(zg,zg,z1) > 1 = 29 < 21 V zoLz;. Now since T and S are weakly increasing with
respect to <1, we have x1 € Txg <1 Sz1. Thus there exist some x5 € Sxq such that x1 < x5 V 1 Lxzs. Again since T
and S are weakly increasing with respect to <1, we have x5 € Sz <1 Txzo. Thus there exist some x3 € Tz such that
o = w3 V zalxs. Continue this process, we will get a nondecreasing orthogonal sequence {x,,}2°; which satisfies
Tont1 € Txoy, and X949 € Sxop=1,n=0,1,2,3,--- We get

To X2 T2 X Xy =X Topgd

or
Topta = -0

or
xoLl‘lLl‘QL s LxgnL$2n+1 Ll‘gn_i_QL L

In particular x,,z,; are comparable for all k € N. «(x,,xp, xnir) > 1 for all n € Ny and by (4) we have
lim;, 00 A(Zp, Tny Zntk) = 0. Following the proof of Theorem (3.2)). Thus we proved that {z,} is a orthogonal Cauchy
sequence in the orthogonal symmetric Branciari complete metric space (X, L, A), there exists z* € X such that

lim A(zp,zn,2*) =0
n—oo

and condition (7i7), there exists a subsequence {z,, } of {z,}. Then z* is a common fixed point of 7, 5. O

Theorem 4.8. Let (X, =<, L, ) be a partially ordered orthogonal symmetric Branciari complete metric space (not
necessarily complete metric space). Suppose that T, S : X — 2% are a,-1/-f3;-orthogonal common contractive set-
valued mappings for all z,y € X with x <5 y or x Ly satisfies the following conditions:
(7) T and S be a weakly increasing pair on X w.r.t <s;
(44) there exists xg € X such that Txg <2 {20} and STxzo} <2 {zo} or TzoL{zo} and STxoL{xo};
(7i7) X has the property a-regular orthogonal symmetric Branciari complete metric space,
(iv) T, S are L-preserving set-valued mappings.

Then T, .S have common fixed point * € X. Further, for each zg € X, the iterated orthogonal sequence {x,,} with
Tont1 € Txoy, and xopyo € Swapy1 converges to the common fixed point of T, S.
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Proof . Define the orthogonal sequence z,, in X by zo,4+1 € Tx2, and xopi2 € Sxopyi for all n € Ny. If ,, = 241
for some n € Ny, then z* = x,, is a common fixed point for T, S. Using that the pair of set-valued mappings T and S
is weakly increasing and by define
|1, r>=yVzly
o, 2,y) = { 0, otherwise.

It can be easily shown that the sequence z,, is non increasing w.r.t, < i.e; and

a(xo, 0, {Tx0}) > 1 = Jx1 € Txp, such that a(zg,zg,z1) > 1= 9 = 1.

Now since T and S are weakly increasing with respect to <o, we have Sx1 <o Txg. Thus there exist some x5 € Sz
such that z; > x5. Again since T' and S are weakly increasing with respect to <5, we have Txy =<9 Sxq. Thus there
exist some x3 € T such that xo > x3. Continue this process, we will get a non increasing sequence {x,,}°2 ; which
satisfies xo,4+1 € Txo, and xop4o € Sxopy1, n=20,1,2,3,--- We get

T = Ty = T = -+ = Ty 2= Tapgl = Topt2 =+

or
ZL'()J_"ElJJCQJ_ e LxQnL$2n+1L1’2n+2J_ LN

In particular a,,x, are comparable for all ¥ € N, a(zp ik, Tnik, ) > 1 for all n € Ny and by (4) we have
limy, s 00 A(ZTntks Tntks Tn) = 0. Following the proof of Theorem (3.2), thus we proved that {z,} is a orthogonal
Cauchy sequence in the orthogonal complete metric space (X, L, d), there exists z* € X such that

lim A(zp,Zp,2*) =0
n—oo

and condition (i), there exists a subsequence {z,, } of {z,}. Then x* is a common fixed point of T, S. O

4.2 Application

In this section, we study the existence of a unique solution to an initial value problem, as an application to the our
common fixed point theorem.
Let us consider Cauchy problem for the first order differential equations system

{ = f(t,z(t),y(t)), te R, x(0)=u=xg (41)
y/:g(t7y(t)7x(t))7 th; y(O):yo ’

Theorem 4.9. Given a point (o, g, yo) € R X R™ x R™ and consider the differential equations system (4.1)). Let P
be a Picard mapping defined by

(P)(0) = a0 + f{ S, (r),y(r))dr )
(PU)(E) = o + [1 £(ry(r), a(r))dr

Note that (Pz)(to) = o and (Py)(to) = yo for any z,y. The mappings x,y : I — R™ are a solution to the differential

equations system (4.1)) with the initial condition x(tg) = xo and y(tg) = yo if and only if x = Pz and y = Py, where

the functions f,g : I x R x R — R are defined in the domain D = {(¢,z,y);|t — to] < a,|z — 20| < b, |y — yo| < ¢},
Zo, Yo € R and satisfied the condition

[f(t,z1,01) — g(E, 22, 92)| < (lzr — x|+ Jy1 —w2]), 0<K <1 (4.3)

K
2[t — ol

Let M = max( (1) y(t)epilf(t z(t), y(®)], |g(t, z(t),y(t))|}. There exists d = min{a, &, &} such that
Do =A{(t,z,y)/|t —to| < d, |z —wo| < Mt —tol,[y —yo| < MIt —tol}, (4.4)

lies in D. We are trying to find a solution ¢(t,z,y) and ¢(t,y,z) for the differential equations system (4.1)) with
initial condition ¢(tg,z,y) = xo and @(to,y, ) = yo expressed in the form (¢, z,y) = xo + h(t, z,y) and p(t,y,x) =
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Yo + h(t,y,x). Then the mapping ¢ defined on the {(¢,z,y);|t — to] < d,|x — x0| < b, |y — yo| < ¢} is the general

solution of (4.1). Let
X = {h(tax,y)/(tvxay) € DO}

Note that h(to,z,y) = 0 for any h € X. In space X, we define a relation L by
haLhy <= || llllhel] < d(llall v [[hal]). (45)
where ||h1]] V ||h2]| = ||h1]|or||h2|| which is an orthogonality relation on X. Let A : X x X x X — [0, 0] be given by
Ma,y, 2) = |z = 2| + [ly = =[]

then
A(hi,hi,he) = [|hy = ho|[ + [|h1 — he|[=2  sup  |hi(t,2,y) — ha(t, 2, y)|. (4.6)

(t,z,y)€Do

Hence the orthogonal symmetric Branciari metric space (X, L, \) is complete. A mappings A, B : (X, 1L,\) —
(X, L, A) can be defined by

(AR)(t,,y) = [ f(r,m0 + h(r,2,9),y0 + h(7,y,2))dT W)
(Bh)(t7 Y, -T) = fto g(T’ Yo + h(Tv Y, 'T)a Zo + h(T? T, y))dT .

We now discuss some properties of mappings A and B.
1) A and B are l-preserving mappings;
1) M(Ahy, Ahy, Bha) < 6A(hi, hy, ha) for any hy and he in X such that hy Lhs and 0 <6 < 1;
#4i) A or B is l-continuous mapping;
Proof . i) We recall that A and B are L-preserving mappings if for hy, he € X, hy Lhso, we have Ahy L Bhs.

t

|(Ah1)(t,1?,y)| = f(T7 Zo + hl(Tv‘T?y)vyO + h1(75y7x))d7

to

t

S |f(7-a‘r0+h1(77‘ray)vy0+h1(77yax))|d7—
t
'

S MdT:M|t—tQ|

to
<Mi =d (4.8)
— M - . .
So,
|[Ahy][|[Bhel| < d||Bhs]|. (4.9)

This means that ||Ahy||L||Bha||-
i1) Let hq, ho in X and hy Lhy we have
‘(Ahl)(t7x7y) - (BhQ)(tayax)‘

t

t
f(Tu To + hl(’T,.’L’, y)7y0 + h1(7—7y7 (E))d’T - / g(Tv To + h2(T7m7y)7 Yo + h2(7—7y7x))d7—

to t()
t
= / (f(Tv To + hl(Ta xay)vyo + h‘l(T7 y,x)) - g(T7 To + hQ(T71‘7y)v Yo + h2(T7y7x))dT
to

t

S ‘f(Ta To + hl(T,l’,y), Yo + hl(Tvya‘r)) - g(Ta To + hQ(Tvxay)vyO + hQ(Taya I))|d7—
to

t
K K
S/( |$0—|—h1(7’,$,y)—$0—h2(77$,y)|+ |y0+h1(7',y,l')—yo—hQ(T,y,iC)DdT
to 2|1‘L_t0| 2|t—t0|

t
K
:/ K () — halr, 3, ))dr = Kby — hal]. (4.10)
TN
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Thus,
|[Ah1 — Bhs|| < K||h1 — ha]. (4.11)

i1i) Suppose {h,} is an orthogonal sequence in X such that {h,} converging to h € X. Because A or B is
L-preserving, {Ah, } or {Bh,} is an orthogonal sequence in X. For any n € N, by ii we have

[ Aha(t, 2, 5) — ARt 2, )| < Kl[ha - bl (4.12)

As n goes to infinity, it follows that A is |-continuous mapping. The mapping A or B defined above is |-
preserving and L -continuous on generalized orthogonal metric space (X, A, L ). Mapping A and B satisfies of Theorem
(3.2). Thus, existence and uniqueness of its fixed point hg € X has been guaranteed by Theorem . We are looking
for solutions expressed in the form (¢, z,y) = xo + h(t,z,y) and @(t,y,x) = yo + h(t,y,x). If h is a common fixed
point of A and B then 9(t,z,y) = xo + Ah(t,z,y) and ¢(t,y,x) = yo + Bh(t,y,x) is a common fixed point of our
Picard P(p). Hence

P(@(t T, y)) =xo + (Ah) (t7 T, y)

t
=T + f(7'7950+h(77$ay)7y0+h(7,yﬁ))d7’

to
t
=y(t, z,y). (4.13)

Similarly P(e(t,y,2)) = ¢(t,y,z). By Theorem (3.2)), ©(t,2z,y) and ¢(¢,y,x) are a solutions of the differential
equations system (4.1)) if and only if P(e(t,y,z)) = ¢(t,y,z) and P(p(t,z,y)) = ¢(t,z,y). O

Acknowledgements

The first, second and fourth authors were supported by Tabreiz Branch, Islamic Azad university, Iran. The second
author was supported by Semnan University, Iran.

References

[1] M. Abbas, T. Nazir and S. Radenovic, Common fized points of four maps in partially ordered metric spaces, Appl.
Math. Lett. 24 (2011), 1520-1526.

[2] H.H. Alsulami, S. Chandok, M.A. Taoudi and I.M. Erhan, Some common fized points theorems for c.-1)-common
rational type contractive and weakly increasing multi-valued mappings on ordered metric spaces, Fixed Point
Theory and Appl. 2015 (2015), 97.

[3] I. Altun and V. Rakocevic, Ordered cone metric spaces and fized point results, Comput. Math. Appl. 60 (2010),
no. 5, 1145-1151.

[4] A. Amini-Harandi, Coupled and tripled fized point theory in partially ordered metric spaces with application to
initial value problem, Math. Comput. Model. 57 (2013), 9-10, 2343-2348.

[5] A. Amini-Harandi, A.P. Farajzadeh, D. ORegan and R.P. Agarwal, Best prozimity pairs for upper semi continuous
set-valued maps in hyper convex metric spaces, Fixed Point Theory Appl. 2008 (2008), 1-5.

[6] M. Asadi, H. Soleimani and S. M. Vaezpour, An order on subsets of cone metric spaces and fixed points of
set-valued contractions, Fixed Point Theory Appl. 2009 (2009), Article ID 723203, 8 pages.

[7] M. Asadi, E. Karapinar and A. Kumar, a-y-Geraghty contractions on generalized metric spaces, J. Inequal. Appl.
2014 (2014).

[8] M. Asadi, E. Karapinar and P. Salimi, A new approach to G-metric and related fizxed point theorems, J. Inequal.
Appl. 2013 (2013).

[9] A. Branclari, A fized point theorem of Banach-Caccioppoli type on a class of generalized metric spaces, Publ.
Math. Debe. 57 (2000), 31-37.



Common fixed point (a.-1-3;)-contractive 119

[10]
11]
12]
13]
14]
[15]
16]
17)
18]
[19]
[20]
21]
[22]
23]
[24]

[25]

[26]

[27]

28]

[29]
[30]

[31]

[32]

H. Baghani, M. Eshaghi Gordji and M. Ramezani, Orthogonal sets: The axiom of choice and proof of a fixed point
theorem, J. Fixed Point Theory Appl. 18 (2016), no. 3, 465-477.

B.C. Dhage, Condensing mappings and applications to existence theorems for common solution of differential
equations, Bull. Korean Math. Soc. 36 (1999), no. 3, 565-578.

B.C. Dhage, D. ORegan and R.P. Agarwal, Common fized theorems for a pair of countably condensing mappings
in ordered Banach spaces, J. Apple. Math Stoch. Anal. 16 (2003), no. 3, 243-248.

A. Farajzadeh, A. Kaewcharoen and P. Lahawech, On fized point theorems for (£,a,n)-expansive mappings in
complete metric spaces, Int. J. Pure Appl. Math. 102 (2015), no. 1, 129-146.

Y. Feng and S. Liu, Fized point theorems for multi-valued increasing operators in partially ordered spaces, Soochow
J. Math. 30 (2004), no. 4, 461-469.

D. Guo and V. Lakshmikantham, Coupled fixed points of nonlinear operators with applications, Nonlinear Anal.
Theory Meth. Appl. 11 (1987), 623-632.

M. Eshaghi Gordji, M. Ramezani, M. De La Sen and O. Yeol Je Ch, On orthogonal sets and Banach fized point
theorem, Fixed Point Theory 18 (2017), no. 2, 2017, 569-578.

M. Eshaghi Gordji and H. Habibi, Fized point theory in generalized orthogonal metric space, J. Linear and
Topological Algebra 6 (2017), 251-260.

N.B. Gungor and D. Turkoglu, Fized point theorems on orthogonal metric spaces via altering distance functions,
ATP Conf. Proc. 2183 (2019), 040011.

J. Hassanzadeh Asl, Common fized point theorems for a-1p-contractive type mappings, Int. J. Anal. 2013 (2013),
Article ID 654659, 7 pages.

J. Hassanzadeh Asl, Sh. Rezapour and N. Shahzad, On fized points of a-1p-contractive multifunctions, Fixed Point
Theory Appl. 2012 (2012), 212.

S. Khalehoghli, H. Rahimi and M. Eshaghi Gordji, Fized point theorems in R-metric spaces with applications,
AIMS Math. 5 (2020), no. 4, 3125-3137.

S. Khalehoghli, H. Rahimi and M. Eshaghi Gordji, R-topological spaces and SR-topological spaces with their
applications, Math. Sci. 14 (2020), no. 3, 249-255.

W.A. Kirk and N. Shahzad, Generalized metrics and Caristi's theorem, Fixed Point Theory Appl. 2013 (2013),
Article ID 129.

M.S. Khan, M. Swaleh and S. Sessa, Fized point theorems by altering distances between the points, Bull. Aust.
Math. Soc. 30 (1984), no. 1, 1-9.

F. Lotfy and J. Hassanzadeh Asl, Some fized point theorems for a.--common rational type mappings on gener-
alized metric spaces with application to fractional integral equations, Int. J. Nonlinear Anal. Appl. 12 (2021), no.
1, 245-260.

M. Ramezani, H. Baghani, Contractive gauge functions in strongly orthogonal metric spaces, Int. J. Nonlinear

Anal. Appl. 8 (2017), no. 2, 23-28.

Y. Rohen, T. Dosenovi¢ and S. Radenovié, A fized point theorems in Sy-metric spaces, Filomat 31 (2017),
3335-3346.

K. Royy and M. Sahaz, Branciari Sy-metric space and related fixed point theorems with an application, Appl.
Math. E-Notes 22 (2022), 8-17.

S. Sedghi and N.V. Dung, Fized point theorems on S-metric spaces, Mat. Vesnik 66 (2014), 113—124.

B. Samet, C. Vetro and P. Vetro, Fized point theorems for a-y-contractive type mappings, Nonlinear Anal. 75
(2012), 2154-2165.

S. Sedghi, N. Shobe and A. Aliouche, A generalization of fixed point theorems in S-metric spaces, Mat. Vesnik 64
(2012), 258—266.

N. Souayah and N. Mlaiki, A fized point theorem in Sy-metric spaces, J. Math. Computer Sci. 16 (2016), 131—139.



120 Rashea Shaeri, Hassanzadeh Asl, Eshaghi Gordji, Refaghat

[33] W.A. Wilson, On semi-metric spaces, Amer. J. Math. 53 (1931), no. 2, 361-373.

[34] P. Zangenehmehr, A.P. Farajzadeh and S.M. Vaezpour, On fized point theorems for monotone increasing vector
valued mappings via scalarizing, Positivity 19 (2015), no. 2, 333-340.



	Introduction
	Preliminaries
	Main result
	Some consequences
	Fixed point theorems for weakly increasing on X has the property -regular orthogonal symmetric Branciari complete metric space
	Application


