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Abstract

In this paper, we consider some differential subordinations and superordinations results for univalent functions by
using the operator (Hy,p 7 .y.n) Also, we introduce some sandwich theorems.
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1 Introduction

Assume that H = H(U) be the class of analytic functions in the open unit disk U = {z € C: |z| < 1}. Forn € N
and a € C, H[a,n] is the subclass of H with the following form:

f(z) =a+ anzn + an+lzn+1 + oy (a € C) (11)

Let M be the subclass of H, consisting of analytic and univalent functions f in U of the form:
F) =2+ anz", (2€U) (1.2)
n=2

If f and g are analytic functions in H, then we say that f is subordinate to g in U and written f < g, if there
exists a Schwarz function w in U, with w(0) = 0, and |w(2)| < 1, (2 € U), where f(z) = g(w(z)). In this situation, we
write f < g or f(z) < g(2) (z € U) [1I]. In addition, if the function g is univalent in U, then f < g <= f(0) = ¢(0)
and f(U) C g(z) [14, [15].

Definition 1.1. [I8] Let ¢ : C?> x U — C and h(z) be univalent in U. If p(z) is analytic function in U and satisfies
the second-order differential subordination:

o(p(z),2p'(2),2°p" (2); 2) < h(2) (1.3)
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then p(z) is called a solution of the differential subordination (|1.3)), and the univalent function ¢(z) is called a dominant
of the solution of the differential subordination (|1.3)), moreover simply a dominant, if p( ) < g(z) for all p(z) satisfying
(1.3). A univalent dominant G(z) that satisfies ¢(z) < ¢(z) for all dominant ¢(z) of (1.3) is said to be the best dominant
of (L.3)

Definition 1.2. [I4] Let ¢ : C> x U — C and h(z) be univalent in U. If p(z) and 9 (p(2), 2p'(2), 2%p" (2); 2) are
univalent functions in U and if p(z) satisfies the second -order differential superordination:

h(z) < @(p(2), 2 (2), 2°p" (2); 2), (1.4)

then p(z) is called the solution of the differential superordination . An analytic function ¢(z) is called subordinant
of the solution of the differential superordination (L.4), or more simply a subordinant, if g(z) < p(z ) for all the functions
p satisfying . A univalent subordinant ¢ that satisfies ¢(z) < ¢(z) for all the subordinant ¢(z) of . is said to
be the best subordinant.

Several authors,like, [I, 2, [3, O] 18, 19, 20] recently attained the sufficient conditions on the functions h,p and ¢
for which the following conclusion is true:

h(z) < @(p(2), 20/ (2), 2°p" (2); 2)

then
q(2) = p(2) (1.5)

By using the results of other authors (see [4) [5, 6] [7, 8, 10, [15]) to get sufficient conditions for normalized analytic
functions to satisfy:
2f'(2)

f(z)
where ¢; and ¢ are given univalent functions in U with ¢1(0) = ¢2(0) = 1. Also, several authors derived some
differential subordination and superordination results with sandwich theorems (like [2] 4L [5] [6], 10} 111, T2}, T3}, (16, (17, [19]).

Suppose f € M, the modern operator defined by Theyab et al. [20] is as follows: Hy prpynf(z) : M — M,
where o, p are integer numbers; 7, u,y,n € C\Z;, Z; = {0,-1,-2,...} and

qi(z) < < q2(2),

o+p+1
TYt+pu+n
Hyfprnuyn =z+ anz". 1.6
i (2 Z{Ty+u+l] (1.6)
From (1.6, we note that
z (Hd,pm/«y,nf(z))/ =(ry+p+DHo1,prpynf(2) = (7Y + W) Hoprpuynf(2). (1.7)

The major aim of the paper is to identify the necessary conditions for particular normalized analytic function f to
satisfy:

n
Q1(2’) =< {W} = QQ(Z),

and
Ha—l,p;r,;t,y,nf(z)

Ho,p,f,u,y,nf(z)

where the functions ¢; and g2 are univalent in U and ¢;(0) = ¢2(0) = 1.

(o) < | | <ae.

In this paper, using the operator Hy , - uy.nf(2), we derive certain sandwich theorems.

2 Preliminaries

The following lemmas and definitions are necessary to prove our results.
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Definition 2.1. [14] Denote by Q the set of all functions f that are analytic and injective on U\E(f), where
U=U{z € U}, and
E(f)={e€dU: hinf(z) =00}

or ¢ € QU\E(f). Further, let the subclass of @ for which f(0) = a be denoted by

and are such that f/'(e) # 0 f
= Q1.

Q(a),Q(0) = Qo and Q(1)

Lemma 2.2. [15] Let g(z) be a convex univalent function in U and let o € C, 5 € C\{0} with

Re {1 + Zjlég) } > max {o, —Re (g) } .

If T(%) is analytic function in U and

aT(2) + B2T'(2) = aq(z) + Bzd (2), (2.1)

then T(z) < q(2) and ¢(z) is the best dominant.

Lemma 2.3. [15] Let ¢ be convex univalent function in U, and let 6 and ¢ be analytic in a domain D containing ¢(U)
with ¢(w) # 0, when w € ¢(U). Set

Q(2) = 2¢'(2)¢h(q(2)) and h(z) = 0(q(2)) + Q(2).

Suppose that
1 —Q(z) is starlike univalent in U.

h/
2—Re{z (Z)}>O for z e U.

Q(2)
If 7 is analytic in U, with 7(0) = ¢(0),7(U) C D and
(T (2)) + 2T (2)0(T (2)) < 0(a(2)) + 2q'(2)$(q(2)), (2.2)

then 7 < ¢ and ¢ is the best dominant.

Lemma 2.4. [14] Let ¢ be a convex univalent in U and let 8 € C, that Re(8) > 0. If T € H[g(0),1]Q and
T (2) + B2T'(2) is univalent in U, then

q(2) + B2q'(2) < T(2) + BT (2), (2.3)

which implies that ¢ < 7 and ¢ is the best subordinant.

Lemma 2.5. [14] Let ¢ be a convex univalent function in U and let § and ¢ be analytic in a domain D containing

q(U). Suppose that
e [P
o {¢(Q(Z))}>O7f v

2 —Q(z) = 2¢'(2)p(q(z)) is starlike univalent in U.
If T € Hlq(0),1] N Q, with T(U) C D,0(T (z)) + zT'(2)¢(T (z)) is univalent in U and

0(q(2)) + 2¢'(2)d(q(2)) < O(T (2)) + 2T (2)$(T (2)), (2.4)

then ¢ < 7 and ¢ is the best subordinant.
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3 Differential Subordination Results

Theorem 3.1. Assume that the function ¢(z) is convex univalent in unit disk U with ¢(0) = 1,¢ € C\{0},n > 0 such

that

1
Re {1 + zq, (2) } > maX{O, —Re (77> } .
q'(z) ¢
If f € M satisfies the subordination condition:

l:HU7P,T,M7y71’Lf(Z):|n _|_ C(Ty + M + 1) |:HU,P,T,MZay7TLf(Z):| K (Ha—l,p,r,}l«,y,nf(z) _ 1) = q(z) + %ZQI(Z)

z HO',p,T”Uq’y,nf(Z)
then st
HO',p,T,M,yﬂ’L z

st} g
and ¢(z) is the best dominant.
Proof . Putting

Hopor iyt (2)]"
T(z) = { Ia sz } 7

then the function 7 (2) is analytic in U and 7 (0) = 1. By differentiating (3.4) with respect to z, we have

ZT/(Z) o [Z(Hd—l,p,r,,u,y,nf(z))/ o 1:| .
T<Z) Ho’,p,r,u,,y;nf(z)

Now, by using the identity (1.7 in , we get

ey ey (Ml )]

Therefore,

ZT/(Z) — |:H0,p,r,u,y,nf(z):|n [ (HU—I,pJ,,u,,y,nf(Z) _ >:|
n z (Ty * a * 1) Ho',p,r,,u,y,nf(z) ! .

The subordination ([3.2]) because of the assumption becomes

T(2)+ %ZT/(Z) <q(z)+ %zq'(z).

(3.1)

We will use Lemma with 8 = % and « = 1, to prove our result. Therefore, the subordination (3.2)) implies that

T (z) < q(z) and ¢(z) is the best dominant. This completes the proof. O

1+Bz

By putting the convex function ¢(z) = (HAZ) (-1 < B< A<1) in theorem [3.1, we have the next result.

Corollary 3.2. Let ¢ € C\{0},7 > 0 and

1—- Bz n
Re{1+Bz} >max{07—Re<<>}.

If f € M satisfies the subordination condition:

Hoprpynf(2)]"
{ . } +<(Ty+u+1){ T B>

z Ho,pn—,u,y,nf(z)

then

Hoprpynt(2) K < 1+ Az
z 1+ Bz

and q(z) = (Hgi) is the best dominant.

Ho,p,‘r,,u,y,nf(z) ! HO'*l,p,T,,U.,y,TLf(Z) 1) < 1+ Az + g (A—B)z
n(1+ Bz)?’
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Putting A =1 and B = —1 in above corollary, we obtain the next result.

Corollary 3.3. Let ¢ € C\{0},7 > 0 and

Re{1+ 12_,22:} > max{07—Re (Z)}

If f € M satisfies the subordination condition:

2 ¢
H‘W”Tvl‘vyv”f(z)} ! (Ha—l,pmu,y,nf(z) — 1> < ﬂ
# Ho prpyn f(2) (1—2)2 ’

[Ho,p,f,y,y,nf(z)

p, ]H+C(Ty+u+1){

then

[Ha,pmu,y,nf(z)r < <1 + Z) ,

z 1—2z

and ¢(z) = (ﬁ—j) is the best dominant.

Theorem 3.4. Assume that the function ¢(z) is convex univalent function in U with ¢(0) = 1,¢'(z) # 0 and % is

starlike univalent in U. If ¢ satisfy the next condition:

v () | 2d'(2) }
Re{1+qz + — - + > 0, 3.6
gl ) v q(z)  d'(2) (36)
where v, 7,p € C, vy € C\{0} and z € U. If f € M satisfies:
. 2 q'(2)
U, p, 7, sy, 05 2) Kt +vq(z) + Tag(z)” + vz o) (3.7)
where,
Hafl T nf(z) K Hafl T nf(z) K
U(1), p, T 1Y, 1,03 2) = ( s v+ To it +i
Ha,p,T,u,y,nf(Z) Ha,p,T,u,y,ﬂf(Z)
Ho 2 prpuynf(2)  Hotprpynf(2)
b |Gy ot 1) (tene - Metpa , (35
Ha—l,p,r,u,ymf(z) Ho,p,r,u,y,nf(z)
then ) ;
Ha—l 2,7 ,y,md (2 :|
LT, <a(2) (39)
[ Ho pr sy f(2)
and ¢(z) is the best dominant.
Proof . Putting
Ha—l T nf(z) K
T(2) = [ Dt ; (3.10)
Ho’,p,‘l’7u7y,nf(z>

then the function 7 (z) is analytic in U and 7(0) = 1. By differentiating (3.10|) with respect to z, and by using identity
(1.7) in the resulting equation, we get

ZT/(Z) =7 |:(7_y _’_,u + 1) (HU2,p,T,5,;L,y,nf(Z) Hal,p,‘r,u,y,nf(z)>:| )

T(2) Ho 1,57 pynf(2) Ho pruynf (%)

By setting
O(w) =t +vw + Taw? and é(w) = %, w # 0.

It is simple to see that §(w) is analytic in C, and ¢(w) is analytic in C\{0} and that ¢(w) # 0,w € C\{0}. As
well, if we let

Q(2) = 2q'(2)6(q(2)) = v
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and

h(z) = 0(q(2)) + Q(2) = t + vq(2) + Ta(q(2))* + /yzqqé,(j))'

We see that Q(z) is starlike univalent in U, we get

) e 0 )

Through simple calculation, we find that

2 2T'(2)
U, p, 7o sy, my 05 2) =t + 0T (2) + 70T (2) + T (3.11)
where U(n, p, 7, p, y,n,v; z) is given by (3.8). From (3.7) and , we have
/ /
t+uT(2) +7aT(2)* + ’yZT () < t+vg(z) +Taq(z)* + qu (2) (3.12)

T(2) q(2)

We will use Lemma [2.3] to prove our result. Therefore, the subordination (3.7) implies that 7(z) < ¢(z) and ¢(z)
is the best dominant. This completes the proof. [J

By putting the convex function ¢(z) = (}igz) (-1 < B < A<1) in theorem we get the next result.

Corollary 3.5. Let v,7,p € C,v € C\{0},z € U and
v [(1+ Az 27p (A+ B)z 2Bz
Re<1+4 — — - >0,
e{ 3 <1+Bz> St atByn+ay \itBs
2
if U(n,p, 7, 0,y,m,v;2) <t+v (ng) + T (}Ig'z) + 7%, where U(n, p, 7, 1, y,n,v; z) is given by (3.8)),

then
|:Hal,p,‘r7u,y7nf(z):|n < (1 +Az)
Ho prpynf(2) 1+ Bz

and ¢(z) = (%igi) is the best dominant.
putting A =1 and B = —1 in above corollary, we obtain the next result.

Corollary 3.6. Let v,7,p € C,v € C\{0},z € U and
1 2 222 1
Rel1+ (2222 =2 (222 Loy
y\1+z2 5 1 — 22 1—2z
2
if \D(U,P, T)/Jﬂy7nvv;z) <t+v (%iz) +TQ (%iz) +7Zm7 where \Il(n?p77-7,u/7y7nav;z) is given by " then

|:H0_17p,'r7u7y,nf(z):|n =< (1 + Z)
H07p77-7p‘7y,nf(z) 1 + o

and ¢(z) = (}i—j) is the best dominant.

4 Differential Superordination Results

Theorem 4.1. Assume that the function ¢(z) is a convex univalent in U with ¢(0) = 1, Re{¢} > 0,7 >0 and f € M

such that " i) ;
o, 0, Ty iyy,nd \Z
[” . } e H[g(0),1](@Q
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and
ngfﬂynf(z)]" Ho prpynf(2) ! Hoo1,prpynf(2)
””” +(ty+p+1 -1
|: z ( ) z Ha,p,‘r,u,y,nf(z)
be univalent in U. If
C HO',p,T,M,y,nf(Z)

Hmpm/t,y,nf(z)]n <Ha—1,pmu,y,nf(z) _ 1> (4.1)

n
] +C(Ty+u+1){ . i @)
T,0, T[4, Y, T

o)+ e (s) < | e

then y
q(z) _< |:Ho',p,‘r,u,y,nf<z):| (4.2)

z

and ¢(z) is the best subordinant.

Proof . Putting

n
T(z) = {Hmpmzy,nf(z)} . (4.3)
Differentiating (4.3]) with respect to z, we get
2T (2) [Z(Hopfuynf(z))l ]
=n s —-1]. 4.4
TG | Heprpnd ) 4

After some computation and using (|1.7)), form (4.4), we get

|:Ha7p,7',my7nf(z):|n + <(7_y + U + 1) l:Ha7p,T,ny77Lf(Z):|n (Ha—l,P,T,HvyﬂLf(z) _ 1) — T(Z) + %ZT/(Z),

z Z Hoprpynf(2)

we will use Lemma [2.4] to prove our result. Therefore, we get T < ¢ and ¢ is the best subordinant. The proof is
complete. [J

By putting the convex function ¢(z) = (}iéz) (-1 < B < A<1)in theorem 4.1} we get the next result.

Corollary 4.2. Let Re{¢} > 0,7 > 0, suppose that

[Ha,pmu,ymf(z)

z

| ena0.0N@

and

Ha'pr,uynf(z) K Hcrp‘ruynf(z) K Ho—lp‘r,uynf(z)
Zoaimipynd \2) 1) | RLTY. ~1
|: z +C(7y+‘u+ ) z Ha,p,r,u,y,nf(z)

be univalent in U, if

— 2 <
1= +2(f) <{Hf()}

Hcr,p,r,p,y,nf(z) K Hafl,p,'r,,u,y,nf(z) -1
(1-22) z ’

+C(Ty+u+1){ . i [0
O',p,T,/,L,y,TL

then

(1 + Z> < [Ho,p,r,u,y,nf(z)]n
1-=2 z ,

and ¢(z) = (%fj) is the best subordinant.

Theorem 4.3. Assume that the function ¢(z) is a convex univalent in U with ¢(0) = 1,4'(2) # 0 and % is starlike
univalent in U. If ¢ satisfy the next condition:

Re {qu)(%aq(z) + v)q'(z)} >0, (4.5)
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where v € C,y € C\{0} and z € U. Let f € M satisfies

n
HIU{ZP’TJ;%;{ZE)Z)} € H[(J(O), 1] ﬂ Q7
TP, T 10,y 1

and ¥(n, p, 7, i, y,n,v; z) is univalent in U, where is given by (3.8]). If

t+vq(2) + Tag*(z) + ’YZ;];S) < U(n,p, T, 14y Y, N, V; 2), (4.6)
then I ek
o) |z 0
and ¢(z) is the best subordinant.
Proof . Putting .
H,_ 1, z
CNE e cnl @

Differentiating (4.8) with respect to z, we get

ZT/(Z) =7 |:<7_y + m + 1) (HU—2,p,T,5,u,y,nf(Z) Ho—l,p,‘r,u,y,nf(z)>:| )

T(Z) Ho‘—l,p,‘r,,u.,y,nf(z) - Ha,p,r,p,y,nf(z)

By setting
0(w) =t +vw + Taw? and ¢(w) = l,w # 0.
w

It is simple to see that 6(w) is analytic in C, and ¢(w) is analytic in C\{0} and that ¢(w) # 0,w € C\{0}. As
well, if we let

We can observe that Q(z) is starlike univalent in U, we get

Re { i((j((j)))) } — Re {q(j)(zmq(z) + U)q'(z)} > 0.

Through simple calculation, we find that

T'(2)

(0, p, 7, 11,y 0,05 2) = t+ 0T (2) + 70T 2(2) + 72 o) (4.9)
where ¥(n, p, 7, 1, y,n,v; 2) is given by (3.8). Form (4.6) and (4.9)), we get
2q'(2) 2 2T (2)
t 4+ vq(2) + Tag(z)? + <t+uvT(z)+7aT(2)* + . 4.10
q(2) q(2)" + ) (2) (2)" +~ T0) (4.10)

we will use Lemma to prove our result. Therefore, we get 7 < ¢ and ¢ is the best subordinant. The proof is
complete. [

5 Sandwich Results
We arrive at the next sandwich theorem by combining theorems [3.1] and 1]

Theorem 5.1. Suppose that the functions ¢;(z) and ¢a2(z) is convex univalent in U with ¢1(0) = ¢2(0) = 1 and ¢o
satisfies (3.1]), and suppose that n > 0 and Re{(} > 0. Let f € M satisfies:

{waynf(z)r e H[1, 1@

z
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and
Hdpruynf(z)]n Hap‘ruynf(z) K HG'*lpT/_LyTLf(Z)
—e— o 4 (((ty e+ 1) | —e——— | | -1
|: z ( ) z Ha,p,‘r,u,y,nf(z)
be univalent in U. If
Ha T f < K H(T ,T nJ (% K
ql(z)+%zqi(z> < {”” o ( )} +(ry +p+1) {’”’ e I )}

% (HU—meM,ymf(z)

¢
Ho prpynf(2) - 1) < q(2)+ ;ZQQ(Z%

then ;
HU,p,T,M,y,nf(Z)}
z

q1(z) < [

and ¢ and ¢o respectively the best subordinant and the best dominant.

< qQ(Z)a

We arrive at the next sandwich theorem by combining theorems and

Theorem 5.2. Suppose that the functions ¢;(z) and g2(z) are convex univalent in U with ¢1(0) = ¢2(0) = 1, and let
q1(z) satisfies 4.5l and g2(2) satisfies (3.6)). Assume that f € M satisfies:

n
| <rine
If , ,
t+vq1(2) + Tagq (2)* + vqu (2) < U, p, T, 1y, M, 03 2) <t +vga(2) + Taga(2)? + VM
01(2) q2(2)
such that W(n, p, 7, i, y, n,v; 2) <t +vq2(2) + Tage(2)? + yzq'f((j)) is univalent in U, and given by (3.8). Then
Hy 1 prpynf(2)]"
n(z) < | grhensd | g,

and ¢; and g respectively the best subordinant and the best dominant.
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